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M.G. Murdeshwar and S.A. Naimpally 

In his paper ''Indexed sys tems of neighborhoods for genera l 
topological spaces" (Amer. Math. Monthly 68, (1961), 886-893), 
A. S. Davis defined a h ie rarchy of what he called regular i ty axioms. 
The R -axiom is independent of both T and T , but is s t r ic t ly 

weaker than T . In this note, we propose to study the p roper t i es 

of the spaces satisfying the R - a x i o m . In par t icular , we will 

show that in many well-known resu l t s , the hypothesis can be 
weakened from T to RJ , which is pa r t of our motivation in 

Ù 1 

studying R - spaces . 

1* Definition. A topological space (X,f ) is said to be 
R iff for every pair of points x , y of X, x 4 y implies x 

and y have disjoint neighborhoods. 

It is easy to see that T^ = R + T . That R is indepen-y 2 1 1 i * 

dent of T and of T is shown by the following examples . An 

infinite set with the finite complement topology is T but not 

R . On the other hand, the set {a , b , c} equipped with the 

topology consisting of 0, { a , b } , { c} is an R - space but not 

T^ . 

2. LEMMA. In an R - space , if G is an open neighbor­

hood of a point x , then x C G , (In the terminology of Davis: 

every R - space is R ). 

Q Q 

Proof. If y € G , then y C G . This means x 4 y and 
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so x and y have disjoint neighborhoods. Therefore y £ x 
and x C G . 

3. COROLLARY. A topological space is R iff whenever 

x i y , x and y have disjoint neighborhoods. 

4. THEOREM. The R proper ty is heredi tary , produc­

tive, projective and a topological invariant . 

The routine verification of this theorem is omitted. 

Since every finite set is compact, the following theorem 
follows from the fact that T = T + RJ . 

2 1 1 

5. THEOREM. An R -space is T iff every compact 

subset is closed. 

6. THEOREM. An R -space is T iff every sequence 

has at mos t one l imit . 

Proof. Such a space is necessar i ly T . 

7. LEMMA. If, in an R -space , A is a compact subset 

x f l A = 0 , then x and A have disjoint neighborhoods. 

Proof. For each y € A, x 4 y and hence x and y have 
disjoint neighborhoods, U and V respect ively . Since A is 

y y 
compact, there exist points y , y , . . . , y of A such that 

n n 
A C Q V = V . K U = fi U , then U and V are d is -

i = l y i i = l Yi 

joint neighborhoods of x and A respect ively . 

8. THEOREM. A compact R -space is no rma l . 

This can be proved by using Lemma 7 and by repeating the 
technique used in its proof. 

If X is a topological space and X* = X U {oo} , oo £ X , we 
topologize X* as follows: a set G is open in X* iff (i) G is 
open in X or (ii) X* - G is a closed, compact subset of X . 
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The space X* is called the one-point compactification of X . 

9. THEOREM. The one-point compactification of X is 
R iff X is R and locally compact. (A space is said to be 

locally compact iff every point has a closed, compact neighbor­
hood). 

Proof. The "only if11 pa r t is t r iv ia l . For the converse, 
if x , y € X* and x 4 y , then we mus t show that x and y have 
disjoint neighborhoods. If x , y € X, there is nothing to p rove . 
Suppose then that x e X and y =00. Since {°° } is a closed 
subset of X* , 55 = 00 ̂  x . Let U be a closed compact neighbor­
hood (in the topology of X) of x . Then U and X* - U are 
disjoint neighborhoods of x and 00 respect ively . 

10. COROLLARY. A locally compact R -space is com­

pletely regu la r . 

Proof. The one-point compactification of such a space 
is normal and hence completely regular . Since complete regu­
lar i ty is heredi tary, the given space is completely regu la r . 

11 . THEOREM. An R paracompact space is normal . 

Proof. Since a regular paracompact space is normal , it 
suffices to prove that an R paracompact space is r egu la r . 

Let A be a closed set of an R paracompact space X and 
c c 

x 6 A . For each y € A, y C A and x C A (by Lemma 2). 

Since the space is R , x and y have disjoint neighborhoods 

U and V respect ively. Then A (J {V | y ç A} is an open 
cover of X and hence must have an open locally finite refinement 
{V } . V = {V I V fi A 4 0 } is an open neighborhood of A. 

a. a a 
Now, there exists a neighborhood W of x which meets only 
finitely many sets V , V , . . . , V of (V ) . Each such V. 

1 2 n a 1 
that meets A must lie in some V , y € A . Therefore the 

n 
in tersect ion of W and f] U is an open neighborhood of x 

i = 1 7 i 
not intersect ing V . This proves regular i ty of X . 
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