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CONVERGENCE OF THE ZETA FUNCTIONS OF
PREHOMOGENEOUS VECTOR SPACES

HIROSHI SAITO

Abstract. Let (G, p, X) be a prehomogeneous vector space with singular set
S over an algebraic number field F'. The main result of this paper is a proof for
the convergence of the zeta fucntions Z(®, s) associated with (G, p, X) for large
Re s under the assumption that S is a hypersurface. This condition is satisfied
if G is reductive and (G, p, X) is regular. When the connected component G2 of
the stabilizer of a generic point z is semisimple and the group II, of connected
components of GG, is abelian, a clear estimate of the domain of convergence is
given.

Moreover when S is a hypersurface and the Hasse principle holds for G, it is
shown that the zeta fucntions are sums of (usually infinite) Euler products, the
local components of which are orbital local zeta functions. This result has been
proved in a previous paper by the author under the more restrictive condition
that (G, p, X) is irreducible, regular, and reduced, and the zeta function is
absolutely convergent.

§1. Introduction

Let (G, p, X) be a prehomogeneous vector space for a connected alge-
braic group G, a vector space X and a rational representation p of G on X,
all defined over an algebraic number field F'. Then for a closed subset S of
X, X0 =X — S is an orbit of G. For € XY, let G, be the stabilizer of
and GY its connected component. Set

X*(F) ={z € X°(F) | X(Gy)r = {1} },

where X(GY) is the group of characters of G and X(G%)p is its subset
consisting of elements defined over F. For z € X we set I, = G, /GY.
Let S* = |J, S; be the disjoint union of all F-irreducible hypersurfaces
S; in S and let P; be an F-irreducible homogeneous polynomial on X which
defines S;. Then P; is a relative invariant of (G, p, X) and the group of F-
rational relative invariants is generated by P; up to F'*. We denote by
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X1, X2s---, Xn the characters of G associated to them. Throughout this
paper, we assume

(1.1) S=5' X*F)#0.

Then there exist integers m, dq, ds,..., d, satisfying

det p" = X{'x5 - Xy
(cf. (3.15)), and we set k; = d;/m.
For a Schwartz-Bruhat function ® € S(X(A)), a zeta function Z(®, s)
in s = (s1,82,...,5,) € C" is defined by

(12  Z(@®,s) = /G e H|xz S (p(g)r)ds.

xEX*(F)

Here A is the adele ring of F'. The purpose of this paper is to prove the
convergence of Z(®, s) and an explicit expression of Z(®, s) by local orbital
integrals in [Sal] under a general condition.

On the convergence, we prove

THEOREM 1.1.  Assume that S is a hypersurface and X*(F) # (. Then
Z(®,s) converges absolutely if Re s; is sufficiently large for i =1,2,...,n

If we assume more conditions, we can give a clear estimate for the
domain of convergence as follows.

THEOREM 1.2.  Assume that S is a hypersurface, X*(F) # (), and that
GY is semisimple and 11, is abelian. Then Z(®,s) converges absolutely if
Res; > k; fori=1,2,...,n

These two theorems are proved in a unified way. The difference is caused
by the fact that in the proof of Theorem 1.1, special values of L-functions
and cardinalities of some algebraic extensions have to be estimated.

As shown in p.600-601 of [Sal], for example, Z(®,s) can be written
as a finite sum of products of Dirichlet series and local zeta functions at
infinite places. These Dirichlet series are also called zeta functions of pre-
homogeneous vector spaces. Our theorems imply also the convergence of
these Dirichlet series.
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ZETA FUNCTIONS OF PREHOMOGENEOUS VECTOR SPACES 3

The convergence of zeta functions of prehomogeneous vector space was
treated by Sato-Shintani [S-S], Sato [S2], Yukie [Yul], [Yu2] and Yin [Y]
under restrictive conditions (cf. [S3]). Yukie’s results prove estimates on
theta functions on Siegel sets and give stronger results.

The method of our proof is a modification of that in [S2] based on the
description of orbits in prehomogeneous vector spaces given in [Sal]. For
® e S(X(A)), let

(13) Zn@9) = [ T[IR@);ewx
=1

be the multiplicative zeta function associated to ®. Then it is not difficult
to prove the convergence of Z,,(®,s)(cf. [O], [S2]). We show that the
convergence of Z(®, s) can be reduced to that of Z,,(®,s). Sato proved the
convergence under the asumption that GO is semi-simple and H, = G, N H
is connected for H = G 4o R,,(G)GY. The second condition implies that II,,
is abelian and our Theorem 1.2 contains his result.

In Section 5, we assume that the Hasse principle holds for H!(F,G),
and for ® =[], ®, we give an expression of Z(®,s) as a sum of products
of local integrals of the form

/ o (0) B () [ [ 1PaC) 50X,
v 1=1

as in [Sal]. Here O, is a union of G(F,)-orbits in X°(F,) for a place v of
F, and &, is a function on O,,.

The idea to apply the method in [Sal] to the proof of the convergence
of the zeta functions of prehomogeneous vector spaces was suggested by
Professor Fumihiro Sato. I wish to express my sincere thanks to him.

§2. Orbits in prehomegeneous vector spaces

Let F be a field of characteristic 0 and let I' = Gal(F/F) with the
algebraic closure F of F. Let (G, p, X) be a prehomogeneous vector space
defined over F. We write p(g)z = gz for short. Let S, X% G,, GY and
II, be as in Introduction.

First we recall the results on orbits in prehomogeneous vector space in
[Sal] with some comments. There we assumed that (G,p, X) is regular,
irreducible, and reduced and that Kerp = {1}. But the results (2.4) and
(2.5) stated below are valid without these assumptions.
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Let 1p: Gy — G and 10: GY — G be the inclusions. Then for x € X°(F)
they induce the canonical maps

e HY(F,G,) — HY(F, @), 2: HY(F,G%) — H'(F,Q).

Let Y, = G/GY. Then by [Se, Corollary 1 of Proposition 35], we have two
bijections

6r: G(F)\XY(F) — Kerty, 02: G(F)\Yy(F) — Ker ).
From the exact sequence
1—>G2—>Gx—>ﬂm—>17
we obtain an exact sequence
HYF,GY%) — HY(F,G,) — H'(F,11,).
Connecting the maps
X%F) - GF)\X(F) ~Kert, — H'(F,G,) — H'(F,11,),

we define a map ¢, of X°(F) to H'(F,IL,). Define an equivalence relation
~ in X°(F) by
a~b<= py(a) = @,(b)

for a, b € X°(F). Then this equivalence relation is independent of the
choice of x. For a class & € H'(F,II,), set

X%Fa)={ac XF) | ps(a) =a }.
Then we have a disjoint union

(2.4) X = J x'(ra.
aEH (F ;)

The set X°(F,@) may be empty for some & We note that for a, b €
XO(F,a), GY is an inner form of GY(cf. [Sal, Lemma 1.1]). Hence X(G9) ~
X(GY) as I'-groups and X*(F) N X°(F, &) is empty or is equal to X°(F, @).

Let a € X°(F,a). Then II,(F) acts Y, (F) on the right, and the natural
morphism g, : gGO — ga of Y, to X° induces a bijection

(2.5) Yo(F)/Ma(F) = X°(F, &)
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(cf. [Sal, Lemma 1.1]). We note that yu,: Y, — X is the normalization of
X%in F(Y,).

For a € XO(F), let a = ha with h € G(F). Then o = (h~'9h) defines
a 1-cocycle with values in GG,. We note that the inner automorphism Intj,
of GG induces an isomorphism of Y, to Y, which satisfies

Il’lth

Yo O

pe | [ e

X0 M, xo

We can make GG, act on Y, by the inner action
Inty (9G2) = kgk ™" G}

for g € G and k € G,. By this action we can consider the twist ,(Y;) of
Y. by «, and we see that ,(Y,) ~ Y.

Now let F' be an algebraic number field, and let A be the adele ring of
F. Let X be the set of all places of F' and let Xy and ¥, be the subsets of
consisting of all finite and infinite places respcetively. For v € X, let F}, be
the completion of F at v, and F), the algebraic closure of F,. For v € ¥ s
let O, the ring of integers in F,, p, its maximal ideal and g, = |O,/p,|.

For a connected algebraic group H defined over F, let 7(H) be the
Tamagawa number of H and let ker! (H) be the cardinality of the kernel of
the Hasse map

HY(F,H) — [[ H"(F,, H).
v

We recall a group A(H ) associated to H, which was introduced by Kot-
twitz [K1], [K2], following Borovoi [B]. For a while, F' is a field of charac-

teristic 0. Assume H is reductive. Let 71 (H) be the algebraic fundamental
group of H(cf. [B, 1.4]). We set

A(H) = (m1(H)r)tor-

Here 71 (H ) is the group of coinvariants of 71 (H) and A(H) is its subgroup
of torsion elements. When F' is an algebraic number field, it is known that

(2.6) |A(H)| = 7(H) ker! (H)
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by Kottwitz [K1, (5.5.1)]. When H is not reductive, we set A(H) =
A(H/R,(H))). We note that (2.6) is valid also in this case if F' is an
algebraic number field.

Let F be an algebraic number field again. For a € X°(F), we have a
surjective map

Na: GIENYo(F) — G(A\G(A)Yo(F),
and for 2zGY € Y, (F), we have (cf. [Sal, Proposition 1.4])
(2.7) 1 (na(2G3))| < ker!(G7).

The equality holds if G satisfies the Hasse principle. We note G(A)Y,(F)
is an open subset of Y,(A) since G¥ is connected.

Next for v € Xy, we consider O,-structure of the relavant varieties,
and describe the orbits G(0,)\X°(O,) via Galois cohomology. Let F'" be
the maximal unramified extension of F,, O} its ring of integers, k, the
residue field of v and k, its algebraic closure. Let I'“" = Gal(F'"/F,).
Then I'*" ~ Gal(k,/k,) and we identify these two groups.

For # € X(F,), let p,: Y, — X° be as above and consider two other
morphisms

Ap: G =Yy, vp: G— X°

defined by
g+ 9G2, g gx.

Then v, = pAz.

We fix a system of coordinates xi,x9,...,24 of X, d = dim X, and
assume that P; € Oy[X] = Oy[z1,22,...,24] and P; & p,[X] for all i. We
set P = [[;P;. Let X° = SpecO,[X]p and S = Spec O,[X]/(P). Then
X0®ov F, = X"®pF, and §®o F,=S®pF,. Assume x € XO(OU). Here
we see X O(Ov) as a subset of X°(F,). Assume that there exist an affine
group scheme G integral noetherian smooth over O, such that G ®o, Fy >~
G @r F,, and also assume that the actions of G on X° is extended to that
of G on X° and the morphism v, is extended to a smooth morphism 77 of
G to X, Let e the unit point of G(O,). Then 7,(e) = . Let be G, be the
stabilizer of z.

Let Y, is the normalization of X in the function field F(Y,) of Y.
Then there exist morphisms Ap: G — Yy, and [i p: Y, — XO extending Az, fig,
which satisfy 7, = fizAy. The morphism i, is finite. Let y = A, (e). Also
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the action of G on Y, and the inner action of GG, are extended to that of
G on ffx and the of éx on ffz. We denote by éy the stabilizer of y. For
the object A over O,, we denote by A the object over the spcial point of
Spec(O,). For the unit element €, we set = ,(€) and 3 = A,(é). Then

PROPOSITION 2.1. Let the notation be as above. Assume the following
conditions:

1) P, € O,[X], & po[X] for all i

(
2
(3

G and G’y are connected;
5\93 and U, are smooth, and [i, is étale;

)
)
)
(4) Ay is surjective.
Then one has

(2.8) GOy )y =Yo(0y7), GOy )z = X°(0y").

Proof. First we show G(O¥)y = Y,(O¥). For z € Y (OU), let
f-: Spec(O*) — Y, the morphism corresponding to z. Then G Xy,
Spec(O}") is smooth over Spec(Op"). It is enough to prove that the O}"-
valued point of this scheme is non-empty. The set of k,-valued points of
the special fibre of this scheme is not empty, since A, is surjective. The
assertion follows from this since O,/" is Henselian.

By the assumption (3), fi, is surjective, hence 7, is also surjective. Since

7, is smooth, we obtain the assertion for X in the same way as above.

We set G(O¥) = G(OU), G(O,) = G(O,), Gz(0¥) = G, (0¥, etc.

for short.

COROLLARY 2.2. Under the assumptions in Proposition 2.1, Y,(O,)
consists of a single G(O,)-orbit, and there exists a bijection

(2.9) GO N\X%(0,) ~ HY (I, G, (O)).

Proof. From G(OY)/G,(0O¥) = X%(O¥), we obtain an exact se-
quence

G(O\X"(0y) — HU(I}", Go(0y7)) — HN (I}, G(O)7)).
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We note the first map is injective. We see that this is bijective since
HY(T G(O¥)) = {1}(cf. [P-R, Theorem 6.8']).

The assertion for Y, follows form the fact that H'(I'"", G, (O¥")) = {1}
in the same way as above.

By the reduction modulo p,, we can define surjective maps
G(Oy") — G(ky), G(Oy) — G(ky), X°(0p) — X°(ky),

etc. The inclusion and the reduction map give rise to a commutative dia-
gram

é(kv)\xo(kv) N G(Ov)\Xo(Ov) - G(Fv)\Xo(Fv)

(2.10) l: l: l

H'(ky,G3) —— HY(IY,G,(O¥)) —— HY(F,,G,).

The first vertical map is bijective since G(k,) acts transitively on X°(k,)
and H'(k,,G) = {1}. The second vertical map is also bijective as we have
seen in Corollary 2.2. The upper left map is surjective since the reduction
map of X°(0,) to X%(k,) is surjective.

LEMMA 2.3. Let T, = G,(O¥)/G,(0¥) and T, = Gu(k,)/Gy(ky)
and assume the conditions in Proposition 2.1. Then

szﬁmzﬁm

as abstract groups. Hence Gal(F,/F"") acts trivially on I, and I, ~ II,
as I} -groups.

Proof. The inclusion of G;(Oy") into G.(F,) induces an injective ho-
momorphism of II, to I,(= G.(F,)/G%(F,)). On the other hand the re-
duction map induces a surjective homomorphism of II, to II;, since G, is
smooth over Spec(O,) by the condition (3) of Proposition 2.1, and we have
an inequality

I, | < 1| < [T, |.

We note that |II,| and |II,| are degrees of p1, and fi; respectively. But fi,
is finite étale. Hence we have |II;| = |II;|. The assertion follows form this.
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PROPOSITION 2.4. Let the notation and the assumptions be as in
Proposition 2.1. Then the reduction map induces a bijection

G(O\X"(0y) — Glu)\X" (ko).
Moreover the inclusion induces an injection
G(O)\X®(0y) — G(F)\X°(F,),
and @, induces an injection
G(O\X(0y) — H'(F,, IL,).

Proof. By the definition of II,, II, and II,, we have the following
commutative diagram

H(ky, Gy) —— HNIY",Gy(05") —— H'(Fy, GY)

l l !

(2'11) Hl(kvan) N Hl(Fgran(O;}”)) - Hl(FvﬂGI)

! | !

H'(k,,101,) «—~—  HY I O,) —— HY(F,,IL).

Here the right horizontal arrows are inflation maps. Since G’y is connected,
HY I Gy (0*)) = HY(ky,Gy) = {1} and by the argument of twist,
we see the map of H!(k,,G,) to H'(k,,II,) and that of H!(I'*", G,(O"))
to HY(I'“",1I,) are injective. From this it follows that the map of
HY(T¥ G,(0%)) to H'(ky,Gy) is injective. By (2.10), this map is sur-
jective. From this we conclude that this map is bijective and that the
reduction map of G(0,)\X%(O,) to G(k,)\X(k,) is also bijective. This
assertion can be proved also by (2.10) and [B-T, Lemma 2].
By Lemma 2.3, we see that the map

HY(rv 11,) — HY(F,,IL,)

is injective. From this it follows that the map of H(I'"",G,(O¥)) to
H!(F,,G,) is injective and that the inclusion map of G(0,)\X°(O,) to
G(F,)\X°(F,) is injective. The last assertion follows also from this. This
completes the proof.
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Under the condition of Proposition 2.1, we may and will consider
HY (I G,(0")) as a subset of HY(F,,G,), also H'(I'*",1I,) as that of
H'(F,,1I,) by inflations.

PROPOSITION 2.5. Assume the conditions in Propositiion 2.1. For a €
X%(0y), let a = gz for g € G(O¥) and let & be the image z'n HY (I 1I,)
of the class in H'(I''*", G, (O%)) of the 1-cocycle o = (g717¢g) of [*". Let
fia: Yy — XO be the normalization of X° in the function field F, (Y,) of Y,
which is seen as an extension of F,(X) via pa, and set

X%(0y,a) = X°(0,) (| X°(Fy, @).
Then [i, induces a covering
Ya(Oy) — X%(0y,4)
of degree |I1,(Fy)|, and fig induces a covering
Ya(ky) — X°(0y, @) mod p,
of degree |11, (Fy)|.

Proof. We note that X°(0,, ) is a single G(O,)-orbit by Proposition
2.4. First we prove the assertion for jiq.
Let 1 be the pointed class in H! (%", 1L,)). Then fi, induces a map

fiz: Yi(0,) — X°(0,,1)

For z € X°(0O,,1), we can choose g € G(O¥") so that gz = z and g~'7g €
G,(0U) for o € T¥". We see iy (2) = gG(O¥ )y and for h € G,(O),
ghy € Y, (O,) if and only if h™17h € G, (O¥") for o € I'*". This shows the
degree of fi, is |H | = |1, (Fy)].

For a € X°(O,, &), let a = gz for g € G(O¥"), and let a be the 1-cocycle
(g7'9g) of ¥ in G, (Oy"). We compare the schemes g o fi,: Y, — X0
and fig: Y, — X9 over X0, If we identify the function fields F*"(Y,) and
F¥(Y,) via Int,, they give the normalization of X° in the field F*"(Y,).
Hence there exists an isomorphism I, over O," which allows the commuta-
tive diagram

v, Lo, v,
pzl Jga
X0 X0
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such that the restriction of I; to the generic fiber is Int,. Let o(Y,) and
«(X?) be the twists of Y, and X° by the 1-cocycle a. Then we have

(i) | e

W(X0) 2, X0

where oI, and ,g¢ are isomorphisms over O,. The point y € Y,(O,) is
invariant under the inner action of G;(O}") on Y;(O}"). Hence y belongs
t0 o(Y2)(Oy) and fig 0 o I,(y) = a. Since the condition in Proposition 2.1 is
satisfied for a = z, Y,(0,) consists of a single G(O,,)-orbit.

For z € X%(Oy, &), let z = hz with h € G(OY"). Noting I, ~ ,II,, we
see that under the bijections

H'(F,Gy) ~ H'(F,oG;) ~ H'(F,G,)
the 1-cocycle (h~19h) corresponds to

g(h'"h(g7'7g) g™t = (hg™") 1 (hg™ 1),

and we see that ¢,(z) = 1. The assertion follows from this in the same way
as above.

The assertion for fi, can be deduced easily from the above argument
and Lemma 2.3.

We note that for z € X°(0,), z € X°(O,, &) if and only if z mod p, €
X%0,, &) mod p,. This can be seen easily by the proof of Proposition 2.4.

For a set of finite places ¥ such that X\ Xy is finite, let Oy, be the
ring of ¥ \ Yo-integers in F, that is, the ring consisting of all elements z
of F satisfying z € O, for all v € X.

In the rest of the paper, we fix x € X*(F'), and assume the conditions in
Proposition 2.1 are satisfied for each v € ¥y. Namely, we assume that there
exists an affine group scheme é, integral noetherian smooth over Spec Oy,
whose fibre at each v € ¥ is connected. We assume P; € Oy [X], & p,[X]
for each v € ¥5. We set X° = SpecOs,[X]p, S = SpecOg,[X]/(P) for
P =[], P;, and assume € X°(Os,). The action on G on X is extended
to that of G on X 0. and the morphism v, is extended to a smooth morphism
Uy of G to XV.
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Let Y, be the normalization of Xy in F(Y,). The morphism X,
extended to a smooth morphlsm of G to Y, and p is extended to an etale
morphism /i, of Y, to X0, Let y = A\, (&) for the unit element of G(OEO)
and G the stabilizer of y. We assume that the fibres of G and G are
connected and \, is surjective at each v € X.

We also assume the following:

(1) The f-adic Betti numbers of each fibres of S at v € ¥ are independent
of v;

(2) For v € 3, v is unramified in the representations of Gal(F/F) in
I, X(G) and X(GY);

(3) For v € ¥y, Np, is prime to |II;| and to the orders of finite groups in
GL;(Z) for | = rank(X(G2));

(4) For v € ¥, X(G) ~ X(G) as [*"-modules, dim R, (G) is independent
of v, and the exponents of Hy., for H = G/R,(G) are given by
a(l) —1,a(2) = 1,...,a(r) — 1, a(i) > 2.;

(5) For v € Ty, X(GY) ~ X(G,) as [*"-modules, dim R,, (C_T’y) is indepen-
dent of v, and the exponents of Hder for H Gy/Ru(Gy) are given

We can easily verify there exists Y satisfying these conditions excluding
bad places. For the condition (4) of Proposition 2.1, we refer to [P-R,
Proposition 3.22].

By the conditions (4), (5), we have estimates

(2.12)

(1— g, ") < gy MG Ly(1, xx(c))|G (ko) < H (1+q,°

@
Il
—_

(2.13

~—

ﬁ\

(1_QU())<QUd1mGzL (1XX(GO) |<H]~+q

Il
—

where Ly (s, xx(@)) and Ly(s, Xx(qo)) are the v-components of the Artin
L-functions for representations of I' on X(G) and X(GY) respectively.

For a € X*(F), let X, be the maximal subset of ¥y such that a €
X%(Os,). Define Y, to be the normalization of X° ®0s, Oz, in the function
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field F(Y,) of Y,. Then the action of G on Y, extends to that of G X0y, O,

on Y, Ifve X, (Gy)°is a twist of (G,)° and the estimate (2.13) holds
also for (@a)o. We also note that for v € ¥, II, ~ II, as I}'"-groups for
I, = Gu/(G,)°.

83. Multiplicative zeta functions

In this section, we prove the convergence of the multiplicative zeta
function (1.3) and an integral on Y, (A).

Let G1 = GgerGy for a € X0, Then the group G; is defined over F and
independent of the choice of a € X°. Set

X(G) ={xeX(@) : xle, =1}

Then it is known that for xy € X(G), there exists a relative invariant with
the associated character x if and only if x € X;(G)(cf. [S-K, Proposition
19]). Let S;, P; and x; be as in Introduction. We know that the characters
xi’s make a basis of X;(G)p(cf. [S1, Lemma 1.3]).

Let Go = Gge, GO for a € X°. Then this group is also defined over F' and
is independent of the choice of a. By the assumption (1.1), X(Go)r = {1}.
Let

Xo(G)={xeX(G) : xlgo =1}
Then we have an exact sequence
1 —Xo(G)r — X(G)r — X(Go)F.

The second map is the inclusion and the third one is the restriction. From
X(Go)r = {1}, we see

(3.14) Xo(G)r = X(G)r.

Now we define measures on G(A), GY(A), Y,(A) for a € X*(F) and
XO(A). Let w be a gauge form on G defined over F. Let w, be the measure
on G(F,) associated to w. On G(A), we take the Tamagawa measure

dg = 7&1|AF|—dimG/2 H Coly-
veEX

Here A is the discriminant of F', L(s, xx(q)) is the Artin L-function of the
representation of I" in X(G),

G = lim (s — 1'L(s, xx(c))
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for the order ¢ of the pole at s = 1 of L(s, xx(qg)) and ¢, is the convergence
factor given by

o = Lv(17XX(G)) ifve va
! 1 if v € Soo.

To define a measure on Y, (A), we need the following.

LEMMA 3.1. Let dX be the differential form dxidzs - - - dzq(d=dim X)
on X for a system of coordinates x1,x2,...,xq4 of X over Os,. Let dY =
wrdX. Then there exists a function f(y) on Y, such that

1

defines a G-invariant gauge form on Y,. Moreover there exists an integer
m such that

= cap R
for a relative invariant R on X° defined over F and a constant c, € FX.
Proof. By the definition of dY, we have
g"dY =det p(g)dY

for g € G and det p € X(G)p. By (3.14), det p € Xo(G)p. Hence det p is
trivial on Gg = GgeGY. Define a function f on Y, by

f(9GY) = det p(g).

Then f is a function rational over F' and satisfies

f(gy) = det p(g) f(y)-

From this, we see 7 satisfies the required condition.
Since [Xo(G)r : X1(G)r] < oo, there exists a positive integer m such
that det p™ € X;(G)p. Hence there exist integers dj, da,..., d, satisfying

(3.15) det p'" = X‘flng coe oyl

Set R = PMPf2... Pdn. Then we see that u*R/f™ is a constant. This
proves the second assertion.
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Let ¢ = w/\:n be the gauge form on GY determined by w and 7.
We note that ¢ is bi-invariant and L(1, xx(go)) is finite if a € X*(F). On
GY(A), we employ the Tamagawa measure

- —dim G9
dh = L(1,xx(co)) " Ap| ™92 ] dute,
vEX

where £, is the measure on GO (F,) associated to ¢ and d,, is the convergence
factor given by

g — Ly(1, xx(qo)) if v € Xy,
v if v e S

On Y, (A), we take the measure

dy = 75" L(L, xxeo)|Ap| - X2 T cd, e
VEY

=76 L(L xx@o)Ar| X2 T leals/ ™ cody M.
vEX

Here 7, is the measure on Y, (F},) associated to n and ¢, is the constant in
Lemma 3.1. Then we see the measures dg, dh and dy are compatible. We
note that \ca|1/ ™n, is independent of the choice of ¢, and f for a fixed R.

Let dX be as in Lemma 3.1 and let dX, be the measure on X(F,)
associated to dX. We define a convergence factor e, by

o — Lv(17XX1(G)) ifUEEf,
! 1 if v € Soo,

and define a measure on X°(A) by dX = 751 [I, evdX,. Let d; and m be
as in the proof of Lemma 3.1 and set x; = d;/m. Then

n

(3.16) [1 1P ax,
=1

defines a G(F,)-invariant measure on X°(F,). For a function ¥ on X°(F,),
we have

| e
Yo (Fy)
(3.17)

—F) [ e [P,
XO(Fy,60) Pl
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16 H. SAITO

with the notation in Proposition 2.5. Hence the integral on the left hand
side depends only on the class &, and is independent of the choice of a.
We recall that the multiplicative zeta function Z,,(®,s) is defined by

Zm (D, 5) = /XO(A) gm(x)m(x)dx

for & € S(X(A)). To prove the convergence, we may assume ¢ = [, ®,.
In the following, making > smaller if necessary, we assume that the set of
places ¥ satisfies the following conditions:

(1) For v € ¥y, ¥, is the characteristic function of X (O,);

(2) coqw 32 < 1forv e Yo for the constant ¢y in the following Lemma
3.2.

LEMMA 3.2. Assume Res; > 0 for i = 1,2,...,n. There exists a
constant co independent of v € X such that for v € X

(3.18) |/ H|P 2|51 ®y () epd Xy — 1| < coqy /2.
X0(0y)

Proof. Let P =[], Qi be a decomposition into F,-irreducible poly-
nomials Q; € O,[X], and assume that each @); decomposes into ¢; absolutely
irreducible polynomials. Then we see

m

L(1Lxx, ) = [ [ =)

=1

On X°(0,), we have [[,; | Pi(zy)|5®,(2,) = 1, and
I, H i) 55, (2,)dX, = gy XX,
0(0v)

To estimate | X%(k,)|, it is enough to estimate |S(k,)|. This can be written
as an alternating sum over the traces of the Frobenius endomorphim on
Hi(S,Qp) for i =0, 1,..., 2(dim X — 1). By the assumptions (1) and (4)
in Section 2, Q;, the reduction modulo p, of Q;, is irreducible over k, and
decomposes into t; absolutely irreducible polynomials. Hence the trace on
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g(dimX_l)(S’,(@g) is equal to ¢1™X~1 times the number [ of ¢; such that
t; = 1. From this, we see

1 X0 (k)| — qimX 4 [gdimX—1) < ngimX—3/2
for a constant C independent of v and
evgy XX (k)| = 1| < cog, *?
for a constant ¢y independent of v. This completes the proof.

This lemma can be proved also by a coarser estimate by Lang and Weil
[L-W].

ProOPOSITION 3.3. IfRes; >0 fori=1,2,...,n, then Z,,(®,s) con-
verges absolutely.

Proof. Tt is enough to prove that if Res; >0 fort =1, 2,..., n, then
(3.19) / | P; ()5 €0 d Xy,
”Ugo X(O”) E

converges absolutely. For v € Xg, let By = X%(O,) and E; = X(0,) \
X%0,). If Res; > e > 0fori =1, 2,..., n, then for z € Ey, we have
[TL 1Pi(2) 5] < g, and

Js

dXv § Clq_l_a,

v

[T1P@l

since

dX, < ¢; X1 {E; mod p,}|
£y

and [{F; mod p,}| < C1¢¥™X-1 with a constant C; independent of v.

v
From this and Lemma 3.2, we have

1_/ i) S end Xy | < Cogo—=.

Here C5 is a constant independent of v. From this, our assertion follows
easily.
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For the application in Section 4, we modify this result as follows. Set

i1+
1, (1 = ¢ ") (1 = cogu ™)

for the constant ¢y in Lemma 3.2, and choose M so that

(3.20) C, =

T, |eudy teg 1O < M.

We can choose M independent of v. We note that C', > 0 under the above
assumption (2). Define a function ®/ on X (F,) by

1 if z € X90,),
(3.21) Pl (2) =X M ifze X(0,)\ X°0,),

0 otherwise.
Then we have

COROLLARY 3.4. Let

(s) = Pi(y) |5 @, (y) ey d Xy
-/, o] H| ECACH

IfRes; > 0 fori=1,2,...,n, then the infinite product [],cx, Tv(s) con-
verges.

Proof. This follows from the proof of the proposition and the fact that
the set of points z satisfying ®’(z) # ®(z) is contained in X (0,)\ X°(O,).

Similarly we can prove

PROPOSITION 3.5. Let k; be as in (3.16). If Res; — k; > 0 for i =
1, 2,..., n, the integral

/ N H|P (10 () 20 (1a(y))dy

converges absolutely.
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Proof. First we estimate the integral

fo _/ (Ov) H |P 'Uﬂ yv (Ma(yv))|ca|l/mcvd;lnv

= / |ca‘zl;/mcvd;177v
Yo (0y)

for v € ¥,. By Proposition 2.5 and (3.17), we see

I, = cydy gy X o (o) || X (O, dy) mod py|
= cod, gy Y (k)

By the definition of ¥, and (2.12), (2.13), we have |Yo(ky)| =
|G(k)I/[(Ga)®(ko)l, and

i (= ") [+ 0"
b(7) <l < —b(i)
[T (t+a ) T (—q")
Hence |I, — 1| < C1q, 2 with a constant C independent of v.

Choose ¢ so that Re s; — k; > ¢ > 0. By Proposition 2.5 and (3.17), we
see

1H|P Ha (o)L 190 (tta ) eal oy 1,

/Ya(Fv)\Ya(O )

< Ia(F)endy [ 1H|P ()3 12X,
XO(F)\X0(0,)

< |Ha(FU)|cvd;1/ ( Py ()5
X(0,)\X0(0y) H

< Cogy '

dXy

with a constant C5 independent of v, since.
‘H |P ,Ua yv |SZ M < _E

on X(0,)\ X%°O,). The assertion follows in the same way as Proposition
3.3.
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84. Convergence of zeta functions

In this section, we give a proof of Theorem 1.1 and Theorem 1.2, that
is, the convergence of Z(®,s) in (1.2). As in Sections 2 and 3, we fix
x € X*(F) and assume that ® and ¥ satisfy the condition in the previous
sections

For & € HY(F,11L,), set

X*(F,a) = FaﬂX

Then X*(F,a) = X°(F, &), or ). We define

(4.22) 2(®,5:8) = / M@l S o).
ZEX*(Fa

A)/G(F) ;4 &)

Then we have

Z(®,5)= Y. Z(P,s4).

aeH(F,I1;)

First we show that Z(®,s;&) converges absolutely for Res; — x; > 0.
Assume X*(F,&) # () and fix a € X°(F,&). Assume s; € R. Then by (2.5),
(2.7), we have

/G o LK@ 3 je(aa)id

zEXO(F,&)
1
Xi(g P(pq(gw))|dg
“ T Jow o HI we%:(F)l( (gw))|
1 / H
> xi(9)|5 1@ (pa(gw))|dg
L (F)] weG(a () T CB)/GulF
- G P (o)) 1910 )l
weG(F \Ya(F) Y G@®w
< (@) P (nay)| | 19(11a(9))ldy
G(A)w

weG(A) \G A)Ya(F)

— o(a) /
G(A)Ya(F)

S

A<I>(ua(y))|dy

i (1a ()
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where
) _ T ker!(G8) _ |AGH)]
[T (F) | (F)
We note that c¢(@) depends only on @. The last integral converges for
Res; > k; by Proposition 3.5.
Now we turn to the proof of the convergence of Z(®, s). Assume s; € R.
Since HveZ\Zo H'(F,,II,) is a finite set, it is enough to show that the series

> Z(®, s; &)

GEH (Flz), ds\ 5, =60

converges absolutely. Here ay is a fixed element of [ ] es v, H Y(F,,11,), and
as\x, is the image of & into HveE\Eo H(F,,II,). By the above inequality,
it is enough to show that

Se@irt e [ T

converges absolutely, where the sum is extended over all & € H'(F,IL,)
satisfying a5, = do. As noted after (3.17), the local integrals on Y, (F})
in the above expression depends only on &,. Hence, we see that it is also

P(a@))| 1@ Gra () T] leal ™y

enough to show the convergence of

(4.23) Z c(@)|L(1, xx(qo))a,
acH(FIlz), Gs\n,=00

where
= o TTIR ol 5 )
(4.24) T
=11 / TT12: 10 o)) 5190 Gt (o) o leal ¥ ™ eody
VEXQ a(Fv) %
Here
!
AEO - H FU7 yE() S Ya(AZo)7 |R(ua(y20))’20 - H |-Pi(/’ta(yv))’v7
vEX) vEXQ
q)Eo = H (I)Ua dyzo = H |Ca|l/mcvd;lnv'

vEXQ v€Xg

To complete the proof, we need some estimates.
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LEMMA 4.1. There exists a constant C' depending only on the rank of
X(GY) such that

[AG)l < C
for all a € X*(F).

Proof. Let H = G%/R,(GY). Then we have an exact sequence
1 — m(Hger) — mi(H) — 71 (H/Hger) — 1
and from this we obtain another exact sequence
T (Hger) — m(H)p — m1(H/Haer)r — 1.

Since |m1(Hger)| is bounded, it is enough to show that |m1(H/Hge)r| is
bounded. For a € X*(F), m1(H/H g, )r is a finite group. Let 71 (H/H gey) =~
7! as Z-modules. Then the order of 7y(H/Hg.,)r depends only on the
GL(Z)-conjugacy class of the image of Gal(F/F) into GL;(Z). The as-
sertion follows from the fact that there exist only a finite number of finite
groups in GL;(Z) up to GL;(Z)-conjugacy(cf. [P-R, Theorem 4.3]).

Let a € X*(F), and let K be the Galois extension K of F' corresponding
to the kernel of the representation of Gal(F/F) on X(G2). Then we can see
X(GY) as a Gal(K/F)-module. By the proof of Lemma 4.1, we may assume
that [K : F] are less than a constant depending only on the rank of X(G9).

LEMMA 4.2. Let a € X*(F) and let f, be the Artin conductor of the
representation of Gal(K/F) on X(GY). Then there exist positive constants
C and e independent of a € X*(F) such that

IL(1, xx(cqo))| < CN(fa)“.

This can be deduced easily by expressing L(s, XX(Gg)) via L-functions
for characters of degree 1 by means of Brauer’s theorem on characters of
finite groups and by using the lower and the upper bounds of their values
or residues at s = 1 by the conductors of characters in [L, Hauptzatz,
Satz5| and [Br, II, Lemma, §5]. In [L], it is assumed that the characters
are complex-valued. In the case of real characters, we can use the results
of [Br].
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COROLLARY 4.3. For a € X*(F) let ¢z(a) = & and let &, be the
image of & into H'(F,,I1,). Then there ewist positive constsnts 3 and C
independent of a € X*(F) such that

1L(Lxx@o)l T TT 1P < C

vEX i=1
for z = (2) € [[,ex0 X (Ov) NX(Fy, ).

Proof. 1f z, € X°(0,), by the assumption (2) in Section 2, we see
that the representation of Gal(K/F) on X(G?) is unramified at v since z €
G(O;")z. Hence if the representation ramifies at v € 3, then [[, |P;(2y)[v <
¢, '. The conductor-discriminant theorem says that

Ok/r = 11 FoOXW,
x€Irr((Gal(K/F))

where Irr(Gal(K/F)) is the set of isomorphism calsses of irreducible rep-
resentation of Gal(K/F'), Dk p is the discriminant of K/F, and f(x) is
the Artin conductor of x. Hence it implies that f, divides @lK /P where

I = rank X(GY). On the other hand, the places in X ramify at most tamely
by the assumption (3) in Section 2. Hence f, is divided by p, at most
I[K : F] times. We note that J,cx\5, HY(F,,1I,) is a finite set, and that
the contribution from the places v € ¥ is bounded. The assertion follows
from this.

From Lemma 4.1 and Corollary 4.3, we deduce the following.

COROLLARY 4.4. Let I be as in (4.24). Then there exists a constant
C such that

c(@)|L(1, xx(qo)) a
<CT] [ TPttt e,
vesy  YalFo) j=

for all a € X*(F).

Let
XU = U XO(F,, &).
GuEH (Iyr I1,)
Then X" 2 X%(O,).
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LEMMA 4.5. For v € X, let ®;, and C, be as in (3.20) and (3.21). If
&, € HY (Y 11,), then

/ o LLIPGay) 0urayeal ed

=1

<, [ TLIR@)E 22 @)edx.,
v )

and if &, ¢ H' ('Y | 11,), then

/ oy TLVP G0 00l e

)

< Cv/ L2 @) 5P & (2 ) eud Xy
XO(F,) 7

Proof. First assume &, € H'(I*",11,). The integral on the left hand
side is equal to

n
Lo ()| H |Pi(33v)|ii_m_ﬁq)v($v)cvd;1dXv
XO(Fydw) 11

by (3.17). By the assumption, there exists b € X°(O,,&,), and the above
integral is equal to that on the left hand side of the lemma for a = b. Hence
we may assume that a € X%(O,,d,). Let Z = X(F,,&,)N(X(0,) \
X%(0,)). Then we get

XY D XO(F,y,d,) [ X(00) = X°(0y,d0) | ] Z,

where the union of the last member is disjoint. On Y, (O,) = p; (X %0y, &),
by Lemma 3.2 and the proof of Proposition 3.5, we have

/ o TP a0l o

= / |Ca|11)/mcvd;l77v
Ya(O0)

<G, / [T 1P@) [P () epd X,
X0(0y) 7
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By the definition of ®" and C,, and (3.17), we see

TT12: (e ) 152 Bt ()l ¥ ey M,
pa ' (2) i

< (F))| / [T 1) 5y (20)cndy,  d X
z75
<G,y / L 12i(@o) 0@ (20)end X,
Z

The assertion follows frong this.
When &, ¢ H' (I 11,.), X°(F,,d,) N X°(0,) = 0. The second asser-
tion follows from this in the same way as above.

Let J, be the set obtained from H'(F,,II,) by contracting H'(I*" II,)

to one element, and consider H;ezo Jy. Here the prime indicates that all

components are the pointed element H! (I, IT,) except for a finite number
of places. For j = (j,) € I} s, Jy, we define a subset X; of X%(Ax,) by

Xj = H XgT X H XO(Fv’jv)'
Jo=H(Iyr 1) JoAHH Iy IL,)

It is easy to see that the union U;X; is disjoint. We note that X, is an
open subset of X°(Ay, ). We define a map of H*(F,II,) to H;ezo Jy by

v: H(F,1L,) — [[ #'(F,. 1) — ] 7.
vEXQ vEXg

LEMMA 4.6. There exist positive constants v and C independent of
& € H'(F,11,) such that

[t w@)| [T I1Pi(as) %, < C

i=1
for all ag, = (av)ves, € Xj N[l ex, X(Ov) with j =¢(a).

Proof. Let K be the Galois extension of F' which corresponds to the
kernel of the homomorphism of Gal(F/F) to the automrophism group of
IT,. We note that v € Xy is unramified in K by the assumption (2) in
Section 2. Let % be the set of places of K and 25 the set of places of
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K lying above Y. Define J,,, w € E(If, and 9k in the same way as above
taking K instead of F. Then we have a commutative diagram

¥
HY(F 1) — vesy Jv

(4.25) | |

HI(K7HI) I H”LUGEK Jw.
YK 0

The vertical maps are induced by the restriction of Gal(F/F) to Gal(K /K).
Let ¢ be the first vertical map. The cardinality of each fibre of + does not
exceed [K : F]"el, Let § = u(@) and set

N@B)={p € uH (F1,)) | 5'ZK\E(I)< = Bo. vk (B) = vk (F) }.

Here (3, is the image of G into HwezK\z{f HY(K,,1I,). It is enough to
show that there exist constants € and C such that

IN(B)| H |Py(as,)[5, < C

for all ax, € X; N[],ex, X(Ov). )

Since Gal(K/K) acts trivially on II,, a 1-cocycle of Gal(K/K) in II,
is a homomorphism of Gal(K/K) to II, and two homorphisms 71, 7 are
equivalent if and only if there exists h € II, such that 71 = hmah™!. Let K 2
be the field corresponding to the kernel of a homomorphism in the class
of (. Let Inj(Gal(K 3 /K),I1;) be the set of injective homomorphisms of
Gal(Kp /K) into Il and let Inj(Gal(Kz/K),Il;)/ ~ be the set of con-
jugacy classes with respect to II,. Then we can find a constant C such
that

Inj(Gal(K 5 /K),TL,)/ ~ | < Cy

for all ' € H'(F,II,), and from this we obtain

IN@B)| < Cil{ K5 | 5 € N(B)}|-

Since the number of subgroups of II, is finite, it is enough to count
K which satisfy Gal(Kj/K) ~ H for a fixed subgroup H of II,. For
(' € N(f) satisfying this condition, [K 5 Q] and |A KB/| are identical. We
know that the cardinality of fields having the same degree and the same

discriminant as K E is less than Cy|Af |t for positive constants €1 and Co
depending only on II, by the classical theorem of Hermite-Minkowski.
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Let w be a place of K lying above v and let I/ = Gal(K»"/K,,). The
inflations give rise to the commutative diagram

HY (Y, 11,) —— HYF,,II,)

| |

HY (Y 11,) —— HY(K,,I1,).

Let 3/ = 1(&'). From this diagram, we see that if X°(F,,&,)NX%0,) # 0,
that is, if &/, € HY(I"", I1,), then w is unramified in K. Hence if we Bk
ramifies in K5, then &, ¢ H(I'“" II,). Therefore a, € X°(F,a&.) N X(0,)
does not belong to X", hence [[; P;(ay) € p,. Since w € 26{ is unramified
or ramifies at most tamely in K 7 by the assumption (3) in Section 2, there
exist constants €5 depending only on II, such that

n
INic /sy, )l [T 1Pi(a) |32 < 1
i=1

for the relative different 0 Ky o/ Ko of Kj /K, where w is a place of K 7

lying above w. For w € %5\ 25 , the completions of K 5 at places lying
above w are contained in a finte set of extensions of K, since their degrees
do not exceed |II,|. Hence we have

n
Ao TT 1RG0 < s
VvEY 1=1

for positive constants £3 and Cs independent of &. This proves the assertion.

When II,, is abelian, by class field theory, |{K 5|3’ € N(8)}| < Cs with
a constant C5 and by the proof of the above lemma, we obtain

LEMMA 4.7. Assume I, is abelian. Then there exists a constant C
which satisfies

v (@) < C
for all & € HY(F,11,,).

We are ready to prove the convergence. First we prove Theorem 1.1.
Assume s; € R. We note [],cx, C» converges. Hence by Corollary 4.4 and
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Lemma 4.5, we see
c(@)|L(1, xx(c0)) Ha

<0 [ TTIPGos™k, (o, )dXss,
X5
for a constant C’. Here j = ¢(&) and

dXs, = | evdX,, @5 = [] 2.
vEYQ vEXg

To estimate (4.23), it is enough to count the above integral | =1 ((&))]
times. Hence by Lemma 4.6, (4.23) has

'y /X TT 1B s 7Y, (1, )X,
J J i

as its upper bound for a constant C”. This converges if s;, —x; — 3 —~v >0
by Corollary 3.4. This completes the proof of Theorem 1.1.

For the proof of Theorem 1.2, it is enough to notice that g = 0, since
GY is semisimple, and also that we may take v = 0, since we can apply
Lemma 4.7.

§85. Explicit form of zeta functions
For & € HY(F,11,), let Z(®,s;&) be as in (4.22). We recall

Z(®,5)= Y. Z(®sa).
GeH(FI,)
In this section, we show that for ® = [[, ®, € S(X(A)), Z(®,s;a) is a
finite sum of Euler products under the assumption that the Hasse principle
holds for G.
For a € X*(F), let Lg’AZ A(GY) — A(G) be the canonical map. When

G or GY is not reductive, we note that there exists a homorphism «/ of
GY/R,(GY) to G/R,(G) such that the diagram

GY — G

! l

GY/R,(GY) —“— G/R,(G)
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is commutative. The map ¢/ induces a map L&A of A(GY) to A(G). This
depends on the choice of ¢/, but Ker (0 aA 1S indepedent of the choice of ¢'.

Let X(KerL ) be the group of characters of Ker . aA- For each e €
X(Ker (2 La,a)s WeE define a function &, on Y, (F, (Fy) by connecting the following
maps

Yo(Fy) —— HY(F,,Gy) —— A(G,) —— A(GY)

and e. Here G , = G)®@pF,. We note that the image of Y, (F,) is contained
in Ker L27A and for y = (yy) € Yo(A), [, €v(yv) is well-defined. Then by
the assumption on the Hasse principle we have(cf. [Sal, Proposition 1.7])

I _{\Keua,u y € GAY(F),

otherwise.
e€X(Ker 9 aa) Y

We define a fuention £, on X*(F),, &,) by

év(xv) = m Z Ev(yv)‘

YoEpg ' (z0)

Then we can prove the following theorem in the same way as [Sal, Theorem
2.1].

THEOREM 5.1. Assume that S is a hypersurface and the Hasse prin-
ciple holds for G. Then for & € HY(F,11,) with X*(F,a) # 0 and for
¢ =[[, P, € S(X(A)), one has

dim X/2 |AGY)] L(L, xx(c9))
I, (F)| |KerL0A|

x Z HZ (D, 850y, Ey)s

e€X(Ker 9 aa) Y

Z(®,sa) =5 | Ap|”

where a € X*(F,&) and
Zv(q)ms;dvaév)

= [a(Fy)] Eu(20) Py (20) H |Pi(33v)‘f;i_mcvd;ldXv-
XO(Fy, ) iy
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Remark 5.2. In [Sal], we assumed that Ker p = {1}. This assumption
is unnecesary. But the zeta function Z(®,s) and the expression via Euler
products depend on the choice of G. For example, let G = GL,,, X = 5,
the space of symmetric matrices of degree n, and define

plg)z = gz'g, geG, zeX.

Then Ker p = {£1}. In [Sal], we gave an explicit expression of Z(®,s) of
(G/Ker p, p, X) for a good ®. Here p is the representation of G/ Ker p on
X induced by p. For example, if n is odd, then IT, = {1}, Ker Lg’A = {1},
and Z(®, s) is a sum of two Euler products.

Let us consider Z(®,s) of (G,p,X) for n odd. For a € X°(F), G, =
Ou(= SO.{£1}) and G = SO, where

O, =1{ g € GL, |9at9:a}7
SO, ={geSL, |ga'g=a}.

Hence I, = {#1}, HY(F,II,) ~ F*/F*? and Z(®,s) is a sum of in-
finitely many Euler products. We see that A(G?) = {1}, A(G) = {1}
and Ker Lg’A = A(GY) = {£1}, and that &, for the non-trivial element in
X(Ker L&A) is given by

on X°(F,,@&,). Here & = ¢,(a) and s, is the Hasse symbol. We can easily
compute Z(®,, s; ay, &,) for e € X(Ker L27A) at good v using [Sa2, Theorem
2.2].
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