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ALMOST NILPOTENT GAMMA RINGS

G.L. BooTH AND N.J. GROENEWALD

In this paper we introduce the concept of almost nilpotence for I'-rings, similar
to the corresponding concept for rings, as defined by Van Leeuwen and Heyman.
An almost nilpotent radical property Ag is introduced for I'-rings, and shown to
be supernilpotent. If M is a I'-ring with left and right operator rings L and
R respectively, then A(L)* = Ao(M) = A(R)", where A() denotes the almost
nilpotent radical of a ring. If M is a I'-ring and m, n are positive integers, then
Ao(Mm,n) is the almost nilpotent radical of the I'y m-ring Mm,n .

1. BASIC CONCEPTS

Let M and T' be additive abelian groups. If we have a map from M x T x M to
M such that for all z,y,z€ M, y,p €T
() =v(yuz) = (z1y)uz;
(i) zv(y+2) = zyy + zyz; 2(y + p)y = z7y + zpy;
(z+y)yz =272+ y72
then M iscalleda I-ring. H U C M,V C M and ¢ CT then we define:

UpV ={umv:uec U, y€p,veV}

If A is a subgroup of M, and ATM C A, MTA C A, then A is an ideal of M,
denoted by A < M. Similar notation will be used for ideals of rings. If @ < M, then
Q is called a semiprime idealof M if A< M, ATAC Q = A C Q. The next result
is proved along the same lines as the corresponding result for rings:

PROPOSITION 1.1. Let M be a I'ring and let Q < M. Then the following
are equivalent:

() Q is a semiprime ideal of M ;
(b) VeeM,zTMIzCQ=12z€Q.

If A 9 M, the factor I'-ring M/A is defined in the natural way.

Let M, M' be I'-rings and let f: M — M' be a mapping. If for all z,y € M,
7 €T, f(z+y) = f(z) + f(y) and f(z7y) = f(z)7f(v), then f is called a T-ring
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homomorphism. If, in addition, f is bijective, then f is called a I'-ring isomorphism.
We will denote this by M = M'. Similar notation will be used for rings.

If AQM,and 0#£ 1 < M implies IN A # 0, then A is called an essential ideal
of M, denoted A by < -M.

Let z € M, v € T'. Define [z,7]: M — M by [z, 7]y = zyy for all y €-M. The
subring L of End(M) consisting of all sums Y][z;, 7], z: € M, 7; € T, is called the
left operator ringof M. A right operator ring R of M is defined similarly, and consists
of all sums of the form Y [v;, z5], v: €T, z; € M.

IfACL,A* ={ze M|VyeT;[z,7] € A}.
If BC R,B* ={z¢€ M |Vye€T;[y,z] € B}.
HCCLCY ={te L|tMCC}and

c* ={re R|Mr CC}.

It is easily seen that all of these mappings take ideals to ideals, and preserve intersec-
tions.

If AC M, then [T, A] = {3 [vi, zi] | 7« € D& z; € M}. It is easily shown that,
if A< M, then [I', A] < R and that [I', 4] C A" . If BC R, then MB = {3 z:b; |
z; EM,b; € B}. If B<R,then MB<dM,and MBC B*.

All classes of rings considered will be for some fixed I', and abstract, that is closed
under isomorphisms. A radical property R for I'-rings is defined as for the corresponding
concept for rings (see [7, p.3]). If U is a class of rings, the lower radical determined by
U is constructed as for rings [7, p.13]). A class C of I'-rings is called weakly special, if:

(a) C consists of semiprime I'-rings;

(b) f meC and A Q M, then A €C;

(¢) if M isa I'ring and A <-M, then A € C implies M € C.
A weakly special class of rings is defined in the same way.

ProrPOSITION 1.2. ([5, Theorem 2.5]). Let C be a weakly special class of
rings. Let C be the class of all T'-rings M such that the right operator ring R of M is
in C, and MTz = 0 implies z =0, for all z € M. Then C is a weakly special class of

gamma rings.
If C is a weakly special class of I'-rings, the upper radical R determined by C is
R =UC = {M | M has no nonzero homomorphic image in C}.

A radical property R for I'-rings is called supernilpotent if R includes all I'-rings
M such that MI'M =0, and if M € R, then A 4 M implies A € R. As for rings we
have:
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PROPOSITION 1.3. A radical property R for I'-rings is supernilpotent if and
only if R = UC for some weakly special class C of I'-rings M, R(M) =n{Q 4 M |
M/QeC}.

2. ALMOST NILPOTENT RINGS

Almost nilpotent rings were introduced by Van Leeuwen and Heyman [12]. A ring
R is called almost nilpotent (anp) if (V0 # A Q R)(3n € N)(R™ C A). This definition,
which first appeared in (8], is slightly stronger than the one given in [12]. Nevertheless,
all the results concerning anp rings which are discussed in this paper remain valid for
this definition. The lower radical property .A determined by the class of all anp rings is
supernilpotent, and coincides with the upper radical property determined by the class
C of rings which contain no nonzero anp ideals (see [12, Theorems 2 and 4]). A is
called the almost nilpotent radical property in the variety of rings.

A T-ring M is called anp if (V0 # A 9 M)(3n € N)(MT)"M = MT'MT'...TM C
A. Let Ay be the lower radical property determined by the class of anp I'-rings. Since
the class of anp I'-rings contains all I'-rings M such that MT'M = 0, the construction
of A, terminates at the second step ([10, Lemma 2.4]), that is Ay is the set of all M
such that every nonzero homomorphic image of M has a non-zero ideal which is anp.

Ay is called almost nilpotent radical property for I'-rings. Let Cy denote the class
of all I'-rings which contain no nonzero anp ideals. Throughout this section, let M
denote a I'-ring with left and right operator rings L and R, respectively.

PROPOSITION 2.1. Suppose that A is an anp ideal of M. Then [T, A] is an
anp ideal of R:

PRrOOF: Let 0 #£ B < [T, A]. We claim that MB 9 A. Forif z € M, b € B,
then b = Z[a,, a;] for some a; €T, a; € A. Hence zb = Zza a; € A since A I M.

ThusMBCA Since B # 0, MB # 0. NowsupposezEM be B,acA4
and v € I'. Then ay(zb) = (ayz)b € MB, and (zb)ya = z(b[y,a]) € MB since
B g [T, A]. Thus 0 # MB 9 A. Since A is an anp ideal of M, (AT')"A C MB for
some n € N. Hence, A[l', A]* C M B, whence [T, A|**! C [I', MB] = RB. It follows
that [T, 4]*+? C [T, AJRB C [T, A|B C B since B 9 [T, AJ.

Since (AT')"A C M B, thereexist z € M, b € B such that zb ¢ (AT')"A. Suppose
that b € [T, A]**%. Then there exist a;; € 4, 1;; €T, 1<i<n+2,1<j<m such
that

m
b= Z[‘h,‘, ayj] - -« [Yn+2js @nt2jl-
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Hence .
zb = Z (271j015)72j82j - - - Yn42j8n+2j € (AT)" A4,
g
which contradicts our choice of z and b. Hence b ¢ [T, A]**2, 50 [T, A]"*2 C B, as
required.

PROPOSITION 2.2. Suppose that M  has the property that
(Vz € M)(MTz=0=>2z=0). Let A be an anp ideal of R. Then A* is an anp
ideal of M,

PrOOF: It is easily verified that [, A*] € A. Since [[, A*] < R, [T, 4*] < 4.
But the class anp rings is hereditary (see [12]), the Lemma before Theorem 2). Hence,
[T, A*] is an anp ideal of R. Suppose 0 # B < A*. If [, B] = 0, then MTB =0,
whence B = 0, contradicting our choice of B. Thus 0 # [T, B] < [T', A*]. Hence there
exists n € N such that [T, A*|* C [T, B]. It follows that (A*T')"A* C A*T'B C B since
B < A*. Since [T, A*]™ C [T, B], there exist ¥ € ', b € B such that [y, d] ¢ [T, A*]".
Then b ¢ (A*T)" A*, otherwise [y, b] € [y, A*]**! C [T, A*]", contradicting our choice
of v and b. Hence (A*T)"A* C B, as required. 0

THEOREM 2.3. The following are equivalent:

() M contains no nonzero anp ideals;
(b) R contains no nonzero anp ideals, and (Vz € M)(MTz =0 =z = 0);
(¢) L contains no nonzero anp ideals, and (Vz € M)(zT'M =0 = z = 0).

Proor:
(a) = (b): Suppose M contains no nonzero anp ideals. Clearly, M is a semiprime
I-ring. Suppose € M and MT'z = 0. Then zI’'MTz = 0, whence z = 0. Suppose
that A is an anp ideal of R. Then A* is an anp ideal of M, by Proposition 2.2. Hence,
A*=0. Now AC (A‘)*' =0 = {r € R: Mr =0} = 0, as required.
(b) = (a): Suppose that R contains no nonzero anp ideals, and that
(Vz € M)(MTz=0) = =z = 0. Let A be an anp ideal of M. Then [T, 4] is an
anp ideal of R, by Proposition 2.1. Hence [I', 4] = 0, whence MTA = 0. It follows
that A =0.
(a) = (c) follows by symmetry. g
Let Cy denote the class of all I'-rings without anp ideals. As an immediate conse-
quence of Proposition 1.2 and Theorem 3.3, we have

COROLLARY 2.4. C, is a weakly special class of I'-rings.
PROPOSITION 2.5. Ay =UC,.

The proof is identical to that of the corresponding result for rings ([12, Theorem

4]).

https://doi.org/10.1017/50004972700018050 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700018050

(5] Almost nilpotent gamma rings 241

From Corollary 2.4 and Proposition 2.5, we have

THEOREM 2.6. A, is a supernilpotent radical property in the variety of I'-ring.

It follows that Ag(M)=nN{Q I M | M/Q € Co}.

LEMMA 2.7. ([3, Corollary 2.2]). Let A <« M, and let R' denote the right
operator ring of the factor I'-ring M/A. Then

R =~ R/A”.

LEMMA 2.8. The mapping Q — Q* defines a one-to-one correspondence be-
tween ideals Q of R such that Q/R € C and ideals S of M such that M/S € C,.

PrOOF: Let @ < R be such that R/Q € C. Then @Q is a semiprime ideal of R.
Hence @ = (Q")*’ (see [9, Theorem 1]). The right operator ring R' of the factor I'-ring
M/Q* is isomorphic to R/(Q*)" = R/Q, by Lemma 2.7. Suppose 2 € M is such that
(M/Q*)T(z + Q*) = 0. It follows that MT'z C Q*. Since Q is a semiprime ideal of R,
Q* is a semiprime ideal of M ([9, Lemma 1]). Now zI'MTz C Q*, whence z € Q*,
that is z + @* = 0. By Theorem 2.3, M/Q* contains no nonzero anp ideals, whence
M/QeC,.

Conversely, suppose S < M is such that M /S € Cy. Since S is a semiprime ideal
of M,S = (S ‘I) ) . Since the right operator ring of the factor I'-ring M/S is isomorphic
to R/S" , by Lemma 2.7, it follows from Theorem 2.3 that R/Q*I € C, as required. 0

THEOREM 2.9. A(R)" = A(M) = A(L)*.

Proor: A(R) = Ay(M) follows easily from Lemma 2.8. It follows by symmetry
that A(L)" = Ao(M). 0

3. MATRIX I'-RINGS
Let M be a I'-ring, and let m,n be positive integers. Denote by M,, , and I'y, 1,
the sets of m x n matrices with entries from R, and n x m matrices with entries from

T', respectively. Then My, , is a I'y, m-ring with the matrix addition, and multiplication
defined by

where (@63)(%5)(bis) = (cii)rcij = 3 D @ipTagboj-
P q

LEMMa 3.1. (|9, Lemma 3]). Let m be a I'ring, and let M,n be_ integers.
Denote by R' the right operator ring of the matrix I'p ym-ring My n. Then R' = R, , the
ring of nxn matrices with entries from R. Moreover,if A C M, then (A,)" = (A )mn-

LEMMA 3.2. ([8, Theorem 3]). Let R be a ring, and let n be a positive integer.
Then

A(Rn) = (A(R)),-
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THEOREM 3.3. Let M be a I'-ring, and let m,n be positive integers. Then
Ao(Mom,n) = (Ao(M)),, -

PROOF:

Ao(Mm,n) = (A(Ra) * (by Theorem 2.9)
_ (AR)),)  (by Lemma 32)
= (A(R)*)mm (by Lemma 3.1)
= (-AO(JW)),,‘,ﬂ (by Theorem 2.9).

Every ring R is a I'-ring with I' = R and the usual addition and multiplication oper-
ations on R. Let R' denote the right operator ring of R considered as a I'-ring with
T = R. Define f: R? - R' by

f(Z 2-‘31.') =) [z %]
It is easily shown that f is well-defined, and maps the ring R? homomorphically onto
R'. Moreover, the kernel K of f is equal to R? Nr(R), where r(R) denotes the right
annihilator of R. Hence,
RZ Rz

Tt
R_K R2Nr(R)

LEMMA 3.4. Let R be any supernilpotent radical property. Then

R*NR(R) _ R*NR(R)

RE)=Fom®) = K

ProOF: Note firstly that K is a zero ring. Since R is a supernilpotent radical
property, K € R and hence K C R(R?) = RN R(R). Let R(R') = A/K where
K C A< R?. Let f be the natural homomorphism of R? onto the factor ring R?/K.
Then f(R(R?)) C R(R'), whence R2NR(R)C A. But K € R and A/K =R(R') €
R, whence by the extension property, A € R. It follows that A C 'R(Rz) . Hence
A = RN R(R), and the result follows. 0

THEOREM 3.5. Let R bearing. Then A(R) = Ao(R), where A and Ay denote,
respectively, the anp radical of the ring R and the anp radical of R considered as a
I'-ring with ' = R.

PrOOF: Let R' = R?/K be the right operator ring of R considered as a I-
ring with ' = R, where K = RN r(R). Then by Theorem 2.9, A(R) = A(R')".
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We will show that A(R')* = A(R). Let z € A(R). Then, forall r € R, rz €
R?NA(R), whence rz+ K € R?NA(R)/K = A(R'), by Lemma 3.4. Hence z € A(R')".
Conversely, suppose that y € A(R')*. Then ry + K € A(R') = R* N A(R)/K , for all
r € R. It follows that Ry C A(R), whence yRy C A(R). Since A(R) is a semiprime
ideal of R, this implies that y € A(R). Thus A(R')" = A(R).

Let R be a ring, and let m,n be positive integers. Let R,,, denote the set of
m X n matrices with entries from R. Then clearly R, , is an R, ,,-ring with the usual
operations of matrix addition and multiplication.

THEOREM 3.6. Let R be a ring, and let m,n be positive integers. Then
AO(R‘"'-»") = ('A(R))m,n

where Ao(Rm,n) denotes the anp radical of the Ry m-ring Ry n.

The proof is an easy consequence of Theorems 3.3 and 3.5, and will be omitted.

4. POSITION OF THE ANP RADICAL

The prime, Jacobson and antisimple radicals §, J and 84 were defined for I'-rings
in [6] and [4], respectively. We will use the same notation for the corresponding radical
properties of rings.

PROPOSITION 4.1. Let R denote the prime, Jacobson or antisimple radical
property for a ring, and let Ry denote the corresponding radical property for a I'-ring.
Let M be an arbitrary T-ring with right operator ring R. Then R(R)" = Ro(M).

For the proof, we refer to [6, Theorems 4.1 and 8.2], and [4, Corollary 2.10].

It is known [12, Theorem 5] that for a ring R, B(R) C A(R) C f4(R). As an easy
consequence of this result, Theorem 2.9 and Proposition 4.1, we have

PROPOSITION 4.2. Let M be a I'-ring. Then B(M) C Ay(M) C Bs(M).

Analogues of Theorem 3.5 are known for the prime and Jacobson radicals ([1,
Theorem 4.7] and [8, Theorem 10.1] respectively). In [4, Theorem 2.4 and Corollary
2.10] respectively, it is shown that 84 is a special radical property in the variety of
I-rings, and that for a I-ring M with right operator ring R, f4(R)" = B4(M). Using
the techniques of proof employed in Lemma 3.4 and Theorem 3.5, it is easy to prove
the following result

LEMMA 4.3. Let R be aring and let f4(R) and B4(R) denote, respectively, the
antisimple radicals of the ring R and of R considered as a I'-ring with T' = R. Then

By(R) = By(R).
For rings it is known (see [12, Theorem 5] and [11, Example 2]) that the inclusion
B C A C By is strict and that A and J are independent. In view of Theorem 3.5,
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its analogues for the prime and Jacobson radicals and Lemma 4.3, we have for I'-rings
that the inclusion 8 C Ay C By is strict and that the radical properties A, and J are
independent.
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