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RENORMALIZATION OF THE LOCAL TIME
FOR THE Jd-DIMENSIONAL FRACTIONAL
BROWNIAN MOTION WITH N PARAMETERS

M. EDDAHBI!, R. LACAYO, J. L. SOLEZ?, J. VIVES? AND
C. A. TUDOR

Abstract. We study the asymptotic behavior in Sobolev norm of the local
time of the d-dimensional fractional Brownian motion with N-parameters when
the space variable tends to zero, both for the fixed time case and when simul-
taneously time tends to infinity and space variable to zero.

§1. Introduction

Let B = {BH : ¢t > 0} be a standard fractional Brownian motion (fBm
for brevity) with Hurst parameter H € (0, 1). It is well known that this pro-
cess is a centered Gaussian process which admits an integral representation
of the form

t
Bl = / Ku(t,s)dW,,
0

where W is a standard Wiener process. The kernel Ky (¢,s) is given, for
s < t, by

(1) Kult,s) = clt —s)* — pen / - st (1= (2) )ar,

,
with ¢y being a constant and p = H — %
The covariance function of B/’ can be represented as

SAt
RH(s,t):E(BthH):/ Ky(t,r)Ku(s,r)dr,
0
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and has the explicit form

1
— —(82H +t2H o ‘t o SIQH).

A very good survey about the fBm is the paper of Nualart [5].
For H = (Hy, ..., Hy) the (N,1)-fBm is defined as

BH = K(t,s) dWs,
[0,]

where K4 (t,s) = ®§V:1 Ky, (tj,s;), s,t € RY and W is a standard N-

parameter Brownian motion. Its covariance function is

Ry(s,t) = (BT BIT)

S],

H:jz

Finally given the N x d-matrix H = (H1, ..., Hg) where fori =1,....d
andj=1,...,N,H; = (H;1,...,H; n) is a column vector and H; ; € (0,1),
the N-parameter, d-dimensional fractional Brownian motion ((N, d)-fBm for

brevity) is defined by BE = (B, ... BI d)teRﬁ where its components are

independent and for every i = 1,...,d, Bfi is a (N,1)-fBm with Hurst
parameter Fi.

For any t € RY and x € R?, the local time L(¢,z) of the (N, d)-fBm
can be defined as the density of the occupation measure pu¢, defined as

pe(A) = / 14(BM)ds, AeBRY.
[0,¢]
Formally, we can write

Lt,z)= | 6,(BF)ds
0,1

where d, denotes the Dirac function and d,(B!) is therefore a distribution
in the Watanabe sense (see [6]).

This local time for (N, d)-fBm has been studied by Xiao and Zhang [7],
Hu and Oksendal [2] and Eddahbi et al. [1] between others.

The aim of this paper is to study the asymptotic behavior of L(t,x)
when |z|, the euclidean norm of x in R%, goes to 0, both for a fixed time and
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when the time goes to infinity, and we renormalize his Sobolev norm. We
generalize the results of [3] from the (V,d)-standard Brownian motion to
the (N, d)-fractional Brownian motion. In the standard Brownian motion
case, the covariance function is simply R 1 (s,t) = s At. Here, the control of

the covariance function Ry (s,t) for H # % is the main difficulty.

Section 2 is devoted to the presentation of the problem. In particu-
lar we review from [1] the chaotic decomposition of the local time L(t,z)
as a functional of the (N,d)-fBm and its regularity in terms of Sobolev-
Watanabe norms. In Section 3 we present a list of auxiliary lemmas. Sec-
tion 4 is devoted to the presentation and proof of the main result, namely
the asymptotic behavior of this local time, for fixed ¢, in the case H; ; = H,
Vi,j, when |x| goes to 0. In Section 5 we extend the result to the case
t:=t1-- -ty going to infinity.

§2. Preliminaries and statement of the problem

If F' is a square integrable Brownian random variable, it can be repre-
sented by its Wiener chaos expansion

n=0

where I,,(f,,) denotes the multiple It stochastic integral of the symmetric
kernel f, € L?(R") with respect to the Wiener process W.
If L is the Ornstein-Uhlenbeck operator

LF = - fj L (fa),
n=0

p € (1,00) and a € R, we define the Sobolev-Watanabe spaces D*? as the
closure of the set of polynomial random variables with respect to the norm

1Elap = [|(Id — L)% Fl| o 0,

where Id stands for the identity mapping.
We denote by D the chaotic derivative operator. It acts on multiple Ito
stochastic integrals as

Dt(In(fn)) = n-[nfl(fn( : ’t))7

and is continuous from D%P into D~ 1P(L2(R.)).
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It is known that a Brownian random variable F' belongs to D®? if and
only if its chaotic decomposition Y7 I,,(fy) satisfies

(e o]

D+ )L (fa)l3 < oo,

n=0

where [[1,(fn)[13 = n!|| full3-
Set D>? = Nacr D2, If F € D>2, we can compute its chaos expan-

sion using the Stroock formula

o0
1
F=>Y" —In(E(D"F)).
n=0
For a complete survey of this subjects we refer the reader to the book
of Watanabe [6].

Let p.(x) be the centered Gaussian kernel with variance € > 0. Consider
also, for z € R% and e > 0, the Gaussian kernel on R? given by

d
= Hps(xi), r=(x1,...,2q).
i=1
We denote by H,, the n-th Hermite polynomial, defined for n > 1, by
—1)" dan 2
H,(z) = ( ') exp( )—(exp(—x—>), zeR
n!

dzx™ 2
and Hy(z) = 1.
As we proved in [1] the chaotic decomposition of the local time of the
(N,d)-fBm is

d
Lit.z) = /Ot 1:[ sniHi <sH )ITZ“(KHZ(S’ o) ds,

TLd>O
provided that Zj 1 }}* > d, where t € RY, 2 € RI\{0}, s = s1---sn,

sti = HN,I sf” and HY = max{H;;, ¢ = 1,...,d}. The integrals I
denotes the multiple Ito6 stochastlc integrals with respect to the 1ndependent
N-parameter Wiener processes W*.

Moreover, in [1] we proved that this functional belongs to the space

D2 if N
1 d
7=1 J
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If all H;; = H, this expression becomes a < % - %, and then a

sufficient condition for the local time to be in L?(Q2) is N > Hd. Observe
that this sufficient condition is also founded in Xiao and Zhang [7]. From
now on we will suppose always this condition.

Recall that if H = %, Z;VZI ﬁ—% =N —%l, which is the same condition
obtained in [3] for the N-parameter Wiener process in R¢.
§3. Auxiliary lemmas

LEMMA 1. If% <p< % we have

sup \/aHn(x)e_’g$2| <c¢(nVv 1)_8[;51
zeR
Proof. This result is proved in [4]. [

Remark 2. The factor v/n! appears because we do not use the same
definition of Hermite polynomials as in [4].

LEMMA 3. Letd > 1 and v € (0,1). We can choose a universal con-
stant ¢ such that for any m > 1,

d
S v < emdn

ni+-+ng=mi=1

Proof. This result is proved in [4]. [
LEMMA 4. Let v and a be positive constants and b € R. Set o = b%‘Ll.
Then
(205 - @) s
expl—— | — = —— | — — @
where

© F\N-1
gN-1(7, @) == " e (log —> dt.
. Y

Proof. Using the change of variables w1 = s1--- Sy, us = S2--* SN, - - -,
1
U uN

v\ ds 1 Y\ dup - - - dusg
exp(——a>—b = —bexp(——a>7du1
[0,1]¥ /8 {0<ur < <uny<1} Ug uyp/ UN U2

1 ! I\N-11 7y
S o, (log ;) spexn(=%)dr

a

we obtain

uy = sy, with Jacobi determinant

and making the change of variable yr~* =t we get the desired result.  []
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LEMMA 5. The function
Q) = w if z € (0,1]
0 if 2 =0,
has the following properties:
1. It is strictly increasing and it continuously maps [0,1] onto [0,1].

Moreover, Qp (1) = 1.
2. For fized 6 € (0,1) and for any z € [0,1 —¢], it satisfies the inequality

Qu(z) <c(H, (5)ZG,

where G =H A (1 — H).
3. For fixred § € (0,1) and B > 0, it satisfies the inequality

c(H,9)

1
Qu(z)Pdz < -

1-6 O2H

Proof. The proof of parts 1 and 3 are done in [1].
For the part 2 we have

e

Q) i T

Using Taylor expansion, 1—(1—2)2 = 2H(1-0)?7712 with0 < 0 < 2.

If H> 1, we have 1 — (1 — 2)* < 2Hz, and therefore Qp(z) <
Hz'=H 4 %zH < ¢12'71 ¢; being a positive constant.

If H < {and z € [0,1—6], we have 1— (1—2)2# < 2H§?~12, and then
Qu(z) < H*H-11-H %ZH < cp2M, ¢y being another positive constant.

O

In what follows, for every z > 0 and v > 0, we denote the complemen-
tary incomplete Gamma function as

I‘(w,’y)—/ e it dt.
g

In particular I'(z) :=I'(z,0) and I'(z,v) < T'(z).
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LEMMA 6. The function
oo 1 ‘ t\N-1
gn-1(7, @) :—/ t* te” <log —) dt, N eN
o Y

has the following behavior when v tends to 0:

1. Ifa>0and N > 2, gnv_1(7y, ) = (log %)N_lf(v,a)—k(?((log %)N_Q).
If N =1, it tends to I'(«)

2. Ifa=0and N > 2, gn_1(7,0) = e 7% (log %)N + O((log %)N_l). If
N =1, it behaves as e ln%

3. Ifa<0and N > 2, gn_1(7,) = v (TO(ZJ\YV) + oy )) If N =1, its
behavior is as Wl"yo‘

Proof. The cases with N = 1 are straightforward. For N > 2, note
that

e e

k=
Then,
e If o > 0, the function
t— 2t (logt)k

is always integrable on [0, 00) for any k € NU {0}. Therefore,

gv-1(7.0) = (log %)Nlm,co +0( (1o %)M).

e If a =0, we need to estimate the integral

oo t\N-1
gn-1(7,0 :/ t~te ! (log — dt.
o) = | ( 7)

Integrating by parts we obtain

gN-1(7,0 =N / _t log "t
1 1\ N-1
= N (log ) +O((1og ;) )
e If o < 0, making the change of variable s = —alog(%), the result
follows immediately. 0
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84. Renormalization of the local time for fixed ¢

The main purpose of this section is to study the asymptotic behavior
of L(t,z), for t € RY and z € R?\{0}, when |z| — 0. In the case dH > 1 it
has a singularity. An interesting question is to renormalize the local time,
that means, to find a deterministic function f(¢,z) such that f(¢,z)L(t,x)
converge to 1 in some precise sense. We will do it with respect the norm
| - la,2- Then we will obtain a function f(¢,x) such that || f(t,z)L(t, )| a2
converges to 1 when |z| — 0, both for fixed ¢ and when t =¢; -ty — oo.

Recall the expression of the D®?-norm of the local time L(t, ). For the
sake of simplicity we take t = 1 := (1,...,1).

‘We have
(3) LT 2)]20 =D (1+m)"An(),
m=0
where

Am(z) = H/ pr
mlT
[01] Snz 2

ni+-- +nd m
2

9

X Hn (§ L2(Q)

)IZ (KF (s, -)®")ds

and as

E(Ii.(Kﬁi(U, .)®ni)Ij'(Kﬁ.(,U’ )®n])) = 6]nz (RHi(u,v))ni,

R e
Ay, () = / " / o] < H, (ujﬁ;vj)>
oy Jouy i (UJUJ)

ni+-- +nd m 7=1

X nz'Hm (?)Hm( )p 2H (sz)p 2H (xz)
u- Q -

and in particular

d 2 2
x4
Aolz) = (/ ds ][ exp—iw.).
’ 01N i 27TH] L5 ) ( 2H§V18?H”>

In all this section we confine our attention to the situation where H; ; =
H for all (4,7) € {1,...,d} x {1,..., N}, and use the notation B¥ for B,
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Observe that in this particular case

1 1 |z |2 2
A - b I
O(x) (27[')d </[0 1]N SdH p( 2§2H>d8) ’

N Ry (u;,v;
A J’ ]
m(@) = /[Ol]N /0 AN <H UJUJ >

ny+-- +nd m

X Zl_[l n;! H,, <E_H> H,, (%)pgw (z3)py2n (7;) dudv.

and

Our main result is the following:

THEOREM 7. Let BY be (N,d)-fBm. Set A := d — % For any a <

N _d
ST 2wehcwe

1) If x>0 and N > 2,

. 23 (gl 2 vt o)
élﬂlo“L(l’x)”aﬂ(ﬁ—)(logw) P(E)) =1

If N =1, ||L(1,z)||az2 ezplodes when x tends to 0, and ||L(1,x)[q2 -
(Jz|=*)~! is bounded by a positive constant.

2) If A =0,
1 \N —1
. = 2H 2 N
i 250 (2 (10g 25) ") -1
o] —0 2m)zNI N |zl
3) IfA <0,
. - 1 1\
lim ||L(1,2)||a2 = |L(1,0)||a2 = —F | ——=
tim LT )02 = L0l (%)g(l_Hd)
%
> o 27"Z
X Z(l—i—Qr) Z H 2977, </ Qu(z dH> ] < 0.
r=0 ri4-Frg=ri= 1

Remark 8. This theorem shows that for A > 0 the local time explodes
at the origin and for A < 0 it does not. Observe that for the N-Brownian
process, that is H = %, the local time explodes at the origin if and only if
d > 2, and we obtain, with another proof, the same results as Imkeller and
Weisz [3].
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Proof. The idea of the proof is to show that the convergence of A, (z)
for any m > 1 when |z| — 0, is controlled by Ay(z) and then the asymptotic
behavior of L(1,z) coincides with the asymptotic behavior of Ao(:):)%.

Define now, for v > 0 and m > 0,

HJ 1RH(u],v])) ol ~y
Bm 7 B /[O 1N /0 AN H(m+d) exp(_ﬁ—H) exXp (—ﬁ)dudv.

’LL’U

Clearly,
1 1

For m > 1, choosing 3 € [i, %), we can write

Ap(z) = (271T)d /[O N /0 ”N( RZij;ff)>m(u_vl)dH

ni+--+ng=m

LVt () ol vint (5 o 25}

1 x? 1 x?
<exp{=(5 =) i yesw{ = (3 = ) i ptua
and applying Lemmas 1 and 3 we obtain

Am(x)gc(%lr)dmd(l uliap ((%—ﬁ)];p‘?).

Then our problem reduces to the study of the asymptotic behavior of

B,

As Ry (uj,v;) = Ry (1, )u?H, we have

Y5 ) u2Hm

=2V i RH .
0,4]V )H(erd)

X exp(—uQLH) exp(—m)dvl -~ dvndu.

With the change Z—j =z, (j =1,...,N) and computing iteratively the
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previous integral, we find

__oN 1-2Hd —K(2)Y
B(y) =2 /[0,1]N(/[0,1]NQ eXp( w2H )du1 dUN)

N
RH(17Zj)m
X Hisz(m"'d) le "'dZN
]:

where k(r) =1+ T%H
By Lemma 4, with a = 2H and b = 2Hd — 1, we have

_ 1—2Hd —H(E)V
JN(’Y)g) _\/[071]Ng eXp( E2H )du

o0 N-1
= ¢(N,d, H)’y_A / e~ 5r(2) gA—1 (log f) ds,
Y
¥

—g_ 1 _ b
where A = d 7= a-

Therefore

First we will see that for m > %, we have
N
(4) Bm(FY) S C(H7 da N)Pyi)\gN—l(FY? )‘)miﬁ .

Indeed, controlling the exponential by 1, we obtain

_ Ry(1,z; N s\ N-1
B < ¢(N, H,d)y ’\/ ] / e *s 1 (log = dzds
n(2) 5 ”NH e, (10 )

N
:c(N,H,d)’y)‘gNl(’y,)\)</0 QH(z)mzdinz) ,

where the function Qg is introduced in Lemma 5.
Now, choosing § € (0,1), we have

1-6 1
/QH o dz< ; QH(Z)mZdLHdZ-F(l—(s)idH Qu(2)"dz.

1-6
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The second sumrrlland on the right, using part 3 of Lemma 5, is con-
trolled by ¢(H,d)m™2# .

For the first summand, if m > % = A?H we fix o € (%{,m), and
write
1-6 1-6 1

1
; QH(z)mzd—H dz = ; QH(z)m_aQH(z)azd—H dz.

Using that Qg is an increasing function and part 2 of Lemma 5, we control
this by

1-46
Qu(l—0)""%(H,9, a)/ ZOG—dH g
0
Asa > %, the integral that appears in the last expression is a constant

that depends on H, d, o and 9.
Therefore, being Q (1 — §) < 1, we can estimate this term by

c(H,d,?, a)m_ﬁ,

and we get (4).

Note that this result is true only for m > A?H If A < 0 this covers all
cases. But if A > 0 the B,, terms with m < % are not controlled yet. The
following part of the proof will discuss these first terms. From now on in
each expression ¢ will be the suitable constant.

Observe that for any 0 < € < m, being Qg (-) < 1, we have
B (v) < Be(7)-

Now we will see that for A > 0,

BG('Y) < C(H’ d7 N)’YiA(ngl(’Yv )‘) + ngl(’Yv a))

where « is some positive constant depending also on e.
Indeed, putting ¢ = ¢(N, H, d),

35 __
2H

N
© e z S N-1
B.(y) = c'y_’\/ / Qu(z)°- —e_ssk_l<log —) dzds
() [ e et S :
o N 1-5 1-6 1 1N ~om
N e z
-2 €
vy k.Z:O k) Jo 0 1-6 . 1-6 JI;Il ( ]) éHd
k N—k

N-1
x e Mt <log i) dzy -+ - dzpds,
Y
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because the function .
— . 2H

N ez
[T onG)  —
j=1

zZ

is symmetric in z.

Now estimating Qg and the exponential by 1 in the integrals between
1 — 9 and 1, we obtain

sz () S0V s

s
(z1--25)2H

k
e N-1
X H Qr(z)" - [EEEALL dzy - dzk.) e 351 (log ) ds
j=1

N _ _
oo ) N N 1-6 1-6 5 N—k
< ey A S — %
= / (<<1—6>dH> +;<k)/ I (T=epw)
k s N-1
x ¢(H, 6)]“ H szidHe (12 gy o dzk) e s ! <log f) ds,
; Y
7=1

where we have used part 2 of Lemma 5.

Now, choosing € < dg, we can use Lemma 4 with a = 2H, b = —eG +

dH,v =5, N =kand a = ¢ 2;? L to bound the right hand side of the
last inequality by

[e.e] N o0
t k—1 € €
e avatn s [T3 [T (o) b s
Y o k=1YS
N-1
x et _S<log ) dtds},
Y

where ¢ is a constant that depends on H, d, N, ¢, §.
Using the fact that for any n > 1 and for ¢ > s we have

t ty =
og - <n(£)"
S

S

and taking n = M (k — 1) for a big M, we obtain
Be(v) < CV_A{QN 1(7, A / / 280 1A ¢35

s\ N-1
x e te S<log ;) dtds},

o
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where now ¢ depends also on M.

Ase<m<%,wehave%—%+ﬁ>0and

& ¢ A G 1
B0) < e axaatun + [Tt e (G - 5 )
ol

s\ N-1
X <log —) ds ;.
y
Controlling the complementary incomplete Gamma function by the cor-
responding Gamma function we obtain

00 . N1
Be(v) SCV_A{QN—l(%)‘)‘F/ st (log 2 ds}
Y
.

- A G 1
=cy A{gN—l(% A)+gn-—1 (fy, 5 + SH M)}

Observe that for M sufficiently large

)\+6G 1>0
2 2H M '

Finally for the m = 0 case, using Lemma 4, we have immediately, as
A
o = 3

1 1 _ A\ 2
BO(FV) - ((N — 1)|)2 (QH)QNPV AgN—l (77 5) .

Therefore we have to separate the cases A > 0 and A < 0.
For A > 0 we have

o0

IL(L,2)l[22 = D (1+m)* Ap(z)

m=0

e The terms A,,(z) with m = 1,...,[3£] are controlled by

_ A G 1 g1y
cy /\{gN_1(’y, A) 4 gn—1 (% 5 + 57 M) }md(l 1)1

where v = (3 — 3)|z|%, and € and M satisfy

A n eG 1 >0
2 2H M ’
Then, by Lemma 6, part 1, this behaves asymptotically, when ~ | 0,

as CPy*)‘(log %)Nfl if A >0, and as c(log(%))N if A=0.
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e The terms A, (x) with m > [%] + 1 are controlled by

_88-1
em®1—=%57)

2=

Ly Agn 1 (v, \)m”

> mA0= 5Ly (1 4 )™

=
_|_
3
Q
e
3
&
A
o

X 7 A gn_1(7, \),

and using the fact that a < % — %l, we have that the series between

keys is convergent and the asymptotic behavior of the last expression
is, by Lemma 6, as ¢y~ (log %)N_l if A >0, and ¢(log %)N if A\ =0.

Finally,
1 1
Ao(z) = —— By =|z|2
0(1‘) (27T)d 0(2‘1;’>
1 1 1 Y ( é)2
- 7_[_ _ | - M b
@m)d (N -2 HN T V1T
Wherey:ﬁ
5

Summarizing, if N > 2 and A > 0, Ag(z) goes to oo when ~ | 0, as

ey (log %)QNQ, and this first term dominates the asymptotical be-
havior because all the rest goes to co more slowly than ’y*)‘(log %)(Nfl).
If N =1and A > 0, as the logarithm disappears, the proof only says
that ||L(1,2)a2(]z)~*)~! is bounded by a positive constant.

If A\ =0, Ag(z) goes to oo when ~ | 0, as c(log %)QN, and the rest as
c(log %)N, so also the first term dominates the asymptotical behavior.

1
Note that we consider Aj in place of Ay to get the functions that
appear in the theorem.

The A < 0 case follows directly. As we have seen before,

D> (14 m)*Ap(z)

m>1

is controlled by 7" *gn_1(7, ), and by Lemma 6, part 3, this term goes to
a constant when v | 0.
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In this case the norm ||L(¢,x)|/q,2 is continuous. Therefore we don’t
have an explosion, and

1
2

lim, 1L, 2) ez = 1L, 0) oz = (Z (1+4m)" Ay, )) ,
m=0

where )
L 2
A (0) = (27r)d< Z ) HnZ'Hm(O) >Bm(0),
ni+-+ng=mi=1
and
N Ryg(1 Z~)m
B,,(0 :2N/ </ W2Hd gy, duN> Ru(Lz)™
() [071]1\, [0 l]N H ZjH(m+d) 1

(o) ([ )
1—1Hd (/ Qi de>

Note that as A < 0,1 —2Hd > —1.
Finally,

) (1 +m)°

=0

1 dz \V
R & 2 m_2°
: (n1+ +ng= mzl—In ) ></0 QH(Z) ZdH)

1

IO = G (=77

Q.

(2 Mei) ([ orer)

because Hy,, (0) = Qn a7 and Ha,1(0) = 0.
By the continuity of the norm, it is not necessary to prove the conver-

gence of this series.

Remark 9. Xiao and Zhang [7] proved that when Hd < 1, thatis A < 0,
BH has a jointly continuous local time.
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§5. Renormalization of the local time when the time tends to

infinity

We can also deduce the behavior of the local time L(¢,x) when t =
t1---ty — oo and |z] — 0. We also have to distinguish the three cases,
namely A >0, A =0 and A < 0.

The precise result is the following:

THEOREM 10. Let {L(t,z) : t € [0,00)"N, 2z € RI\{0}} be the local time
of the (N, d) -fBm BH. Let \ =d — % Then the following limits hold for
any o < £ — &

1) For A\ >0 and N > 2,

2 -1
. QE(L)N‘J;’*)\ 2t2H N—1 A
lim || L(¢,2)|laz2 25 (log — ) F(—) =1.

If N =1, ||L(t,z)||a,2 explodes when x tends to 0 and t to oo, and in-
dependently of t € Ry, ||L(t,2)|la.2- (|2| )} is bounded by a positive

constant.
2) For A=0,
N 2H B
. 57 2t N
fin L )ae 2D (10 220)) <1
t—o0,|2|—0 (2m)2 N ||
3) For A\ <0,

lim  |[L(t,2) a2t LT, 0)]ap) " = 1.

t—00,|z|—0

Proof. From the Wiener chaos expansion of L(t,z) proved in [1], we
can obtain that

2 2(1—dH T —H
LGt @)% = 20D LT, ¢ a) |32,
and the conclusion follows from the results of the previous section. 0
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