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Abstract. We apply appropriate maximum principles in order to obtain
characterization results concerning complete linear Weingarten hypersurfaces with
bounded mean curvature in the hyperbolic space. By supposing a suitable restriction
on the norm of the traceless part of the second fundamental form, we show that such
a hypersurface must be either totally umbilical or isometric to a hyperbolic cylinder,
when its scalar curvature is positive, or to a spherical cylinder, when its scalar curvature
is negative. Related to the compact case, we also establish a rigidity result.
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1. Introduction and statemeof the main results. In the theory of isometric
immersions, the study of complete hypersurfaces with constant scalar curvature
immersed in a Riemannian space constitutes an important theme. In the seminal
paper [10], Cheng and Yau introduced a new self-adjoint differential operator O acting
on smooth functions defined on Riemannian manifolds. As a by-product of such
approach they were able to classify closed hypersurfaces with constant normalized
scalar curvature R satisfying R > ¢ and nonnegative sectional curvature immersed in
a real space form Q! of constant sectional curvature c. Later on, Li [11] extended
the results due to Cheng and Yau [10] in terms of the squared norm of the second
fundamental form of the hypersurface.

In [18], Shu applied the so-called generalized maximum principle of Omori-Yau
[15, 20] to prove that a complete hypersurface in the hyperbolic space H"*! with
constant normalized scalar curvature and nonnegative sectional curvature must be
either totally umbilical or isometric to a hyperbolic cylinder of H"*!'. Afterwards,
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Brasil Jr., Colares and Palmas [7] also used the generalized maximum principle of
Omori—Yau to characterize complete hypersurfaces with constant scalar curvature in
the unit Euclidean sphere $"*!. In [2], by applying a weak Omori—Yau maximum
principle due to Pigola, Rigoli and Setti [16], Alias and Garcia-Martinez studied the
behaviour of the scalar curvature R of a complete hypersurface immersed with constant
mean curvature into @’g*‘, deriving a sharp estimate for the infimum of R. Next, Alias,
Garcia-Martinez and Rigoli [3] obtained another suitable weak maximum principle
for complete hypersurfaces with constant scalar curvature in @"*!, and gave some
applications of it in order to estimate the norm of the traceless part ® of the second
fundamental form. In particular, they extended the main theorem of [7] for the context
of @1,

In [12], Li, Suh and Wei studied linear Weingarten hypersurfaces immersed in
S"*+1 that is, hypersurfaces whose mean curvature H and normalized scalar curvature
R satisfy R =aH + b, for some a,b € R. In this setting, they showed that if M”
is a compact linear Weingarten hypersurface with nonnegative sectional curvature
immersed in $"*!, such that R = aH + b with (n — 1)a’® 4+ 4n(b — 1) > 0, then M"
is either totally umbilical or isometric to a Clifford torus S*(c;) x $"*(c,), where
l<k<n-—1,¢,c >0and % + (,% = 1. Thereafter, Shu [19] proved another rigidity
theorems concerning linear Weingarten hypersurfaces with two distinct principal
curvatures immersed in a space form Q"*!. We also point out that Lopez [13],
and Barros, Silva and Sousa [5, 6] obtained descriptions related to rotational linear
Weingarten surfaces in the Euclidean space and in the Euclidean sphere, respectively.

Furthermore, the first and second authors [4] used the Hopf’s strong maximum
principle and an extension of a suitable maximum principle of Yau [21] due to Caminha
[8] in order to study the geometry of complete linear Weingarten hypersurfaces with
nonnegative sectional curvature immersed in the hyperbolic space H”*!. In this setting,
under appropriated restrictions on the mean curvature attains its maximum, they
proved that such a hypersurface must be either totally umbilical or isometric to a
hyperbolic cylinder H!(c;) x $"!(c2), where ¢; < 0, ¢; > 0 and % + :7 =—1.

Motivated by the works described above, our aim is to establish new
characterizations of complete linear Weingarten hypersurfaces immersed in H"*!. In
this setting, we apply an extension of the generalized maximum principle of Omori
jointly with Hopf’s strong maximum principle to an appropriated modified Cheng—Yau
operator in order to prove that such a hypersurface must be either totally umbilical or
isometric to a hyperbolic cylinder, when its scalar curvature is positive, or to a spherical
cylinder, when its scalar curvature is negative. More precisely, we obtain the following
classification result:

THEOREM 1.1. Let M" be a complete linear Weingarten hypersurface immersed in
H™*, such that R = aH + b with a <0 and (n — 1)a*> + 4n(b + 1) > 0. Suppose that
1 < H? < «, for some constant . If

sup |®| < Ry,
where
Rir= 5oy (Ve = a0 =1 - 0= 2.
2V n—-1
then
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(1) either |®| = 0 and M" is totally umbilical,

(i) or sup|®| = R}, In addition, if b > —1 and |®(p)| = R}; at some point p € M",
then |®| =R}, and M" is isometric to a hyperbolic cylinder H'(—+/1 + r2) x
S"Y(r), with R="=% >0, or to a spherical cylinder H""'(—v/1 + %) x S'(r),

nr

. _ n—2
with R = —mi < 0.

Related to the compact case, we also get the following rigidity result:

THEOREM 1.2. Let M" be a compact linear Weingarten hypersurface immersed in
H™*, such that R = aH + b with (n — 1)a® + 4n(b + 1) > 0. Suppose that H*> > 1. If

sup |®| < R}, where R}, = % (VP H? —4(n— 1) — (n — 2)H), then |®| = 0 and

M" is isometric to S", up to scaling.

The proofs of Theorems 1.1 and 1.2 are given in Section 4.

2. Preliminaries. Let M" be an n-dimensional, connect and orientable
hypersurface in H"*!. We choose a local field of orthonormal frame {e4}1<4<n;1 in

H"*!, with dual coframe {w4}1<4<n11, such that, at each point of M”", ey, ..., e, are
tangent to M" and e, is normal to M". We will use the following convention for the
indices:

1<A,BC,....,<n+1,1<ijk, ..., <n

Denoting by {w,p} the connection forms of H"*!, we have that the structure
equations of H"*! are given by:

dwy = Z Wy N O + Oppy1 A Ony1, @yp+wpg =0, (2.1
1
dwp = Z Ecwyc N WCB — 5 Z K pcpwc N wp, (2.2)
C c.D
Kupcp = —(84cdsp — 84pdBC)- (2.3)

Next, we restrict all the tensors to M”. First of all, w,+1 = 0 on M", 50 D, w41 A
w; = dw,y) = 0 and by Cartan’s lemma [9] we can write

Wyl = Zhia)j, /’ly = hji~ (24)
J

This gives the second fundamental form of M", B = )" P hjw;wje,11. Furthermore,

the mean curvature H of M" is defined by H = ,ll > i hii.
The structure equations of M" are given by

doi =) wj e, w5+ w; =0, (2.3)
J
1
da)_,'/' = Xk: Wik N\ W) — 5 %: R_i/‘kla)k N wj. (2.6)
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Using the structure equations, we obtain the Gauss equation
Rjir = =SS — 8ubjx) + (hichjr — hithjr), 2.7

where Rji; are the components of the curvature tensor of M".
The Ricci curvature and the normalized scalar curvature of M" are given,
respectively, by

k
and
1
R= Rj;. 2.9
n(n—1) Z 2.9)
From (2.8) and (2.9) we obtain
|B|*> = n”H?> — n(n — 1)(R + 1), (2.10)
where |B|> = Zi’j h; is the square of the length of the second fundamental form B of
M".
The components / of the covariant derivative VB satisfy

Z hyka)k = dhy + Z hika)k/' + Z /’ljka)ki. 2.11)
k k k

The Codazzi equation and the Ricci identity are, respectively, given by
hijie = hiy (2.12)
and

hir — hjie = Z Iy Rt ~+ Z him Rt (2.13)

m

where /. and &y denote the first and the second covariant derivatives of /.
The Laplacian A#j of hj is defined by Ah; = Y, hjx. From equations (2.12) and
(2.13), we obtain that

Ahj = Z Py + Z Ticr Ruje + Z hii Ry (2.14)

3 k.l el

Since A|B* = 2(3,  hyAhy + 3, ;1 1), from (2.14) we get
1

SAIBE = VB + ) hyhag + 3 hihucRije (2.15)

iik ikl

+ Z hihii Ry
il
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Consequently, taking a (local) orthonormal frame {ey, ..., e,} on M" such that
hj = A8, from equation (2.15) we obtain the following Simons-type formula

A|B|2 |VB|2+Zx(nH),,+ ZRM(A 1) (2.16)

Now, let ¢ = 3, ; ¢jwiw; be a symmetric tensor on M" defined by
(]5,] = nHS;,' - h,/

Following Cheng—Yau [10], we introduce an operator [J associated to ¢ acting on any
smooth function f by

Of = D ¢ufy = )_(nHS; — hy)fy. 2.17)
ij ij

Since ¢; is divergence-free, it also follows from [10] that the operator [1 is self-
adjoint relative to the L? inner product of M”, that is,

/Mng=fMgDﬁ

for any smooth functions f and g on M".
Setting f = nH in (2.17) and taking a local frame field {ey, ..., e,} on M" such
that s = X;8;, from equation (2.10) we obtain the following:

O(nH) = nHA(H) — > di(nH) i
- %A(nH)z - X[:(nH)i- - Z ri(nH) i

n(n—1) 1
= AR + 5A|B|2 — | VH|* - Xi:x,(nH),,-,-.

2

Consequently, taking into account equation (2.16), we get

O(H) = ”(”2_ D

1
AR+ |VB* — i?|VH|* + 3 > Rjihi — 2)). (2.18)

ij

3. Key lemmas. Along this section, we will quote some key lemmas which we will
use in the proofs of Theorems 1.1 and 1.2. The first one is a classic algebraic result due
to Okumura [14], and completed with the equality case proved in [1] by Alencar and
do Carmo.

LEMMA 3.1. Let 1, . . ., jt, be real numbers such that y_,u; = 0 and Y ,u? = B,
with 8 > 0. Then,

(n— n—2)
e <2 o
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and equality holds if, and only if, either at least (n — 1) of the numbers j; are equal.

The second lemma is obtained reasoning as in the proof of Lemma 2.1 of [12] (see
Lemma 3.1 of [4]).

LEMMA 3.2. Let M" be a linear Weingarten hypersurface immersed in H"™, such
that R = aH + b for some a, b € R. Suppose that

(n—1Dd®+4nb+1)>0. (3.20)
Then
|VB|* > n’|VH|>. (3.21)

Moreover, if the inequality (3.20) is strict and the equality holds in (3.21) on M", then H
is constant on M".

Now, we will consider the following Cheng—Yau’s modified operator

n—1

L=0-
2

aA. (3.22)

Related to such operator, we have the following sufficient criteria of ellipticity (see
Lemma 3.2 of [4]).

LEMMA 3.3. Let M" be a linear Weingarten hypersurface immersed in H"™!, such
that R = aH + b with b > —1. Then, L is elliptic.

In our last lemma, we extend the generalized maximum principle of Omori [15] to
the Cheng—Yau’s modified operator L.

LEMMA 3.4. Let M" be a complete linear Weingarten hypersurface immersed in H'+!,
such that R = aH + bwitha < 0 and (n — 1)a*> + 4n(b 4+ 1) > 0. If H is bounded on M",
then there exists a sequence of points {pi}i>1 in M" satisfying the following properties:

klim nH(py) = nsup H, klim [VaH(pi)| =0 and limsup(L(nH)(pr)) < 0.

k—00

Proof. Let us choose a local orthonormal frame {ey,...,e,} on M" such that
hij = ;8. From (3.22) we have that

LonH) =" <nH _ ~ Lz x,-) (nH);. (3.23)

1

On the other hand, we observe that, if H vanishes identically on M", the lemma is
obvious. So, let us suppose that H is not identically zero. By changing the orientation
of M" if necessary, we may assume sup H > 0. Thus, foralli =1, ..., n, from (2.10)
and with a straightforward computation we get

() < |BP* =n*H* —n(n— 1)(aH + b+ 1)

2
=<nH— 5 a> —";1((n—1)a2+4n(b+1))
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where we have used our assumption that (n — 1)a® 4+ 4n(h + 1) > 0 to obtain the last

inequality. Consequently, for alli =1, ..., n, we have
n—1
[Ail < |nH — al. (3.24)
Thus, from (2.7) and (3.24) we obtain
n—11\°
R!‘/‘y‘ =—1 =+ )L,)Lj > —1—(nH — ) a . (325)

Hence, since we are supposing that H is bounded on M", it follows from (3.25) that
the sectional curvatures of M" are bounded from below. Therefore, we can apply the
generalized maximum principle due to Omori [15] to the function nH, obtaining a
sequence of points {py}r>1 in M" such that

klim nH(py) = nsup H, klim |VnH (pr)| = 0, limsup((nH);:(px)) < 0. (3.26)

k— o0

But, since H is bounded, taking subsequences if necessary, we can arrive to a sequence
{Pi}i>1 in M" which satisfies (3.26) and such that H(py) > 0. Thus, taking into account
that a < 0, from (3.24) we get

n—1 n—1
7—a= IAi(p)l < nH(pi) —

n—1

0 < nH(py) — a— Ai(pr) (3.27)

< nH(py) —

a—+ |1 i(pe)l < 2nH(pr) — (n — 1a.

Consequently, using once more that H is bounded on M", from (3.27) we infer that
nH(py) — %a — Ai(pr) 1s nonnegative and bounded on M". Therefore, from (3.23),
(3.26) and (3.27), we obtain that

n—1

lim sup(L(nH)(pi)) < Z lim sup |:<nH - a— )»,) (pk)(nH)ii(Pk):| <0.
k—o0 i k— o0

g

4. Proofs of Theorems 1.1 and 1.2. Let us start with the proof of Theorem 1.1.

Proof.
Let us choose a local orthonormal frame {ey, ..., e,} on M" such that h; = A;5;.
Since R = aH + b, from (2.18) and (3.22) we have that

1
L(nH) = |VB|> — n*|VH|* + 3 > Ry = 1) (4.28)
ij

Thus, since from (2.7) we have that Rj; = A;A; — 1, from (4.28) we get

L(nH) = |VB}> — *|VH>* + *H* — n|B|* — |B|* + nHZA?. (4.29)
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Now, set ®; = hy — H5;. We will consider the following symmetric tensor

o = ZGDya)iwj.
ij
Let|®)? =Y i j<I>§ be the square of the length of ®. It is easy to check that @ is traceless
and
|®|*> = |B)* — nH>. (4.30)
With respect the frame field {ey, ..., e,} on M”, we have that ®; = u;8; and, with a

straightforward computation, we verify that
D=0, pi=I|®Pand Y ul =Y A —3H|O* —nH’. 4.31)
i i i i
Thus, using Gauss equation (2.7) jointly with (4.31) into (4.29), we get
L(nH) = |VB] = *|VH* + nH ) i} (4.32)

+|DPX(—|D* + nH? — n).

By applying Lemmas 3.1 and 3.2, from (4.32) we have

LnH) > | <—|<1>|2 - ;%HKM +nH? —n) (4.33)
= [®I* Py (1®)),
where
Pu (1)) = —101 — =2 10| 4 nt? — . (4.34)

vnn—1)

Since we are supposing that H> > 1, from (4.34) it is easy to verify that Py (|®|)
has two real roots Rj; and Rj; given by

Ry = _% ni 1 <,/n2H2 —4n— 1)+(n—2)H>

and

RJ;,:% s <\/m—(n—2)H).

Consequently, we have that
Py (1®]) = (1] = Rp)(Rf; — | @) (4.35)

Thus, since we are assuming that |®| < R};, from (4.35) we conclude that Py (|®[) > 0.
Hence, from (4.33) we get

L(nH) > |®|*Py (|®]) = 0. (4.36)
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On the other hand, by Lemma 3.4 it is possible to obtain a sequence of points
{Pi}k=1 in M" such that

klim H(py) =supH > 0 and limsup(L(nH)(py)) < 0. (4.37)
—00 f— 00

Thus, since from (2.10) we have that
D =n(n—1)(H* —aH —b—1), (4.38)
our assumption that ¢ < 0 jointly with (4.37) give

klim |®(pr)| = sup |D|. (4.39)

Consequently, from (4.36) and (4.39), we have that

0 > lim sup(L(nH)(pr)) > sup || Peup z (| sup ®[) > 0

k—o0

and, hence, we conclude that sup |®|* Py (| sup ®|) = 0. Therefore, we have that
either |®] =0 and M” is totally umbilical or sup |¢p| = RZ Moreover, if |®(p)| =
R (p) at some point p € M" and since we are assuming that a < 0, equation (4.38)
implies that A attains its maximum on M". Thus, since Lemma 3.3 guarantees that L
is elliptic when b > —1, from inequality (4.36) we can apply Hopf’s strong maximum
principle to conclude that H is constant on M". Consequently, |®| = R}, on M"
and, since the equality holds in (3.19) of Lemma 3.1, we conclude that M" must be
an isoparametric hypersurface with two distinct principal curvatures one of which is
simple. Therefore, in this case, from the classification of the complete isoparametric
hypersurfaces having at most two distinct principal curvatures due to Ryan [17], we
conclude that M” is isometric to a hyperbolic cylinder $"~!(r) x H!(=+/1 + 12), if
R > 0, or to a spherical cylinder S'(r) x H"~!(—=+/1 4 12),if R < 0.

To conclude the proof, we observe that, for a given radius r > 0, the
standard product embedding H'(—+v/1 + 12) x $"~!(r) — H"*! has constant principal
curvatures given by

T+ 12
= e, kp= = k=
1412 r
Thus, in this case,
n? 4+ (n—1) n—1
H=————" and [®= ——.
nra/1 + 12 @] nr3(1 +1r2)
Consequently, from (2.10) and (4.30), we obtain that
-2
nr

On the other hand, the embedding H"~'(—+/1 4+ 12) x S!(r) = H"*! has constant
principal curvatures given by

2
b= =k = e k= T
1+ 72 r
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In this another case, we have

nr* 4+ (n— 1) n—1
H=————" and [®*= —— —.
nry/1+ 12 ! nr(1 +12)
Hence, using once more (2.10) and (4.30) we get that
__"=2
n(1+r?)

Moreover, with algebraic computations we verify that in both of these previous cases
we have |®| = R};. O

We close our paper by presenting the proof of Theorem 1.2.

Proof.
Since the operator L is self-adjoint relative to the L? inner product of the compact
hypersurface M”, from inequality (4.36) we have that

0= / L(nH)dM > / |®1>Pu(|®))dM > 0. (4.40)
M M

Consequently, since we are supposing that sup |®| < R}, from (4.40) we get that
|¢| = 0 on M". Therefore, M" is totally umbilical and, hence, taking into account again
the compactness of M", from the classification of the totally umbilical hypersurfaces
of H"*! we have that M” must be isometric to S"(r), for some r > 0. O
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