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TOWARD A THEORY OF GENERALIZED
COHEN-MACAULAY MODULES
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Introduction

Throughout this paper, A denotes a noetherian local ring with max-
imal ideal m and M a finitely generated A-module with d:= dim M>1.

DEFINITION. M is called a generalized Cohen-Macaulay (abbr. C-M)
module if

(HL(M)) < e

for i=0, ---, d — 1, where / denotes the length and Hi(M) the ith
local cohomology module of M with respect to m.

The notion of generalized C-M modules was introduced in [6]. It has
its roots in a problem of D.A. Buchsbaum. Roughly speaking, this problem
says that the difference

I(q; M) := U(M|qM) — e(q; M)

takes a constant value for all parameter ideals q of M, where e(q; M)
denotes the multiplicity of M relative to q [5]. In general, that is not
true [30]. However, J. Stiickrad and W. Vogel found that modules satis-
fying this problem enjoy many interesting properties which are similar
to the ones of C-M modules and gave them the name Buchsbaum modules
[22], [23]. That led in [6] to the study of modules M with the property

IM):=suplI(q; M) < o

where q runs through all parameter ideals of M, and it turned out that
they are just generalized C-M modules.

The class of generalized C-M module is rather large. For instance,
most of the considered geometric local rings such as the ones of isolated
singularities or of the vertices of affine cones over projective curves are
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generalized C-M rings. So it would be of interest to establish a theory
of generalized C-M modules.

Although the theory of Buchsbaum modules has been rapidly devel-
oped by works of S. Goto, P. Schenzel, J. Stiickrad, W. Vogel (see the
monograph [20], little is known about generalized C-M modules. Besides,
it lacks something which connects both kinds of modules together. If one
is acquainted enough with the few references on generalized C-M modules
[6], [11], [18], one might have the notice that almost all properties of
systems of parameters (abbr. s.0.p.’s) of Buchsbaum modules also hold for
s.0.p.’s of generalized C-M modules which are contained in a large power
of the maximal ideal. For instance, if M is a generalized C-M module,
there exists a positive integer n such that

I(q; M) = I(M)

for all parameter ideals q&m"™ of M. So, with regard to the origin of
generalized C-M modules, one should try to explain the above phenomenon
in studying s.o.p.’s a,, - -, @, of M with the property

I(al’ sy Qg M) = I(M)'

Such s.o.p.’s will be called standard.

The aim of this paper is to show that standard s.o.p.’s carry important
informations on the structure of generalized C-M modules and that via
this notion, one can derive the theory of Buchsbaum modules from the
theory of generalized C-M modules.

Now we will describe the organization of this paper together with
its main results. The paper is divided in 6 sections.

In Section 1 we recall some basic facts on generalized C-M modules
which will be used in the sequence.

In Section 2 we establish the main properties of standard s.o.p.’s.
First, we can define standard s.o.p.’s of M very simply without assuming
before that M is a generalized C-M module. Consequently, we get a
surprising criterion stating that M is a generalized C-M module iff M
has a standard s.o.p. of this sense (Theorem 2.1). We can also characterize
standard s.0.p.’s by means of local cohomology (Theorem 2.5). From this
it follows that they are standard sequences in the sense of M. Brodmann
[3], [4], and special d-sequences in the sense of C. Huneke [14], [15]. It
should be mentioned that d-sequences enjoy many interesting properties
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and have been proved as very useful for different topics of Commutative
Algebra, see [13], [27], [29].

In Section 3 we study ideals of A which have the property that every

s.0.p. of M contained in them are standard. Such ideals will be called

M-standard. M being a Buchsbaum module just means that m is M-
standard. There are various characterizations of standard ideals (Pro-
positions 3.1, 3.2, Theorems 3.4, 3.10) which not only recover all known
characterizations of Buchsbaum modules but yield new ones too.

In Section 4 we use standard s.0.p.’s to study Hilbert-Samuel (abbr.
H-S) functions. First, inspired of the characterization of d-sequences by
means of their H-S functions [27], we give a polynomial bounding above
the H-S function of an arbitrary s.o.p. of a generalized C-M module M
and show that they coincide iff this s.o.p. is standard (Theorem 4.1).
Similarly, we can also estimate the H-S function of a submodule N of M
of finite colength relative to an ideal a of A with I(M/aM)<oo (Proposition
4.4). In particular, M and N will behave very well if I[(M/aN) attains
some extreme value (Proposition 4.8). As a consequence, we are able to
extend results of J. Sally [17] and S. Goto [8] on C-M and Buchsbaum
rings with maximal embedding dimension for modules.

In Section 5 we show that if a is a standard parameter ideal of M
or if I(M/a*’M) attains some extreme value (the module-version of
Buchsbaum rings with maximal embedding dimension), then the associated

graded module
G(M):= @ " Mja* M
n=0

is a homogeneous generalized C-M module and its local cohomology
modules can be computed explicitly (Theorem 5.4 and Proposition 5.11).
Moreover, we give a necessary and sufficient condition for an irrelevant
ideal of G,(A), where q is a parameter ideal of M, to be G,(M)-standard
(Theorem 5.7). Applying these results to Buchsbaum modules, we then
get the main results of S. Goto in [8] and [9].

In Section 6 we shall first see that there is a close connection be-
tween G.(M) and the Rees module

R(M):= @ oM
n=0

concerning the property of being a generalized C-M module (Proposition
6.1). If ais a standard parameter ideal of M or if {(M/a*M) attains some
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extreme value, then [R(M)], is a generalized C-M module, where @
denotes the maximal graded ideal of R,(M), and its local cohomology
modules can be computed explicitly (Theorem 6.2 and Proposition 6.5).
As a consequence, we get necessary and sufficient conditions for R,(M)
to be a Cohen-Macaulay module in these cases, generalizing recent results
of S. Goto, Y. Shimoda, and P. Schenzel on this topic [7], [12], and [19].

It should be mentioned that special cases of Theorem 5.4, Proposition
5.11, and Theorem 6.2 are also obtained by M. Brodmann [4] and P.
Schenzel (private communication).

Beside the notations introduced before, we shall use the following
throughout this paper. Unless otherwise specified, a,, ---,a, will be a
s.0.p. of M. For convenience, we put

qo =0 (the zeroideal)
qiz(aly"'>ai) (i'__l"",d_l)
qe = (ay, + -+, @g).

Moreover, we shall identify H(M) with the submodule | J;_, 0,: m" of M
and denote by M the factor module M/H’(M).
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§1. Basic facts

First, generalized C-M modules may be characterized in different ways.
LEmma 1. [6, (3.3)]. The following conditions are equivalent:

(i) M is a generalized C-M module.

(i) IM) <o

(iii) There exists a s.o.p. ai, - -+, a, of M such that

sup I(a?ly o '5“2‘1; M) < o

where n,, - - -, n, run through all positive integers.
(iv) There exists a positive integer n such that
qi-M: a; € q,-,M: m"
for every s.o.p. a;, ---,a, of Mand i =1, --.,d.
The meaning of Lemma 1.1 (ii) has been already mentioned in the
introduction of this paper. Lemma 1.1 (iii) is used to check whether a

given module is a generalized C-M module or not. To explain the mean-
ing of Lemma 1.1 (iv) we need the following notion of [6, (2.3)]:

DeFINITION. M is called an f-module if every s.o.p. a;, ---,a, of M
is a filter-regular M-sequence, i.e.

Q- M:a, < Oqi_IM: m®
n=1
fori=1,..-,d.

By Lemma 1.1 (iv), every generalized C-M module is an f-module.
Of course, f-modules themselves have many interesting properties.

Lemma 1.2 [6, (2.5) and (2.11)]. The jfollowing conditions are equi-
valent:

(i) M is an f-module.
(ii) Every s.o.p. a,, +--,a, of M is reducing, i.e.

I(q; M) = (q,-M: as/q,-. M) .

(iii) Every s.o.p. a,, ---,a, of M is unmixed up to m, i.e. dim Afp =
d — i for all pe Ass(M/q;M)\{m} and i =0, ---,d — 1.

(iv) M, is ¢ Cohen-Macaulay module with dim M, = d — dim A/p for
all p e Supp (M)\{m}.
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Remark 1.3, The notion of reducing s.o.p.’s was introduced by M.
Auslander and D.A. Buchsbaum in [2, § 4]. There they showed for every
s.0.p. @, - -+, a, of M that

O I(g; M) = Uqe-M: ay/a,- M) + 33121 e(q; 9.2 M: a,/q,_, M).

@ I(q; M) =Uqe-M: ay/q,.. M) iff a,ep for all pe Ass (M/q,., M)
with dmAfp>d—iand i=1,---,d.

In most of practical situations, f-modules coincide with generalized
C-M modules by the following result:

LEmma 1.4 [6, (3.8)]. Let A be a factor of a C-M ring. Then M is
an f-module iff M is a generalized C-M module (cf. also [32]).

In such situations, Lemma 1.2 (iv) provides a powerful criterion for
generalized C-M modules. For example, it is easily seen from this cri-
terion that the local rings of isolated singularities or of the vertices of
affine cones over projective curves are always generalized C-M rings.

Now we will give some basic properties of generalized C-M modules.

LemMma 1.5 [6, (8.7)]. Let M be a generalized C-M module. Then

=tid—1 ;

100 = 5 (47 V) uason).

Moreover, there exists a positive integer n such that I(q; M) = I(M) for
every parameter ideal ¢ € m" of M.

LemMa 1.6. Let M be a generalized C-M module. Then M is a
generalized C-M module with

(i) HYM) =0, H(M) = Hi(M) for i = 1.

(i) I(M) = I(M) — I(H(M)).

Proof. (i) follows from the exact sequence

0—> HY(M) —> M —> M —> 0.

(ii) is a consequence of Lemma 1.5 and (i).

Lemma 1.7. Let M be a generalized C-M module with d = 2. Let a
be part of a s.o.p. of M. Then M,:= M/aM is a generalized C-M module
with

(i) UHLM)) < UH(M)) + (H(M)) for i =0, ---,d — 2.

i) IWM) < I(M).
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Moreover, equality holds in (i) and (ii) iff aH\(M) =0 for all i =0, ---,
d—1.
Proof. From the derived local cohomology sequence of the exact
sequence
0——>MJ/0,, : a—2> M—> M —>0

we can easily deduce that
H(M)) = (HL(M)) + (H (M0, : a))

for i =0,---,d — 2. Note that 0,: a © H{(M) by Lemma 1.1 (iv). Then
from the exact sequence

0—0y:a—>M—> M0O,:a—>0

we get H(M/0,:a) = Hi(M) for i = 1. Hence (i) is obvious. Now, using
Lemma 1.5 we have
eid — 2 4
101) = 5 (47 ?)umeony
2

()
[

IA

(77 ?) ueon) + i o)

a =
v
R

l

0

.
Il

(*7 oy = 100,

Clearly, equality holds above iff the sequence
0—> Hi(M) —> H{(M,) —> Hi*'(M[0y:a) —> 0

is exact for all i =0, ---,d — 2. But that is the case iff H(M/0,:a) =0,
ie. aHY(M) = 0,and aH!(M[0,:a) = aH!(M)=0fori=1,---,d — 1. So
we have proved (ii) and the statement about equality.
§ 2. Standard systems of parameters

DEFINITION. a,, - -, @, is called a standard s.o.p. of M if

I(ai, - -+, 035 M) = I(q; M) .
This definition of standard s.o.p.’s is different from the one given in

the introduction of this paper but leads to the same notion by the fol-
lowing result:

THEOREM 2.1. a,, -+, a, is a standard s.o.p. of M iff M is a gener-
alized C-M module with I(M) = I(q; M).
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Properly speaking, Theorem 2.1 is a criterion for generalized C-M
modules. It is rather surprising how a simple condition on a s.o.p.
implies all the global properties of a generalized C-M module.

For the proof of Theorem 2.1 we shall need the following auxiliary

result:
LemmA 2.2. Let a,, ---,a, be an arbitrary s.o.p. of M. Then
I(ay, - - -, aj; M) < Ia™, - - -, aj*; M)
for all positive integers n, < m,, - -+, n, < my.

Proof. By induction we may assume that n, = m; for i < d. Then

(ap, - - -, ages)M: agt/(ai?, - - -, azti) M)
< l(ag, -+ -, agia)M: a7*/(ay, - - -, ajii)M),

e(a?, -, a%; (b, - - -, ai)M: ai'f(al, - - -, aiiT)M)
= nde(a;“, cee @it ag; (‘11 e, a?’;‘)M a]}i/(a <., alty ‘)M)
< mge(ad, - - -, agtit, ag; (af, - - -, atit)M: o (e, - - -, afis) M)
= e(al, - -+, @ity ag*; (alt, - - -, @) Mz el (al, - - -, afi)M)

for i=1,...,d — 1. Hence, applying Remark 1.3 (1) we get
I(a;“’ R} agd; lW) é I(a?l’ Tty agd-119 a:ind; M)'

Proof of Theorem 2.1. (=) By Lemma 1.1 (iii) and Lemma 1.5 we
only need to show that

I(a;“, ) agdy M) = I(CI§ M)

for all positive integers n,, ---,n,. First, using Lemma 2.2 and the
definition of standard s.o.p.’s we get equality for n, ---,n,e{l, 2}. If
there exist positive integers n,, - --, n, such that

I(a;“’ Y agd; M) * I(q; M) ’

we must have max{n,, ---, n,} > 2. Without restriction we may assume
that

n, = max{n,, ---, ng} > 2.
Then, by induction, we may further assume that
I(ay, - - -, aies', ag; M) = I(ai, - - -, agts, age™; M) = I(q; M).

Hence, looking at the proof of Lemma 2.2, we can conclude that
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W(ai, - - -, aia)M: ag/(a, - - -, agts)M)
= l((a;“’ Y agiil)M: agd—‘/(a?’ Tty afz"fi‘)M) ’
e(at, - -+, a1, ag; (i, - - -, atis)M: atif(ar, - - -, apis)M) = 0
for i=1,...,d — 1. From the first equation we get
(a?l, Tty as‘—i-il)M: a; = (a?" Ty aZ‘ii‘)Mi azd_l
= (a;“’ t agiil)M: a;d )
hence, applying Remark 1.3 (1),
I(as, -, a3 M) = Iag, - - -, @iy, aq; M) = I(q; M),
a contradiction.
(&) Since I(a2, ---,a2; M) = I(M) = I(q; M), applying Lemma 2.2 we
must have I(a, ---,a2; M) = I(q; M), as required.
For reduction process we shall need the following consequences of
Theorem 2.1.

CoRrOLLARY 2.3. a,, ---,a, is a standard s.o.p. of M iff a,, ---,a, is
a standard s.o.p. of M and ¢MNH(M) = 0.

m

Proof. Since H°(M) is of finite length, we have e(q; M) = e(q; M).
Thus,

I(q; M) = I(M|qM + HY(M)) — e(q; M)
= (M[qM) — lqM + H(M)[qaM) — e(q; M)
= I(q; M) — (H\(M)/aM N H(M))
= I(q; M) — (H(M)) + (aM N H(M)) .
Now, using the relation I(M) = I(M) — I(H’(M)) of Lemma 1.6 (ii), we

easily get the statement.

CorROLLARY 24. Let M be a generalized C-M module with d = 2.

Then a,, - --,a, is a standard s.op. of M iff a,, - -+, a, is a standard s.o.p.
of MjaM and I(M|a,M) = I(M).

Proof. By Lemma 1.2 (ii) and Lemma 1.7, we have
I(ay, - -+, ay; Mla,.M) = Uq,.M: a,/M) = I(a; M).

Hence the statement can be easily derived from Lemma 1.7 (ii).
Now we shall show that standard s.o.p.’s may be characterized by
means of local cohomology (see Theorem 3.4 for further homological
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characterization).
THEOREM 2.5. a,, ---,a, is a standard s.o.p. of M iff
qHL(M]q,M) = 0
for all non-negative integers i, j with i + j <d.

Proof. Without restriction we may assume that M is a generalized
C-M module. If d =1, we have

I(a,;; M) = I(0y: a,)
I(ai: M) = 1(0y: a})

by Lemma 1.2 (ii). Therefore, a, is a standard s.o.p. of M iff 0,:a, =
0,:a’ or, equivalently,

0y:0a, = ZIOM: al = g10M: m" = HY(M).

So we have proved the case d = 1. For d > 1 we set M, = M/a,M.

If a, - --,a, is a standard s.o.p. of M, then a, - ---,a, is also a
standard s.o.p. of M, and I(M,) = I(M) by Corollary 2.4. By induction
we have

gHi(M[q,M) =0

for all j > 1, i +j<d. Moreover, e Hi(M) =0 for all i=0,--.,d -1
by Lemma 1.7. Hence, permuting a,, - --, a, we also get qH (M) = 0 for
i=0,-.--,d—1.

Conversely, if

aH(Mlq;M) = 0

for all i +j < d, then a,, - -+, a, is a standard s.o.p. of M, by induction
and I(M) = I(M) by Lemma 1.7. Hence a,, ---,a, is a standard s.o.p.
of M by Corollary 2.4. The proof of Theorem 2.5 is now complete.

In [3], [4], M. Brodmann calls a sequence b,, ---, b, of elements of
m an m-standard M-sequence if b, --., b, is a filter-regular M-sequence
and

(bl’ 0y br)Hlm(M/(bl’ Sty bj)M) =0
for all non-negative integers i, j with

i +j<max{n; (H{(M)) < oo for t < n}.
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Hence, by Theorem 2.5, standard s.o.p.’s are m-standard sequences. That
is why we choose the name “‘standard”.
Theorem 2.5 has some interesting consequences.

CoROLLARY 2.6. Let a,, ---,a, be a standard s.o.p. of M. Then
(1) a, - --,a, is a d-sequence of M, i.e.
. M:a,a;, = q,.M: a}
fori=1,---,d and j >1i.
(ii) ay, ---,a, is an absolutely superficial M-sequence, i.e.
[(@*, g, )Mz a,]NqM = (97, q:-)M

foralln=0,i=1,---,d.

(i) (g M:a)Nglas, -+, a)"M = q,_(a;, -+, a,)"M for all n=0,
i=1,---,d.

(iv) qiM:a?=q,_  M:q" for all m, n>0,i=1,---,d.

(v) @ g )M:a, = q'M + (q...M:a;) for al n>0,i=1,---,d.

Proof. By [27, Theorem 1.1, Corollary 1,2 (iii), and Acknowledge-
ment], conditions (i) to (iv) are equivalent to each other and to the
condition

QG-M:a;, = gqi_lM: m”
for all i=1, ---,d, and they imply (v). By Lemma 1.1 (iv), it is sufficient
to show that
GioiM:a;, 2 ,qui—‘M: m",
which follows from the fact
a. Hy(Mfq;.M) =0

of Theorem 2.5.
In particular, one can characterize standard s.o.p.’s by means of d-
sequences as follows.

ProrosrTioN 2.7. a,, ---,a, is a standard s.o.p. of M iff by every
permutation, a, - - -, a% is a d-sequence of M for all n, ---,n,e{1, 2}

Proof. (=) By Theorem 2.1 and Lemma 2.2,
IM) = I(q; M) < I(at, -+ -, a3*; M) < I(M) .
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Therefore, af*, - - -, a3* is also a standard s.o.p., hence a d-sequence of M
by Corollary 2.6 (i).

(&) By [27, Theorem 1.1 (vii)] and Remark 1.3 (2), o, ---,a% is a
reducing s.o.p. of M. Hence, using [27, Theorem 1.1 (vi)], we get

Iay, - -, ai; M) = K(a?, - - -, ages)M: az*/(a, - - -, agis) M)
= l(at, - - -, agei )M agf(ay - - -, agis) M)
= I(a?I’ Ty a:i“—i-l‘l’ Ay, M) .
Now, permuting a,, - --, a;, we can easily show that

I(a’i ] a¢2i; M) = I(C[;M) .

Remark 2.8. There are many criteria for a,, - - -, a, to be a d-sequence
of M [27, Theorem 1.1]. The simplest ones are the following:

O (- Ma)yNgM=q,_Mfori=1,..-,d.

Q) g Macq  Mqfori=1,---,d.

Q) g Mo, =g Mwm fori=1,...,d.

The following result shows, together with Theorem 2.1, that some
numerical invariants of a,, - - -, a; relative to M will reach their maximal
value iff a,, ---,a, is a standard s.o.p. of M (see also Theorem 4.1 and
Corollary 4.2).

ProposiTiON 2.9. Let M be a generalized C-M module. Then

i+7

WHMa ) £ 3, 1 U
for all non-negative integers i, j with i + j < d. Equalities hold above by
every permutation of a,, ---,a, iff a, ---, a4 is a standard s.o.p. of M.

Proof. For j = 0 there is nothing to prove, For j > 0 we have the
following inequality

I(H((M]a,M)) < (H(M]q,..M)) + U(H(M]q;-,M))

by Lemma 1.7 (i). Applying this inequality successively, we then get the
first statement. Moreover, by Lemma 1.7, equality holds above for a fixed
j<dandalli=0,.-.,d —j—1iff

aijin(M/qj—lM) =0

for all i =0, .---,d — j. Hence, using Theorem 2.5, we also get the second
statement.
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We conclude this section by establishing, explicitly, the ubiquity of
standard s.o.p.’s in a generalized C-M module, cf. Lemma 1.5.

ProposITiON 2.10. Let M be a generalized C-M module. Let a,(M)
denote the annihilator of H\(M), i =0, ---,d — 1, and se¢

Ay = (ﬁlai(M)(d;l) .

Then every s.o.p. of M contained in a, is standard.

Proof. Let a,, ---,a, be a s.o.p. of M contained in a,. By Theorem
2.5, to show that a,, - -+, a, is a standard s.o.p. of M, it is sufficient to
show that

a,(M|q;M) 2 ay

for all non-negative integers i, j with i +j + d. For j = 0, that is imme-
diate. For j > 0, we have

Cl,i(M/qu) = ai(M/qj—lM)ai+l(M/qj—lM)

by the proof of Lemma 1.7 (i). Using this relation successively, we get

a Mo, M) 2] a. M) 2 ay
t=i
because

(2 == =432 = (7))

§ 3. Standard ideals

AN
IA

(77

Throughout this section, M will be a generalized C-M module and a
an ideal of A with I(M/aM) < co.

DEFINITION. @ is called an M-standard ideal if every s.o.p. of M
contained in a is standard.

This notion extends the one introduced in [3], [4], where standard
ideals are, roughly speaking, ideals generated by standard s.o.p.’s, cf.
Corollary 3.3 below. The existence of standard ideals is guaranteed by
Lemma 1.5 or, explicitly, by Proposition 2.10. In particular, M being a
Buchsbaum module just means that m is M-standard.

First, we shall see that standard ideals may be also characterized
by means of d-sequences and weak sequences. The latter ones were
introduced in [27] as follows.
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DEeFINITION. A sequence of elements b, ---, b, of A is called an a-
weak M-sequence if

(by, -+, by )M: b, S (b, -+, b, )M:a
foralli=1,...,r
It should be mentioned that m-weak sequences are known as weak

sequences and play an important role in the theory of Buchsbaum modules
[22], [23].

ProposiTioN 3.1. The following conditions are equivalent:

(i) a is M-standard.

(i1) Every s.o.p. of M contained in a is an a-weak M-sequence.
(111) Every s.o.p. of M contained in a is a d-sequence of M.

Proof. (i)=(i1). Let a,, ---, a, be an arbitrary s.o.p. of M contained
in a. Let S be a generating set for a such that every d element subset
of SU{a,, -, a,} forms a s.o.p. of M, where the existence of such a set

S can be easily shown as in [21, Lemma 2] or [25, Lemma 3]. Then, by
Corollary 2.6 (iv),

0o M:a;, = L=)lqi_1M: mr = QSqHM: a=q,_M:a

forall i=1,.-.,d. (ii) = (iii) follows from [27, Proposition 2.2]. (iii) =
(i) follows from Proposition 2.7.

For practical uses, the following characterization of standard ideals
is more convenient than Proposition 3.1 because it depends only on a
finite system of elements.

In order to simplify our statement, we call a finite generating set S
for a an M-base of a if every d element subset of S forms a s.o.p. of M,
see [21, Lemma 2] or [25, Lemma 3] for the existence of M-bases of a.

ProposITION 3.2. a is M-standard iff one of the following conditions

holds for all d element subsets {a,, - -+, a,} of an M-base of a:
(i) a,---,a, is a standard s.o.p. of M.
(ii) ap, ---,a% is an a-weak M-sequence for all n,, ---,n, e {1, 2}.
(iii) a™, ---,ais a d-sequence of M for all n,, ---,n,e{1, 2}.

Proof. That a being M-standard implies (ii) follows from Proposition
3.1. (ii) = (iii) is a consequence of [27, Proposition 2.2]. (iii) = (i) follows
from Proposition 2.7. Now suppose that (i) is satisfied. Then we have
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to show that every s.o.p. b, ---, b, of M contained in a is standard. If
d = 1, using Corollary 2.6 (iv) we have

0y:0, 20 :a= N 0y:a=1J0,:m" 2 04:b,.
acsS n=1

Thus, 0,:b6, © HY(M). Hence b, is a standard s.o.p. of M by Theorem
25. If d > 1, we can find a generating set S’ for a such that a, -- -,
@y, b and b, -, b,_;, b are s.0.p.’s of M for all be S’ and {a,, -- -, a,_.}
CS by the same method of [25, Lemma 3]. Using Corollary 2.6 (iv), we
first have

Qe-M: 02 q,o M:ia= () qM:a = qud-—IM: m" 2 q.. M: b

acsS

and then
qd—lM: b= L=)1 Qe M:m* =q,,M:a,.

Therefore, by virtue of Lemma 1.2 (ii) and Theorem 2.1,

I(au cee, G4, b M) = l(q,-.M: b/q—lM) = U(q,-M: a;/9,-.M)
= I(q; M) = I(M),
le. a,  -,a,.,b is a standard s.o.p. of M. It follows by Corollary 2.4

that a,, - - -, a,.; is a standard s.o.p. of M/bM and I(M/bM) = I(M). Now,
by induction, we may assume that a is M/bM-standard. Then

I(by, - -+, by, b; M) = I(M[bM) = I(M),

ie. b, -+, b,;, b is a standard s.o.p. of M too. Since the elements b
generate a, we can show, similarly as above, that

I(by, -+, by; M) = I(M).
The proof of Proposition 3.2 is now complete.

Proposition 3.2 immediately leads to the following consequence which
justifies our notion of standard ideals from Brodmann’s notion in [3], [4].

CoroLLARY 3.3. Every ideal of A generated by a standard s.o.p. of
M is M-standard.

Next, we shall show that standard ideals may be characterized by
homological means, inspired from the so-called surjectivity criterion of
Buchsbaum modules [21, Satz 1]. We point out that the proof for [21,
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Satz 1] could not be extended for our case.

First, we recall some facts about Koszul cohomology.

Let K(S; N) denote the Koszul complex of an arbitrary A-module N
with respect to a generating set Sof a. If S = {b, ---,d,}, then K(S; N)
may be viewed as the complex of the exterior products generated over
N by r indeterminates X, ---, X, with the boundary map X,—b,, i =1,
..., r. Let H(S;N) and H'(S; N) denote the homology and cohomology
of K(S; N), respectively. Then

HYS; N) = H,_(S; N)

does not depend on the choice of S and will be denoted by H'(a; N),
i=0,---,r. Itis well-known that

H (M) = lim H¥(a"; M)
foralli=1,..-,d.
THEOREM 3.4. a is M-standard iff the natural homomorphism
¢;: Hi(a; M)——>HL(M)
is surjective for i =10, ---,d — 1.

Proof. (=) Let S be an M-base of a. Then

Oy =) 0y:a = QOM:m"

a€sS

by Corollary 2.6 (iv). Hence
00t H(a; M) = 0yt a—>H(M) = ) 0,: m”
n=1

is surjective. Thus, we may assume that d > 1, and, we only need to
show that ¢, is surjective for i = 1, --.,d — 1. Note that M = M/H%(M).
Then we have the commutative diagram

Hi(a; M) 22> Hi(a; M)

bl

Hi(M)—=> H\(M) .
Consequently, ¢; is surjective if «; and @, are surjective.

Assume that S = {a,, -- -, a,}. Then «; is surjective if every (r — i)th
cycle e of K(S; M) is the natural image of some (r — i)th cycle e of
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K(S; M). Write
e = Z ’_ﬁ(u)Xul' * 'Xur_i )

M, € M, where (u) runs through all sets {u,, - - -, u,_;} of integers between
1 and r. Let m,, be elements of M whose images in M are . Let
W =1{v, -+, v,_;.;} be a set of integers with i<v, <. -- <v,_,, <r

and {¢, ---, t;,,} the complement of (v) in {1, ---,r}. Put
Ne = }Z_ll(ﬁ)“g“f’”)at,mui,v) :
Then n, € H,(M) because & is a (r — i)th cycle of K(S; M). Since
H\(M)N(ay, -+, @, ., )JM=0
by Corollary 2.3, we must have n,, = 0. That means
e= > muX, X, _,
is a (r — i)th cycle of K(S; M), as required.
To show that @, is surjective we consider the exact sequence
0—> M0, a, M Mja, M —>0.

Note that 0,:a, = |z, 0,: m" by Corollary 2.6 (iv). Then M/0,:a, = M
and we get the following commutative diagram

HiYa; Mla,M) —> H(a; M)

l¢i-1 l@i
Hi(Mja,M) -2 Hi(BT) T Hi(M) .

Since a is M/a,M-standard by Corollary 2.3, by induction we may assume
that ¢,_, is surjective. Further, since a,H{(M) = 0 by Theorem 2.5, from
the commutative diagram

Hiy(M) —2—> Hi(M)

R

Hi(M)

we can deduce that 7, is zero. Hence B, is surjective and so is @; too.
So we have proved the necessary part.
(=) We will show that every s.o.p. a,, - -+, a, of M contained in «a
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is a d-sequence of M, which then implies that a is M-standard by Prop-
osition 3.1. By Remark 2.8 (2) it suffices to show that
9 M:al g, M:q

for i=1,---,d. First, we have aH}(M) = 0 because ¢, is surjective.
From this and Lemma 1.1 (iv) it follows that

0,:a2C | J0y:m» S 00 S 04 0.
n=1

Hence the case i = 1 is immediate. For i > 1 we consider the following
exact sequences

n a®
Hi—l(aila Tty a?; M) —i) Hi_l(ail’ Y a?’—l; M) _]'_> Hi‘l(a?, Tty a’?—l; M) >
j=1+1,.-.,d [2, Proposition 1.1]. Note that for n large, a7, ---, a% is
a standard s.o.p. of M by Lemma 1.5, hence a d-sequence by Corollary 2.6
(3). Then
a;H ag, - -+, af.;; M) = 0
by [18, § 5] (which was proved for rings but could be easily extended for
modules). Hence 77 is surjective and so is
Tgo ol H"ay, - - -, ag; M)—>H' Xz, - - -, at; M).

Thus, we have the following commutative diagram

1 ©ee0 1
Hi—l(al, cre, Qg M) M—) Hi_l(ah sty Gy M)
Pi-1
Hi(M) ————» Hi(M) .

s n n

lim Yii1eTy
—

n

Now let m; e q,_;M: a? arbitrary. Then

i=1

aim; = —2 a;my
=1
for some m; e M. Clearly, m,, - - -, m, define a cycle of K(a,, - - -, a;_y, ai;
3
e= > mX,.
=1

By virtue of the above diagram, we can find a cycle of K(a,, - -+, a;_;, a3;
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f= ]Z::lanj
such that
(1) fis the image of some (d — i — 1)th cycle of K(a,, - -, a,; M),
(2) The image of e — f in Hi7Y(M) is zero.
From (1) we can deduce that an,eq,.;M for all j=1,...,d,ie. n;¢€

q;.:M:q. From (2) we can deduce that there exist integers n such that
the image of e — fin K(a}, - - -, a?; M) is a boundary. From this it follows
that

(a,---a;_)" '(m; — n)e(ay, ---,ar-)M.
Note that by induction we have
q]'-lM: a; S q;o Mg S QJ—IM: 9i-1 S q;-.M: @

and hence q, ,M:a’ =q, ,M:q;,, for j=1,---,i—1. Then a, - --,a;,
is a d-sequence of M by [27, Theorem 1.1 (v)]. So we may assume that
every subsystem of parameters of M of i — 1 elements contained in q is
a d-sequence of M and therefore a g-weak M-sequence by [27, Proposition
2.3]. Now, by virtue of the following Lemma 3.5, we have

m; —n;e@y, ---,ar)M:(a,---a;,_ )" ' < q,..M:q.

Hence, m;eq,_,M:q, as required. The proof of Theorem 3.4 is now
complete.

The following auxiliary result is of independent interest because it
establishes the monomial property of certain kind of sequences of elements

of A.
LemMmaA 3.5 (cf. [9, Theorem 4.7]). Suppose that b, ---, b, is a system
of elements in some ideal b of A such that by every permutation, by, -- -, b

s a b-weak M-sequence for all positive integers n,, ---,n,. Then
(b;Ly Y b?)M; (b1 * ‘br)n_l = (bly Tty br)M + zrj(bl’ Tty bjy R br)M:B
i=1

for all n = 2.
Proof. It is sufficient to show that

(b;L, Y bZ)J‘l:(bl"'b;r)n_1 g_ (bly Ct br)M+ i(bly "')b) "'.‘br)M:b'
=1

The case r =1 is immediate. For r > 1 let m be an arbitrary element
of (b7, -, b")M: (b, --b,)""'. Then, by induction,
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br-ime (BY, by, -+, bYM + ST (b7, by, -+, By, -+, BIM:D .
i=2
Thus, there exist elements m, e (b7, by, ---, B,, - - -, b,)M:b such that
bi'm = 3'm, modulo (b, - - -, b)M.
=2
Now we want to show that
bm,ebi[(b, ---, B, ---,b)M:0] + (b, ---, b,)M.
First, we can find elements n,, n}e M such that
bm, = bin,
b,m; = bin)
modulo (b, - -, B,, -+, b,)M. From this it follows that
bn; — bnje(by, -, 8B, -, b)M:b?
C (bZ’ ] bj’ ] br)MB = (bZ, Tty bh ] br)M: bJ"
Hence

nje(bh Tty bj: "'7br)M: b? - (bu Tty bj’ Ty br)M:B-

Thus, since
m—Sn,e(by -, bIYM: b = (by - - -, bIM: b,
=2

meyi_ (b, -, B, -, b)M:0, as required.
Theorem 3.4 has many interesting consequences.

CoroLLARY 8.6 (cf. [23, Theorem 1]). a is M-standard if the natural
homomorphism

é.: Exti(Ala, M)—>Hi(M)

is surjective fori =0, ---,d — 1. If a is generated by a regular A-sequence,
the converse also holds.

Proof. The first statement is easily seen from the following com-
mutative diagram

Exti(Ala, M) —> H¥(a; M) ,
i Ai
Hi(M)
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For the second statement we only need to note that if a is generated by
a regular A-sequence, then Ext! (A/a, M)z HY(a; M).

CoroLLaRrY 3.7 (cf. [23], Corollary 1.1]). Suppose that there exists a
non-negative integer r < d such that H{(M) =0 for i +#r, d. Then a is
M-standard iff cH(M) = 0.

Proof. It is sufficient to prove the sufficient part. First, we have

H(a; M) = HYa; M(a,, - - -, a)M) = (ay, - -+, a)M: af(ay, - -+, a )M

Hy(M) = HM[(@,, -+, a)M) = U (@, -, a)M:a"[(as, -~ -, a.)M
n=1
for some regular M-sequence a,, ---, @, in a. Since aH.(M) = 0, we must
have

(a,, ..-,ar)M:C[ = O(al’ cee a)M:an,
n=1

hence H7(a; M) = H(M).

Further, we can show that there exists a practical reduction process
to check where a given ideal is M-standard.

First, we note that by Corollary 2.4, a is M/aM-standard for every
element ¢ € a which forms part of a s.o.p. of M, porvided that a is M-
standard. However, the existence of such an element a does not imply
(even in the case depth M > 0) that a is M-standard, see [31]. But we
still have the following non-zerodivisor characterization of standard
ideals in case depth M > 0:

CoroLLARY 3.8 (cf. [24, Satz 6.5] or [31, Theorem]). Suppose that
depth M > 0. Then a is M-standard iff a is M[aM-standard for some
non-zerodivisor a € a of M with one of the following two properties:

(i) aedd

(i) eH!(M)=0foralli=1,.---,d— 1

The case depth M = 0 can be transferred to the case depth M >0
by the following result:

CoROLLARY 3.9 (cf. [25, Theorem 4]). a is M-standard iff the following
conditions are satisfied:

(1) a is M-standard.

(i) (ay, -+, ar))Mc HY(M) = 0 for every d element subset {a,, -- -, a,}
of some M-base of a.
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The proofs for Corollaries 3.8 and 3.9 (based on Theorem 3.4) are
similar to the ones for [24, Satz 6.5], [25, Theorem 4]. Hence we omit

them.

For the remainder of this section, let R = @;_, R, be a noetherian
graded ring such that R, is a local ring. Note that with respect to the
theory of graded modules, R behaves as though it were local. Then we
say that a graded structure over R will have some property (C) which
can be only formulated over local rings if (C) holds for the corresponded
structure over R,, where P denotes the maximal graded ideal of R. So we
can use the notions of (homogeneous) generalized C-M modules, standard
s.0.p.’s, standard ideals, etc. over R.

Let E be a finitely generated graded R-module with d:=dim E > 1
and I a graded ideal contained in the ideal R* of elements of positive
degree of R with I[(E/IE) < co. Put

N,:= {n; [H%:(E)], + 0}

for i =0, --:,d — 1. Then under certain assumption on N,, we can give
a criterion for I to be a E-standard ideal.

TueorREM 3.10. Suppose that E is a generalized C-M module with
max N, <min N,,, + 1,
i=0,---,d—2. Then I is a E-standard ideal iff
IHL.(E)=0
fori=0,-.-,d— 1
For the proof of Theorem 3.10 we shall need the following

Lemma 3.11. Let a,, ---,a, be a system of homogeneous parameters
of E of positive degree. Then, by the assumption of Theorem 3.10, there
exists a graded homomorphism

¢y Hp(Elq,E)—>H% /(E)

of degree t,:= —>./_, deg (a,) which is injective in degree > min N,,, — t,
for all non-negative integers i, j with i + j <d.

Proof. We go by induction on j. For j = 0 there is nothing to prove.
For j > 0 we consider the exact sequence
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0—> E/q, E:a;,—> E|q, ,E—> E[q,E—> 0.

Note that by Lemma 1.1 (iv), q,..E:a;/q;_E S H%(E/q,_,E) is of finite
length. Then the natural homomorphism

Hu(Elq;,E) —> H%'(Elq,_,E: a))

is an isomorphism. Hence we have an exact sequence

Hi(Elq,.E) > HY(E/q,E) > HE(Eq,,E)
with dega = 0 and deg 8 = —deg (a,). Put

i+1

05 = it
where the existence of ¢%’} follows from the induction hypothesis. Then
¢} is a graded homomorphism from Hu(E/q,E) to H/(E) of degree ¢, =
t;.; — deg(a;). To show that ¢’ is injective in degree > min N,,, — ¢,
we only need to show that [H%u(E/q,,E)], =0 for n>minN,,, —t,.
Note that

min N,,;, — ¢, ZmaxN,,; ., — 1 —¢,_, + deg(a,)

>max N, ,, —t;_,.

Then [H%7"'(E)l.ii;_, =0 by the definition of N,,,, hence so is
[Hi(E[q,E)], as a submodule of [H%/"(E)],..,_, by the induction hypo-
thesis on ¢%_,.

Proof of Theorem 3.10. It suffices to show the sufficient part. Sup-
pose that TH.(E) =0 for i=0,--.,d — 1. Then we want to show that
every homogeneous s.0.p. a,, ---,a, of E contained in I is a d-sequence
of E, which then implies that I is a E-standard ideal by Proposition 3.1.
By Remark 2.8 (2), we only need to show that

G B e S g0 B q
for i =1, ...,d. First, by Lemma 1.1 (iv), we have
G E:aifa,,E S HY(Elq,\E).

Hence the case i = 1 immediately follows from the fact gH%(E) < IH%(E)
= 0. Now let i > 1. Since I contains only elements of positive degree,
from Lemma 3.11 we can easily see that via the homomorphism ¢f_,,

alq..E: aifq, ,E], < I[H2(E/q:.E)]. < IHF(E) = 0
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for t > min N;_, — t;_,. It remains to show that

[9::E: 0}, S q.,E: q

for t <min N;_, — t,_;. Let m, be an arbitrary element of such [q;_,E: a?]..
Then

i-1

am, = —2, a;m;

=1

for some m; e E. Thus, m,, ---, m, define a cycle of K(a,, ---,a;_,, a}; E)
e = i‘ m;X,
=1

with

deg (€) = ¢ — Stdeg(a) = ¢ + t,_, <minN,_, .
=1

Note that by the proof for the sufficient part of Theorem 3.4, we have a
surjective homomorphism of degree 0 from Hi'(E) onto Hi '(E). Then
Hi-Y(E) = 0 in degree < min N,_,. Hence there exist integers n such that

i

the image of e in K(a?, ---,a?; E) is a boundary. From this it follows
that

(al‘ M ‘ai_l)n—lmi € (a?’ ] a?—l)E'

Now, proceeding as at the end of the proof for the sufficient part of
Theorem 3.4, we get

m;e(at, - - -, a; )E:(a;---a; )" < q,,E: q,

as required. The proof of Theorem 3.10 is now complete.
From Theorem 3.10 we immediately get the following consequence
which generalizes a well-known criterion for graded Buchsbaum rings.

CoroLrLARY 3.12 (cf. [8, Proposition 3.1]). Suppose that there exist
integers ty, + -+, ty_; With t, < t;,, +1,1=0,---,d — 2, such that

[H:(E)], =0
forn+t,i=0,.-.-,d —1. Then R* is an E-standard ideal.

§4. Hilbert-Samuel functions

Throughout this section, M will be a generalized C-M module.
In [27, Theorem 4.1] we showed that the Hilbert-Samuel (abbr. H-S)
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function U(M[q"*'M) of M relative to a parameter ideal q = (a,, - - -, a,)
is bounded above by a polynomial of the form

50547 Yoo,

where e, (q; M) may be expressed explicitly in terms of a,, ---,a,, and
that they coincide iff a,, ---, a, is a d-sequence of M. Now we shall
show a similar but stronger result for generalized C-M modules.

THEOREM 4.1. Let a,, ---,a, be an arbitrary s.o.p. of M. Then

i) = (M e + 55 (M F ) (¢ Jf‘_‘ ~ Do)

for all n =0, where <d _—il— 1):= 0if i+d and (:}): 1. Equality

holds for some fixed n iff the following conditions are satisfied:
(i) q*"MNHM) = 0.
(i) a, ---,a, is a standard s.o.p. of M.

Proof. We first consider the case depth M > 0. Let M, denote the
factor module M/a,M. Then we have the following exact sequence:

0—>q'M; aufoM —> Mjg'M —> MM —> Mijq" "M, —> 0
for all ¢t > 0. From this sequence we get
oy Q' Mg+ M) < I(M,[q"*' M) .

By induction on d (we include the case d = 0 which is trivial), we may
assume that

iatfod) = (P18 T Metan -, aus )
? (LTI on.

Since e(a, - - -, aq; M) = e(q; M) and, by Lemma 1.7 (i),
I(Hi(M)) < (HM)) + (H(M)),

we get
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oMo mn) < (P97 Veta; 1)

® o+ (th i CION(E T ] P uaEion) + i)
=t 7= j
(8 a0+ SE (4T

(we omit a detailed calculation here and below). Thus,

i) = 3 1M < 35 (44 9T et 1)

d—1
@ +RER (LTI I aan
("G w0+ SR (71T weman.

In particular, according to (3), equality for some n > 0 will imply

iiod) = e M)+ 313 (G 717 ) (05T )iy

= e(q; M) + I(M)

by Lemma 1.5. Hence a,, ---, a, is a standard s.o.p. of M.
For the case depth M = 0, we pass to M (depth M > 0) as follows:

(Mq~+'M) = (Mq"*'M + H\(M)) + U(q" "M + H(M)/q"*'M)
= UM/q"'M) + KHM)|q" M0 H\ (M)

) = ("3 e+ 55 (M) emany
+ I(H(M)
(3 s B (4T Yo

because e(q; M) = e(q; M), HY(M) =0, Hi(M) = Hi(M) for j=1,---,
d — 1. From this proof we can easily see that equality in (5) implies
the conditions (i) and (ii).
Conversely, assume that (i) and (ii) are satisfied. Then using (5),
we may assume that depth M > 0. By Corollary 2.6 (v), we have
QO M:a, = q'M

for all £ > 0. Hence (1) is an equality. By induction, we may also assume
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that (2) is an equality. Further, since by Theorem 2.5 o H{(M) = 0 for
allj=0,.---,d — 1, we have

UH (M) = UH (M) + (H (M)

for j=0,---,d — 2 by Lemma 1.7. Hence (3) is an equality too. Thus,
(4) is an equality, as required.

From Corollary 2.3 and Theorem 4.1 we immediately get the following
consequence which generalizes the main result of [18].

COROLLARY 4.2. a,, ---,a, is a standard s.o.p. of M iff

d—i—1

(Mlq" M) = (n * d)e(q; M) + é Z (n Py )(

- ¢ ~ uion)

for all n = 0.

Now we will use Theorem 4.1 to study the H-S function of an arbitrary
submodule N of M with I(M/N) < co relative to an ideal a of A with
I(M|aM) < oo.

We shall need the following notion of [27]:

DEFINITION. q,, - -, a, is called N-independent if every homogeneous
form in d indeterminates over M vanishing at a, ---,a, has all its
coefficients in N.

If a,---,a, is a standard s.o.p. of M, one can use the following
result to check whether q,, - - -, a, is N-independent:

Lemma 4.3 [27, Corollary 3.4]. Let a,, ---,a, be a d-sequence of M.
Then the following conditions are equivalent:

(i) a, ---,a, are N-independent.

(ii) q.,..M:a, S N by every permutation of a,, - - -, a,.

@ii) I1@M/q*N) = (n gi 1— 1) I(M|N) for some (or all) n > 1.

Moreover, we call a,, - -+, @, a minimal reduction of a relative to N
if a, - -+, a, € a\a® and their initial forms in G,(A) forms a homogeneous
s.0.p. of G(N). In this case, we have

e(q; N) = e(a; N).
It is well-known that minimal reductions always exist if the residue field
k:=A/m is infinite, a hypothesis which never cause us any problem

because we can replace A by the local ring A[u],.;, where u is some
indeterminate. See [16].

https://doi.org/10.1017/5S0027763000000416 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000416

28 NGO VIET TRUNG

Our result concerning the H-S function of N relative to a may be
formulated as follows.

ProrosiTioN 4.4. Let N and a be as above. Then
(M/[a"N)

(s« (2T T

+ (M NN + )
for alln = 1. If k is infinite, equality holds for some fixed n iff for every
or some minimal reduction a,, ---,a, of a relative to N, the following
conditions are satisfied:

(i) q"N = a"N.

(ii) a,, ---,a, is a standard s.o.p. of M.
@G [aq.- IM + HYW(M)]:a, © N + H,(M) by every permutation of a,,
<, Q.

(iv) oNNHYM) = 0.

Proof. Without restriction we may assume that k is infinite. Then
there exists a minimal reduction q,, - - -, @, of a relative to N. We have

(M]a"N) < UM|q"N) = (M[q"M + HY(M)) + l(q"M + H(M)[q"M)
+ l(q"M/[q"N + q"H\(M)) + I(q"N + q"Ha/M)[q™. ).

By Theorem 4.1, it is easy to verify that

™

KMo M + HYOD) = 1Mo H) < (7 37 Vet 1)

Z::Z:.(n—i-g:'l;——l)(d]—lzl)la{ (M) .

)

Further, we have
(a"M + HY(M)[q"M) + Ua"N + q"H(M)/q"N)
3 = (H(M)|qe"MNH (M) + Kq"H(M)/a* NN q"H(M))
= (HYM)[a"NNq"Hy(M)) < UH(M)) .

Moreover, since q* is generated by (n jl—(_i I 1) monomials of degree n

m a, ---, Q4

@) o MaeN + s = ("1 ¢ d TN + B0

Hence, summing up, we get
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U M/a M)
e T e Ot
+ ("4 N + w00

Equality holds above iff we have equalities in (1) to (4). Clearly,
(1) is an equality iff (i) is satisfied. By Theorem 4.1, (2) is an equality
iff (ii) is satisfied. (3) is an equality iff

(5) TMNH (M) =q"HY(M) and q"NNgq"HY(M)=0.

By Lemma 4.3, (4) is an equality iff (iii) is satisfied, provided that a,,
-++,a, is a standard s.o.p. of M. Thus, to prove the last statement of
Proposition 4.4, we only need to show that (5) is equivalent to (iv) under
the assumption that (ii) and (iii) are already satisfied. It suffices to show
that (iv) implies

TMONH(M) = qg"H\(M) .

Since a,, ---,a, are (N + H)(M)/H!(M))-independent by Lemma 4.3, we
first have

TMNHY(M) = q"(N + H(M)NHY(M) .

Hence, applying (iv), we get ¢"MNHY(M) = q"H(M), as required. The
proof of Proposition 4.4 is now complete.

CoroLLARY 4.5. Suppose that the inequalily of Proposition 4.4 is an
equality for some n>=1. Then a is a standard ideal of M.

Proof. By Theorem 3.4, we may assume that %2 is an infinite field.
Then there exists a generating set S for a such that every d element
subset of S forms a minimal reduction of a relative to N. Hence, apply-
ing Proposition 3.2 and Proposition 4.4, we get the statement.

From Proposition 4.4 we get the following estimation of the H-S
function of M relative to a:

COROLLARY 4.6 (cf. [26, Lemma 1.1]). Let r = 0 and s = 1 be arbitrary
integers. Then
l(M/ans+rM)

<(* T Dste a + R 5 (M T I (4 T Duain)

=170 d—1i

n+d-—1 . 0
+(* ¥ 4T Yot + B00)
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for all n = 1. Moreover, if r > s, the inequality is proper.
Proof. For the first statement, we only need to replace a and N of
Proposition 4.4 by af and a’M. If r > s, equality can not happen. Other-

wise, we have

G- M S oM + H(M)): 0, © "M + H(M)

for every minimal reduction a,, ---, a, of o' relative to a"M by Proposi-
tion 4.4 (iii). Since we may assume that % is infinite, there exists a
generating set S for a°* such that every d element subset of S forms a
minimal reduction of a° relative to a”M. Hence we must have

aMC oM+ H(M) C ma’M + HY(M),

which then implies that a*M = HY(M), a contradiction to the assumption
d=1.

Corollary 4.6 has the following interesting consequence which may
be used to study the relationship between degree, genus, and local
cohomology of a projective curve.

CoroLLARY 4.7. Let M be a two-dimensional generalized C-M module.
Let H(n) = l(M/aM™*") denote the Hilbert-Samuel polynomial of M with
respect to a. Then

H(n) + U(H(M)) — (H(M)) = 0
for all integers n. Moreover, if n <0, the inequality is proper.
Proof. Put

H(n):= n(nT—l—l)eo 4+ ne, + e,.

Note that
IMjo"M + HY(M)) = (M|a"M) — l(a"M 4+ H.(M)/a™M)
= (M|a"M) — I(H(M)[a"M N H}(M))
= H(r) — I(H(M))
for r sufficiently large. Then, using Corollary 4.6, we have

(ns +r)ns +r+1)
2

< ﬂ(nz_ﬂlszeo + ni(HL(M)) + I(H(M))

e+ (ns +r)e, + e,

+ o+ DT F D eyt rey e, — wE )|
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for arbitrary s, n > 1. From this it follows, by elementary computation,
that

(r— S)(’z— St Do 4 (r—s)e, + e + (HLM)) — (H(M)) = 0.

Since r — s can take any value, we get the statement.
For n = 1, the inequality of Proposition 4.4 yields
I(M[aN) < e(a; M) + I(M) + di(M|N + H(M)) .
From this it follows, for M = A and N = a = m, that
l(m/m?) < e(m; A) + I(A) +d — 1

which gives a bound for the embedding dimension of generalized C-M
rings, cf. [1], [17], [26]. If this bound is attained, we call A a local ring
of maximal embedding dimension. J. Sally [17] and S. Goto [8] have
found that C-M and Buchsbaum local rings of maximal embedding dimen-
sion behave well. So we want to extend their results for generalized
C-M modules.

Our starting point is the following:

ProprosiTION 4.8. Let k be an infinite field. Then

(M|aN) = e(a; M) + I(M) + di(M|N)

iff for some or every minimal reduction a,, ---,a, of a relative to N, the
following conditions are satisfied:

(i) N = al.

(ii) a, ---,a, is a standard s.o.p. of M.

(i) q,-.M:a, S N by every permutation of a,, - - -, a,.

Proof. (=) By the inequality of Proposition 4.4, we must have
H)(M) C N. Hence, by the conditions for equality of Proposition 4.4, we
only need to show (ii). Since a,, - - -, a, is already a standard s.o.p. of M,
by Corollary 2.3, it suffices to show that qMNHY(M) = 0. Note that
a, -+, a, are (N/H’(M))-independent by Lemma 4.3. Then we have

AMNH\ (M) = qNNH (M) =0

by Proposition 4.4 (iv).
(&) By Corollary 2.6 (iv), we have

Hﬁl(M) =040, q.M:a, EN.
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Hence the conclusion follows from Proposition 4.4 by using Corollary 2.3.
CoroLLARY 4.9. Suppose that
I(M[aN) = e(a; M) + I(M) + dI(M|N) .
Then the following statements holds:
(i) UM/a"N) = (” +d- 1)e(a- M)

+§2(n+d_l—l><d;l_l)l@[ (M)
+ (" 527 e
for all n = 0.
(i) «a is a standard ideal of M and N.

Proof. Without restriction we may assume that % is infinite. Note
that HY(M) C N. Then (i) can be easily deduced from Proposition 4.4.
Since there exists a generating set S for a such that every d element
subset of S forms a minimal reduction of a relative to NV, a is M-standard
by Proposition 4.8 (ii) and Proposition 3.2. To show that a is N-standard,

we only need to show that every minimal reduction a,, - - -, a, of a relative
to N is a standard s.o.p. of N. Note that ¢V = alN by Proposition 4.8 (i).
Then

I(q; N) = (M[qN) — (M|N) — e(q; M)
= (MJaN) — (MIN) — e(a; M)
= I(M) + (d — DIM|N).

To compute I(IN) we consider the exact sequence
0—> N—> M—> M/N—>0.
Note that
H(N) = NONH(M) = Hy(M).
Then from the above exact sequence we get the exact sequence
0—> M/N—> H.(N) —> H.,(M) —>0.
Thus, since HiL(N) = Hi(M) for i > 2, using Lemma 1.5 we get

1) =5 (47 ) = 5 (47 1) urzon) + @ - piaan)

= I(M) + (d — DIMIN) = I(a; N).
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Hence a,, -- -, a, is a standard s.o.p. of N, as required.
In particular, if

(M[a*M) = e(a; M) + I(M) + dl(M[aM),

Corollary 4.9 (i) gives an explicit formula for I(M/a"**M) (by replacing
N by aM), which recovers all known results on H-S functions of C-M and
Buchsbaum local rings of maximal embedding dimension, cf. [8] and [17].

It should be pointed out that there do not exist generalized C-M
non-Buchsbaum rings of maximal embedding dimension. This fact follows
from the following consequence of Corollary 4.9 (ii):

CororLARY 4.10. Suppose that
I(M|/mN) = e(m; M) + I(M) + dI(M|N).
Then M and N are Buchsbaum modules.
ExamvprLE. Let a, ---, a, be a standard s.o.p. of M, then
(M[aN) = e(a; M) + I(M) + dI(M|N)

for any module N2> qM + >¢.(ay, -, as -+, a,) M:a; and any ideal a
such that ¢ € a CqN: N. For, we have qlV = al, hence e(q; N) = e(a; N)
or, equivalently, e(q; M) = e(a; M) which we really need in the proof of
Proposition 4.8 for the above equality instead of the assumption that
a, --+,a, is a minimal reduction of a relative to IV.

§5. Associated graded modules

In this section, we will study when the associated graded module
G(M): = ® a"Mla"+' M
n=0

of M relative to an ideal a of A with [(M/aM) < co is a graded gener-
alized C-M module over G.(A).

We shall denote by a* the initial form of an element a of A in G,(A),
i.e. the image of a in a"/a"*' where n is the largest integer such that
aeca”.

We start with the following result which is originally due to S. Goto
(10, § 3]:

Lemma 5.1. Let a,, -+ -, a, be a minimal reduction of a relative to M.
Let ny, -- -, n, be arbitrary positive integers. Then
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I(a¥™, - - -, af™t; G(M)) = I(a, - - -, agt; M).
Equality holds iff

]
arMN (e, - -, s )M = 21 arar M
=

for all n =0, where we set a™ = A if m <0.

Proof. We have

UGMD[(@r™, -+, aF)GM) = 3,1 (anM / z ararm M+ an“M)

\%
INgE

W(a"Mla"M N (a?, - -, at)M + a*' M)

0

n

Il
INE

(e, - -, a®M + a~M/(a, - - -, a?)M + a* 1 M)

i

n=0

LM/ O\ (@ - M+ 00 = 1M, -, a2 M)

I

Note that

e(a;knl, Tty a;knd; Gu(M)) =Ny - 'nde(aik, ] afik; Ga(M))
= ny- - -nge(a; M) = e, - - -, aj*; M).

Then we get

ey I(@f™, - -, afr; G(M)) = I(ay, - - -, ag*; M),

which will be an equality if

® @ MA@, -, @M = 3 apar M.

Conversely, assume that (1) is an equality. Then we must have
MO, -, GIM S 3 aia M + oM

for all n = 0. Hence

MO, -, )M = 3 apar M + @ MA@, -, )M

c g}la?ia"‘“M +attMC ... C
c mfjﬂ <§1 ayia" "M + a"‘M) = é apia" "M,

which then implies (2), as required.
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From Lemma 5.1 we can conclude that the property of being a
generalized C-M module is transferred from G(M) to M.

CoROLLARY 5.2 [10, Proposition 3.1]. Suppose that G.(M) is a gener-
alized C-M module. Then so is M with I(M) < I(G(M)).

Proof. Without restriction we may assume that % is an infinite field.
Then we can find a minimal reduction a,, ---, a, of a relative to M. By
Lemma 5.1, we have

I(G/;Ll, ) agd; M) g I(Ga(M))

for all positive integers n,, ---, n,. Hence M is a generalized C-M module
with I(M) < I(G(M)) by Lemma 1.1 (iii) and Lemma 1.5.

In general, it is hard to find conditions for the converse of Corollary
5.2. We can only prove this converse if a is generated by a standard
s.0.p. of M or if I(M/a*M) attains some extreme value.

First, we will exhibit some properties of d-sequences (hence of standard
s.0.p.’s) related to this topic.

LEMMA 5.3 (see e.g. [27, §3]). Let a,, ---,a, be a d-sequence of M.
Then

1) GADaE, -+, oG (M) = G(M[q; M), i =1, ---,d — 1L

() G(M) = S,(M)[qS (M), where S(M) denotes the symmetric module
of M with respect to q.

Now we are ready to investigate the associated graded module G,(M)
of a standard parameter ideal q of M. We will denote by P the maximal
graded ideal of G,(A).

TueorEM 5.4 (cf. [4, (10.1)] and [9, Theorem 1.1]). Let a,, ---,a, be a
standard s.o.p. of M. Then G(M) is a generalized C-M module with

H(G(M)) = H(M)()

for i =0, --.,d — 1, where H:(M) is considered as a graded module con-
centrated in degree 0 (the integer in the round brackets denotes the shifting
degree), and [HYG,(M)], = 0 for n > —d.

Proof. Note that qMNH’(M) = 0 by Corollary 2.3. Then

[G(D), = "M + H\(M)[q" M + H(M) = o"M/q"MN H(M) + ' M
= q"Mq"""M = [G(M)],
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for all » > 0. Hence we have the exact sequence
6] 0—> HY(M) —> G(M) —> G (M) —>0.

Now, it is clear that we only need to prove the statement for M, i.e. we

may assume that depth M > 0. In this case, using Corollary 2.6 (v), we
have

Oc,n: afl. = "M N (q"**M; a)/q" "M = 0

for all n=0. Therefore, af is a non-zerodivisor of G,(M). Hence
HY(G(M)) = 0. Moreover, we have the exact sequence

()] 00— G(M) —i G (M) —> G(M)[a}G (M) —>0.
Note that by Lemma 5.2 (i),
G.(M)|afG(M) = G(M[a,M) .
Itd=1, G(M/a,M) = M/a,M. Hence from (2) we get
[H(G(M))], —=> [HH(GM), ..

for all n > 0. Since every element of HL(G,(M)) is annihilated by some
power of af, we must have [HL(G,(M))], =0 for all n > 0. So we have
proved the case d = 1. If d > 1, by induction we may assume that

H(G(M[a.M)) = H (M]a.M)()

fori=0,..-.-,d — 2, and [HE(G(M[a,M))], = 0for n > 1 — d. Then from
(2) we can deduce that

H(G (MM, —> [HH(GAM)], ..

and, therefore, [HH(G,(M))], =0 for al n > —i, i=1,-..,d. For n=
—i,i=1,---,d —~1, we may assume, by induction, that there exist
isomorphisms §,_; and ¢,_; which make the following diagram commutative:

0 —> [HF (G(M))).os —> [HF(G(M[a. M), —> [HHG(M))].. —> 0
3) lﬁ e 5

0 ——— H'(M) ——> H"(Mja,M) ————— H (M) ——> 0

where the short exactness of the lower sequence follows from the fact
a,H: (M) = a,Hi(M) = 0 of Theorem 2.5, and 3§, is the induced isomor-
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phism. It remains to show, for the induction proof, that the diagram

[H(G(M))).: —> [H(G(M[a,M)]_,
4 3 &
H\(M) ———— H}(M|a,M)

n

is commutative. For that we consider the following cubic diagram:

[HAGM).. ——> [HH(G(M[a,M))]-.

T~

[Hi’—l(Gq(M/azM»]t-x _“’“-> [Hi;l(Gq(M/(an a) M),

!

Hi(M]a,M) > Hi(M(a:; a)M)

H(M) > Hi(M[a, M)

where the top face is derived from the commutative diagram

G (M) ———> G(M)[a}G (M)

G(M)[afG(M) —> G(M)[(as, af)G(M)

by using Lemma 5.3 (i). The commutativity of the left face has been
shown in (3) by replacing a, by a,, By induction we may also assume
that the front and right faces are commutative (the assumption depth
M > 0 does not cause us any problem because (1)). That the bottom
face is commutative is immediate. Thus, since « is surjective by virtue
of (8), we can conclude that the back face, ie. (4), is commutative too.
So we have proved that

[HH(G (M), = Hi(M) .
For n =1 — i, we consider the commutative diagram

0 —> [HH(G(M)]:-. —> [HAGD)].. —> [Ho(G(M[a,M))] ., .

: .

0——m-—— > H (M) ——> Hi(M|a,M)
Then we can see that [HL(G,(M))],.. = 0. For n <1 —1i, we have
[HAGM))], = [HAG(M))]...,
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by (2) and the induction hypothesis on M/a,M. Hence
[HAG(M))], = [Ho(G(M)],_. =0,
as required. The proof of Theorem 5.4 is now complete.

Theorem 5.4 has some interesting consequences. First, we can show
that the property of being a standard s.o.p. is reserved between M and
G(M) in the following sense:

COROLLARY b.5. a,, ---,a, is a standard s.o.p. of M iff af, ---, a¥ is
a standard s.o.p. of G(M).

Proof. (=) follows from Corollary 3.12 and Theorem 5.4. For (&)
we know, by Corollary 5.2, that M is a generalized C-M module with

IM) = I(G(M)) = I(as, - - -, af; G(M)) = I(q; M) < I(M) .

Therefore, we must have I(q; M) = I(M).
Moreover, we have the following property of powers of standard

parameter ideals:

CoroLLARY 5.6 (cf. [9, Corollary 1.2]). Let a,, ---,a, be a standard
s.o.p. of M. Then
d
(a?l’ ] azd)Mﬂ an - Z a?iqn_niM
i=1
for all positive integers n,, ---,n, and n = 0.

Proof. By Lemma 1.5 and Theorem 5.4, we have I(G,(M)) = I(M).
By Corollary 3.3 and Corollary 5.5, af™, ---,a}* and a}, ---, a* are
standard s.o.p.’s G, (M) and M, respectively. Hence

I(aiknla ) a:iknd; Gq(M)) - I(a;“y Sty aﬁd; M) ’

which then implies the statement by Lemma 5.1.
Now, we will give a criterion for an irrelevant graded ideal of G, (M)
to be G,(M)-standard.

Tueorem 5.7. Let a,, ---,a, be an arbitrary s.o.p. of M. Let a Dq
be an ideal of A. Let o* denote the ideal of G,(A) generated by the initial
forms of the elements of a. Then o* is G(M)-standard iff the following
conditions are satisfied:

(i) a,---,a, is a standard s.o.p. of M.

() q.,.iM:a, € q._.M: a by every permutation of a,, - -, Q.
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Proof. (=) (i) follows from Corollary 5.5. For (ii) it suffices to show
that aHY(M/q,_.,M) = 0. Since ¢, is a standard s.o.p. of M/q,_..M by
Corollary 2.4, we have

H(M[a,-.M) = H¥G(M]q,_.M))
by Theorem 5.4. But
G(Mlq,..M) = G(M)/(af, - - -, af ) G(M)
by Lemma 5.3 (). Hence, from the fact that
a*HR(GMDNas, - -, af-)G(M) = 0

(af, - -+, a¥ is a a*-weak G,(M)-sequence by Proposition 3.1), we can easily
conclude that aHY(M/q,_ M) = 0.

(&) From (i) and Theorem 5.4 we get H%G,(M)) = H)(M), where
H!(M) is considered as a graded module concentrated in degree 0. Thus,
if d =1, we have a*H%(G,(M)) = 0 because aH)(M) = 0 by (ii). Hence
a* is G(M)-standard by Theorem 2.4. For d > 1, we first consider the
case depth M > 0.

In this case, af is a non-zerodivisor of G(M). Further, by induction,
we may assume that o* is G(M/e,M)-standard. Note that

G(M|a,M) = G(M)[aiG(M)
by Lemma 5.3 (i) and that
aifHp(G(M)) =0

by Theorem 5.4. Then o* is G,(M)-standard by Corollary 3.8.
For the case depth M = 0, we first note that

G(M)IHHG(M)) = G(M)

by the proof of Theorem 5.4. By Corollary 2.3, a, ---,a, is still a
standard s.o.p. of M. Moreover, using Corollary 2.6 (iv), we also have

(CI,MM + H?u(M)) a, & C:) qd—lM: m'=q, M:a, S q, M:a
S (qe- M + Hi(M)): a.

Hence a* is G(M)-standard by the above proof for the case depth M < 0.
Now, by Corollary 3.9, it remains to find a G,(M)-base S for a* such
that for every d element subset {f,, ---,f,} of S,
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(fv o >fd)Gq(M)nH(I)’(Gq(M)) =0.

Of course, we may assume that the residue field £ is infinite. Since
a*/Pa* = a/ma @ q/mq, we can find a G(M)-base S for a* such that every
element fe S has the form b* + ¢* for some bea, ceq\mq. Let b¥ + c¥,
..., b¥ 4+ c* be d elements of S. Note that

(bf + cf) e cfG(M)

for all i =1, ---,d, n large. Then cf, ---, ¢¥ also form a s.o.p. of G,(M).
From this it follows that

(c;k: Sty C:ik)Gq(A) = (a;k; Tty a:ik)Gq(M) .
Hence we can write

a
c, =2, cya, + d,
=1

for some units ¢;; of A and d;emq,i =1, - .-, d, such that det (a;;) is a unit
of A. Now, by Lemma 5.3 (ii), we will represent G,(M) as S(M)/qS,(M).
If we denote by A[X] the polynomial ring over A in d indeterminates
X, .-+, X,, then S,(M) is defined to be the factor of M[X] = MR, A[X]
by the submodule F generated by all elements mX, + --- 4+ m,X, such
that am; +-- -+ a,m, = 0. Hence

G(M) = M[X]/qM[X] + F.

Put
d
Y, = ZCHX] + d; + by,
7=1
i=1,-.-,d. Then A[X]= A[Y), ---, Y,]. Further, using (ii) we can

easily verify that
FE (Yb Tt Yd’ CI)M[X] .

Let g be an arbitrary element of (bf + cf, - -, bF + cf)G,(M)NHLG(M)).
Note that HY(G,(M)) = H% (M), Then we can find a representative z of
gin (Y, -, Y, 9M[XINHY(M). Since Y, ---, Y, may be considered
as indeterminates over A, we must have he qgMN HY(M) = 0 by Corollary
2.3. Hence g = 0, as required. The proof of Theorem 5.7 is now complete.

Remark 5.8. From the above proof one can easily verify that the
conditions of Theorem 5.7 may be replaced by the condition
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aH(Mlq,M) = 0

for all non-negative integers i, j with i +j < d and every permutation
of a;, ---,a,. In particular, that is always satisfied if a is a standard
ideal of M.

Concerning the theory of Buchsbaum modules we have the following
interesting consequences:

CoroLLARY 5.9. M is a Buchsbaum module iff so is G (M) for every
parameter ideal q of M.

Proof. Straightforward.

CoroLLARY 5.10. M is a quasi-Buchsbaum module, i.e. mHLY(M) =0

fori=0,---,d—1, iff G(M) is @ Buchsbaum module for some parameter
ideal q of M.

Proof. (=) follows from Theorem 5.7 and the fact that every s.o.p.
of M contained in large powers of m is standard and m-weak [20]. For
(&) we first note that a,, ---, @, is a standard s.o.p. of M by Corollary
5.5. Thus, we can apply Theorem 5.4 to show that mH:(M) = 0 by using
the fact PHY(G,(M)) =0,i=0,---,d — 1.

Now we will study G (M) in the case I(M/a*M) attains some extreme

value (the module-version of Buchsbaum rings with maximal embedding
dimension).

ProposiTION 5.11 (cf. [8, Theorem 1.1]). Suppose that M is a gener-
alized C-M module and

IM]a*M) = e(a; M) + I(M) + di(M|aM).
Then G(M) is a generalized C-M module with
HYG(M)) = H(M)G — 1)

for i=0,---,d—1, and [HY(G(M))], = 0 for n >1 — d, where Q denotes
the maximal graded ideal of G.(A). Moreover, the ideal o* of G,(A) gener-
ated by the initial forms of the elements of a is G,(M)-standard.

Proof. Without restriction we may assume that the residue field %
is infinite. Let a,, ---, a, be a minimal reduction of a relative to al.
Then qaM = oM by Proposition 4.8 (i). Hence we have the following
exact sequence of G,(A)-modules:
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0—> g g M|gtaM —> Z(f:BO aM/at**M —> (@) q‘aM/q‘“M)(—l) — 0.
By Lemma 4.3, from Proposition 4.8 (ii) and (iii) we get
D a'Mfa'aM = (MlaM)[X,, -+, X1,

which is a C-M module over G,(A) whose dth local cohomology module
concentrated in degree < —d. Thus, from the above exact sequence we
can deduce that

HY(GD) = (H(D o'aMja M) )(— 1)
fori=0,---,d —1, and

[HL(GMD)], = [H@(@) a1 )|

n+1

for n > —d. On the other hand, we also have the exact sequence
0—> t(;BO q'aM/q***'M —> z<—=Bo aMlq'"*M —> :@o qM/gtaM —> 0.
From this it follows that
HY (& q'abfa M) = Hy(GM)
fori=0,---,d—1, and
|74(& avadaig 1) | = 3,00

for n > —d. But by Proposition 4.8 (ii), a,, ---,a, is a standard s.o.p.
of M. Hence we can estimate the local cohomology modules of G.(M)
by Theorem 5.4. Note that

Hy(G(M)) = lim H'(af", - - -, af*; G(M)) = HH(G(M)),

i=0,---,d, where af, ---,af may be understood both as elements of
G,(A) and G,(A). Then from the above relations we can easily derive
the formulas for Hy(G(M)) as required. The fact that a* is G(M)-
standard follows from Corollary 3.12.

Similar to Corollary 5.6 of Theorem 5.4, we have the following

consequence:

https://doi.org/10.1017/50027763000000416 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000416

COHEN-MACAULAY MODULES 43

COROLLARY 5.12. Let M and a be as in Proposition 5.11. Let a, ---,
a, be a minimal reduction of a relative to M. Then

d
(@, -+, ap)MNa*M = 3, ai'a” "M
i=1
for all positive integers ny, ---,n, and n = 0.

§6. Rees modules

Let a be an ideal of A with I(M/aM) < co. Then we call the graded
module

R(M):= éo M

over the Rees algebra R,(A) the Rees module of M relative to a. It is
also known under the name arithmetical blowing-up [3], [4].

It is well-known that G(M) = R(M)/aR(M) and that aR.(M) may
be identified with the positively graded part of R.(M) by an isomorphism
of degree —1. From these facts we can show that concerning the pro-
perty of being a generalized C-M module, there is a close relationship
between G(M) and R, (M).

We shall denote by @ the maximal graded ideal of G.(A).

ProrositioN 6.1. The following conditions are equivalent:
(i) M and R(M) are generalized C-M modules.
(1) G(M) is a generalized C-M module.

Proof. (i) = (ii). From the exact sequences

0— aR(M)—1) —> R(M) —> M —>0
00— aR(M)—> R(M) —> G, (M) —>0

we can easily deduce that first, aR (M) and then G.(M) is a generalized
C-M module.

(1) = (1). That M is a generalized C-M module follows from Corollary
5.2. To show that R,(M) is a generalized C-M module, we may assume,
without loss of generality, that A is a complete local ring. Then A is
a factor of a regular ring, hence so is R(A). By Lemma 1.2 (iv) and
Lemma 1.4, it suffices to show:

(1) dim R,(A)/P = d + 1 for any minimal prime divisor P of R(M).

(2 [R(M)], is a C-M module for every prime ideal p # @ of
Supp (R(M)).
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For (1) we identify R,(A) with the subring A[aT] of A[T] (T is an
indeterminate) generated over A by all elements aT, aca. It is easy to
see that

Ann (R(M)) = Ann (M)A[T]N Al[aT],
where Ann denotes the annihilator. From this it follows that
R, (A)/Ann (R(M)) = R(A/Ann (M)) .

Therefore, since dim A/p = d for any minimal prime ideal over Ann (M)
by Lemma 1.2 (iv), dim R,(A)/P = d + 1 for any minimal prime ideal P
over Ann (R(M)) by [28, §1].

For (2) we set p = PNA. Ifa ¢ p, we have [A[aT]], = A,[T]. Hence
[R(M)], = M,[T]. Since by Lemma 1.2 (iv), M, is a C-M module, so is
[R(M)], as a localization of [R(M)],. If a Cp, i.e. p = m, there exists
some element ¢ € a such that aT' ¢ P because P+ @ = (m, aT)A[aT]. Since
aCaAlaT, (aT)™ 1],

(R(M)][alR (M) = [R(M)]p[a[R(M)]> = [G.(M]r ,

which is a C-M module by Lemma 1.2 (iv). Moreover, since 0, is unmixed
up to m by Lemma 1.2 (iii), using a module-version of [28, Proposition 1.1
(>ii1)], we can show that a is a non-zerodivisor of [R.(M)],. Hence [R.(M)],.
is a C-M module, as required. The proof of Proposition 6.1 is now
complete.

Now, we want to study R.(M) in the case a=q is a standard
parameter ideal. Note that in this case, R,(M) = S,(M), which follows

from property of d-sequences, see [13], [14], [27], [29]. Then the following
result also holds for symmetric modules:

TueoreMm 6.2 (cf. [4, (11.1)]). Let a,, ---, a, be a standard s.o.p. of M.
Then R(M) is a generalized C-M module with

HY(R(M) = HY(M)
HYR(MD) = @ HE ()

for i=1,...,d, where H(M) is considered as a graded module over
R(M) concentrated in degree 0, and [HE'(R(M))], = 0 for n = 0.

Proof. For brevity we set M* = R(M). Since by Corollary 2.3,
qaMNHYM) = 0, we have
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HyM*) = @ " M0 HY(M) = HYM)O).

To estimate Hy(M*), i = 1, we consider the exact sequences
0 —> qM*(—1) —> M* —> M —>0
0—> qM* —> M* —> G(M) —> 0.
From the first sequence we get
V) [H(aM*)], = [Hy(M*)], ..
for n = —1. Using Theorem 5.4, from the second sequence we get
e [Hy(aM*)], = [Hy(M*)],
for n = —i, 1 — i, and the exact sequences
3 0 —> [H(aM™*)]_, —> [Hy(M*)]_,
@ [HFMN)o —> H (M) —> [Hy(qM*)],_; —> [H(M*)]._. .
Since H)(M*) is an artinian module, [Hy(M*)], = 0 for n large enough.
Hence, from (1) and (2) we get [Hy)(M*)], =0 for n=0. Now let
i=1,---,d —1 Note that by Theorem 5.4 and Proposition 6.1 Hy(M*)
is of finite length. Then [HL(M*)], =0 for n small enough. Hence,
using (1), (2) and (3) we get [Hy(M*)], =0 for n <1 —i. Now, from
(1), (2) and (4) we can conclude that
[HYy(M™)], = [Hy(aM™)],.. = Hi7 (M)
R(A)" [HyD*)], =0

for i —2=n = 1. Thus, Hyp(M*) is the direct sum of H{'(M)(n), i — 2
n = 1. The proof of Theorem 6.2 is complete.

Remark 6.3. By the statement of Theorem 6.2 we always have
Hy(R(M)) =0, and, if d = 2, Hy(R(M)) = 0.

The following consequence of Theorem 6.2 is the content of Schenzel’s
paper [19] which generalizes similar result of Goto and Shimoda in the
theory of Buchsbaum rings [7], [12].

COROLLARY 6.4. Let q be an arbitary parameter ideal of M. Then
R(M) is a C-M module iff the following conditions are satisfied:

(i) Hi(M) =0 for i #1,d.

(i) qHW(M) = 0.
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Proof. (=) First, we have H)\(M) = [HY(R(M)],=0. For i > 0, we
consider the exact sequences
00— qR(M)(—1)—> R(M)—> M —>0
0—> qR(M)—> R(M) —> G(M)—>0.

Since HY(R(M)) =0, i =0, ---, d, it is easily seen that
Hy(G(M)) = HL(M)(1)

fori=1,..-.,d —1. Thus, by Corollary 3.12, af, ---, a¥ is a standard
s.o.p. of G(M). Hence, by Corollary 5.5, a,, ---,a, is a standard s.o.p.
of M, which then implies (il). Moreover, we can compare the above
formula for Hy(G,(M)) with the one of Theorem 5.4 and immediately get
).

(&) By Corollary 3.7, q is a standard parameter ideal of M. Hence,
by Theorem 6.2, R (M) is a C-M module.

Theorem 6.2 may be also applied to study the Rees modules of the
module-version of Buchsbaum rings with maximal embedding dimension.

ProrosiTiON 6.5. Suppose that M is a generalized C-M module with
d =2 and

I(M]a*M) = e(a; M) + I(M) + di(M[aM) .
Then R(M) is a generalized C-M module with
HYR(M)) = H(M) ® H,(M)(—1)
Hy(R(M)) = H\(M)
HyR(M) = @ HZ (M0
for 2 <i<d, and [H{(R(M))], =0 for n = 0.

Proof. Without restriction we may assume that the residue field &
is infinite. Let a,, ---,a, be a minimal reduction of a relative to M
(hence to aM too). Then, by Proposition 4.8 (i),

qanM — an+1M

for all n > 1. By Proposition 4.8 (ii) and Corollary 2.3, qMN H (M) = 0.
By Corollary 2.6 (iv) and Proposition 4.8 (iii),

H'(M)=0y:a, € q,.:M:a, S aM.
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Using these facts, it is easy to see that
Hy(R(M)) = H\(M) © H(M)(—1).
To estimate HL(R,(M)), i = 1, we first consider the exact sequence
00— aR(M)(—=1) —> R(M) —> M —>0.

Then we have
[HYR(M))]. = [HYaR(M))]._,

for n = 0. Note that aR, (M) = R(aM) = R(aM) and that a, ---,a, is
a standard s.o.p. of aM by Corollary 4.9 (ii). Then we can apply Theorem
6.2 to aM and get

Hy@RM) = & H@M)n)

for i=1,---,d, and [H{'(aR(M))], =0 for n=0. Since Hi(aM) =
Hi(M) for i > 1, from the above relations we can easily derive the formulas
for Hiy(R,(M)) of Proposition 6.5 except the following ones:

[Hy(B(M)N)], = H (M)

[HyB(M))], =0
for i > 1. But these formulas are easily seen from the zero-graded part
of the derived local cohomology sequence of the exact sequence

0—aR(M)—> R(M)—> G(M)—>0

by using the above formula of Hj(aR,(M)) and the one of Hy(G,(M)) of
Proposition 5.11.

Remark 6.6. (1) By the statement of Proposition 6.5 we always have
H}(R(M)) = 0 and, if d = 3, Hy(R,(M)) = 0.

(2) If d =1, we get another formula for Hy(R,(M)) than the one of
Proposition 6.5. Namely, using the same method as in the proof of
Proposition 6.5, we can show that in this case,

HY(R(M)) = HY(M) © HYM)(—1)
HYRM)) = 0
[HYRM)], =0  for n=0.

From Proposition 5.6 and Remark 6.6 we immediately get the following
interesting consequence:
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COROLLARY 6.7. Let M and a be as in Proposition 6.5 Then R(M)
is @ C-M module iff Hi(M) = 0 fori + 2, d.
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