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Abstract

In this work we study the homogenisation problem for nonlinear elliptic equations involving p-Laplacian-
type operators with sign-changing weights. We study the asymptotic behaviour of variational eigenvalues
which consist of a double sequence of eigenvalues. We show that the kth positive eigenvalue goes to
infinity when the average of the weights is nonpositive, and converges to the kth variational eigenvalue of
the limit problem when the average is positive for any k£ > 1.
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1. Introduction
We consider the following nonlinear eigenvalue problem with indefinite weight,

—div(a.(x, Vu)) = p(O)lul’>u  in Q c RV, (D)
u=0 onoQ, ’

where A is the eigenvalue, p. is a bounded weight function with nontrivial positive
and negative parts and the operator div(a.(x, Vu)) is quasilinear (p — 1)-homogeneous
in the second variable with some precise hypotheses that are stated below (see
assumptions (HO)—(HS8) in Section 2). Throughout the paper, p will denote a constant
that satisfies 1 < p < co. The most relevant example of such an operator is

as(x, &) = |A(0)é - P PPAL(E,

with Ag(x) € RMV a bounded symmetric matrix and positive definite uniformly in
£>0. The domain Q is assumed to be bounded but no regularity hypotheses are
imposed on 0Q.
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For this eigenvalue problem (1.1), as discussed in [8], it is known that there exist
two sequences of eigenvalues {4 b1, {4, k=1, such that

/l,:(s — 00, A, — - as k — oo.

The asymptotic behaviour as € | O of these nonlinear eigenvalues in the unweighted
case (that is, p, = 1) was studied in [1, 3, 4]. In particular, for the problem

—div(as(x, Vu)) = qu’u in Q,

it was proved in [3] that the kth variational eigenvalue converges to the kth variational
eigenvalue of the limit problem

—div(a(x, Vu)) = Aul’%u  in Q,

where a(x, &) is the so-called G-limit of the operators a.(x,&). Of course, the
convergence is understood up to a subsequence. See Section 2 for the definition
and some elementary properties of G-convergence. The G-convergence of monotone
operators has a long history and there are many results in the literature establishing
the usefulness of this concept in the limit behaviour of boundary value problems,
especially in homogenisation theory (see, for example, [2, 4, 9] and references therein).

The purpose in this paper is to extend the results of [3] to the indefinite-weighted
case. The main result of this work is the following theorem.

TheEOREM 1.1. Assume that a.(x, &) satisfies (HO)—(HS8) as defined in Section 2.
Moreover, assume that ag(x, &) G-converges to a(x,&). Let p. € L*(Q) be such that
Pe — p weak* in L*(Q). Then:

(1) ifp* =04, > ocoasel0;
(2) if pt#0, A, > A as €10, where {4 }iz1 are the positive eigenvalues
associated to the operator a(x, &) with weight p.

Our approach follows closely the one in [3]. The main difference is the fact that we
cannot work with a uniform normalisation condition as in the unweighted case. The
normalisation condition varies with &£ and that has to be accommodated.

Remark 1.2. An analogous statement holds for the negative eigenvalues with the
obvious modifications.

For second-order linear elliptic operators, the eigenvalue convergence for the
problem of periodic homogenisation with sign-changing weights was studied recently
in [10]. Our results here are closely related, although several differences arise.
In our setting we are not able to use asymptotic expansions, nor orthogonality of
eigenfunctions, so our proofs are different, based mainly on the variational arguments
developed in [3]. The main drawback of our approach is that we were unable
to obtain one of the results of [10] dealing with the convergence of the rescaled
sequences of eigenvalues and the corresponding limit problem. On the other hand,
our hypotheses on a, go beyond periodic homogenisation and we have relaxed the
regularity hypotheses on Q, since in [10] the domains are of class C*?. Also, as in [5],
different boundary conditions can be handled in this way.
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A natural question is the study of a quantitative version of Theorem 1.1, that is, to
give some precise rate of convergence or divergence of the eigenvalues. Recently, in
[7], we obtained the rate of convergence of eigenvalues of problem (1.1) in the case
where the operator a.(x, £) is independent of € and the weight function is positive and
given in terms of a periodic function p, as p.(x) = p(x/g). See also the bibliography
in [7] for references about the linear problem and [5] for the analysis of different
boundary conditions. Moreover, [13] analyses the Fucik eigenvalue problem for the
p-Laplacian and [12] studies the case of the fractional Laplacian. We remark that in
the one-dimensional case very simple proofs of most of these results can be obtained
by means of a Lyapunov-type inequality (see [6]).

In order to perform such analyses, we need to make some further assumptions on
the weights p. and on the operators a.(x, £). First, we assume that the weights p, are
given in terms of a periodic function p in the form p.(x) = p(x/€). In this case,

Pe — P = fyp(y)dy,

where Y = [0, 1]V and the function p is assumed to be Y-periodic. Under these
assumptions, we obtain a precise rate of divergence for the eigenvalues.

THeEOREM 1.3. Assume that a.(x, £) satisfies (HO)—(HS) defined is Section 2. Let p.(x)
be given as ps(x) = p(x/€), where p is Y-periodic, Y = [0, 11N and p € W'"(Q). Then:

(1) ifp=0, then /lis—O(s_l)asslo,'

(2) ifp >0, then €A} is bounded away from zero and &’ A,  is bounded away from
infinity as € | 0;

3) ifp<O, then 8/1'1'"8 is bounded away from zero and &P /llt,a is bounded away from
infinity as € | 0.

RemMark 1.4. In [10], where only linear eigenvalue problems and periodic homog-
enisation were considered, it was proved that c,:s‘2 S < C,:s‘2 when p > 0, by
using a factorisation technique to construct the asymptotic eigenfunctions. We cannot
use such arguments here, due to the nonlinear character of the problem, and we get
only the upper bound with a worse lower bound.

Finally, in the case where the operators a.(x, &) are independent of €, we can obtain
a rate of convergence of the eigenvalues.

TueorREM 1.5. Let ag(x, Vu) = a(x, Vu) be fixed, satisfying hypotheses (HO)—(HS)
defined in Section 2. Let p,(x) := p(x/g), where p € L°(RN) is a Y-periodic function,
Y=[0,1]". Let p = [, pdy. If p >0,

|/l,t‘9 — Al £ Ceg,

where C is given explicitly and depends only on k, p, N and ||p||«. An analogous result
holds when p < Q.
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After this introduction, the paper is organised as follows. In Section 2 we recall
some preliminary results needed in the rest of the paper. In Section 3 we prove the
main result of the paper, namely Theorem 1.1. In Section 4 we prove our results on
the divergence of eigenvalues (Theorem 1.3). Finally, in Section 5, we prove the rate
of convergence of the eigenvalues (Theorem 1.5).

2. Preliminary results

2.1. G-convergence of monotone operators. The operator A : Wé”’ Q) - Wb
(Q) is given by
Au = —div(a(x, Vu)).

We assume that a : Q x RN — RY satisfies, for every £ € RV and almost every x € Q,
the following conditions.

(HO) Measurability: a(-,-) is a Carathéodory function, that is, a(x, -) is continuous for
almost every x € Q, and a(-, £) is measurable for every & € RV,

(H1) Monotonicity: 0 < (a(x, &) - a(x, £))(E - &).

(H2) Coercivity: a|élP < a(x,€) - €.

(H3) Continuity: |a(x,&)| < lEP~".

(H4) (p — 1)-homogeneity: a(x, t&) = t"'a(x, &) for every t > 0.

(HS) Oddness: a(x,—-&) = —a(x, ).

Let us introduce W(x, &1, &) = a(x, &) - & + a(x, &) - & for all £1,& € RY and all
x € Q, and let § = min{p/2, p — 1}.

(H6) Equi-continuity:
la(x, &) — a(x, &) < P (x, &,E) PP (a(x, &) — alx, &) - (&1 - €))7

(H7) Cyclical monotonicity: Zf-{:l a(x,&) - (&1 — &) <0forallk>1andéy,..., &,
with & = &1
(H8) Strict monotonicity: for y = max(2, p),

ey — EPW(x,£1,6)70P < (a(x, &) - alx, &) - (€1 - &).
Under these conditions, A is a monotone operator. We have the following results.

Prorosition 2.1 [1, Lemma 3.3]. Given a(x, &) satisfying (HO)—(HS), there exists a
unique Carathéodory function ® which is even, p-homogeneous, strictly convex and
differentiable in the variable &, satisfying

alél” < O(x, &) < plel’ 2.1)

for all ¢ € RN, almost every x € Q, such that

Vf(D(x’ é:) = Pa(x9 f)y

and normalised such that ®(x,0) = 0.
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Let us recall the definitions of G- and Mosco-convergence.

Derinition 2.2. The family of operators A.qu := —div(a.(x, Vu)) G-converges to Au :=
—div(a(x, Vu)) if, for every f € WL (Q) and for every f. strongly convergent to f in
W~1P'(Q), the solutions u° of the problem

—div(a;(u®,Vu®)) = f, in Q,
u®=0 onodQ,

satisfy the following conditions:
u® — u weakly in W&’p (Q),
agz(x,Vu®) — a(x,Vu) weakly in (L7 (Q))",
where u is the solution to the equation

—div(a(x,Vu)) = f inQ,
u=0 ondQ.

DermnrTion 2.3. Let X be a reflexive Banach space and F; : X — [0, +oo] be a sequence
of functionals on X. Then F; Mosco-converge to F if and only if the following
conditions hold.

(1) Lower bound inequality: for every sequence {u;};> such that u; — u weakly in
X as j — oo,
F(u) < liminf F;(u;).
Jj—o0o

(2) Upper bound inequality: for every u € X, there exists a sequence {u;};>; such
that u; — u strongly in X as j — oo such that

F(u) > lim sup Fj(u;).

J—

In the general case, the following results were proved in [1, 4].

TueOREM 2.4 [4, Theorem 4.1]. Assume that a.(x, &) satisfies (HI1)—(H3). Then, up to
a subsequence, A, G-converges to a maximal monotone operator A whose coefficient
a(x, &) also satisfies (HI1)—(H3).

TueorEM 2.5 [1, Theorem 2.3]. If A.u := —div(a.(x, Vu)) G-converges to Au :=
—div(a(x, Vu)) and a.(x, ¢) satisfies (HO)—(HS), then a(x, §) also satisfies (HO)—(HS).

Lemma 2.6 [1, Lemma 4.2]. Given ag(x, &), a(x, &) satisfying (HO)—(HS), and @ (x, &),
O(x, &) as in Proposition 2.1, define F, F : LP(QQ) — (—c0, +00] by

o = { jg; O,(x, Vuydx, ue W Q)

+00, otherwise,

F - { L O(x, Viy dx, ue Wi (Q),

+00, otherwise.
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If A, G-converges to A, then F. Mosco-converges to F in the strong topology of
LP(Q).

2.2. Oscillatory integrals. The proof of the main theorem makes use of results on
convergence of oscillatory integrals. In the case of periodic oscillations, the result
needed here was proved in [7].

Tureorem 2.7 [7, Lemma 3.3]. Let Q c RN be a bounded domain and denote by Q the
unit cube in RN. Let g € L (RN) be a Q-periodic function such that g = 0. Then the

inequality
fg(x/e)udx < lgllz=@vyc1&llVullp )
Q
holds for every u € Wé’l(Q), where c| is the optimal constant in Poincaré’s inequality
in L'(Q).

Forv e WS”’ (Q), applying the previous result to u = |[v|P gives the next corollary.

CoroLLARY 2.8 [7, Theorem 3.4]. Suppose that v € Wé’p (Q). Under the assumptions of
Theorem 2.7,

-1
< lgllzs@vyperelvily, o IVl @)-

‘ f g(x/e)vI” dx
Q

In the general case, when no periodicity is assumed, one cannot have a rate of
convergence. Nevertheless, the following result holds.

Tueorem 2.9. Let Q € RN be a bounded domain and let p,, p € L*(Q) be such that
pe — p *-weakly in L*(Q). Let K ¢ L'(Q) be a compact set. Then

lim sup ‘[(p‘g —pyvdx=0.
Q

&0 ek

Proor. Given r > 0, there exists {v,-}l.J:1 Cc K such that K C U,Ll B,(v;). By the
hypotheses,

-0 1<i<J

lim max f(pg —p)vidx=0.
Q

Let now v, € K be such that

supf(pg—p)vdxsf(pg—p)vgdx+s.
Q Q

vekK

Then there exists i, € {1,..., J} such that v, € B,(v;,). Now
f(ps —pedx = f(ps _P)Vig dx + f(ps —p)(ve — Vig)dx
Q Q Q

Smaxf(ps—p)vidx+Mr,
Q

1<i<J
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where M is a bound on ||p,|| + ||o]l- Therefore,
lim sup sup f (pe —p)vdx < Mr.
-0 vekK JQ

Since r > 0 is arbitrary, the result follows. O

In our application of Theorem 2.9, the compact set will be a bounded set in Wé’l (Q).
So, we have the corollary.

CoroLLARY 2.10. Under the same hypotheses as in the previous theorem,

hm sup f(pg pyvdx = 0.

eW L.
umu, <1

Finally, for bounded sets in Wé "P(Q) the following analogue of Corollary 2.8 holds.

CorOLLARY 2.11. Under the same assumptions as in Theorem 2.9,

‘f(ﬂs—p)IVI" dx
Q

2.3. Eigenvalues of quasilinear operators. We refer the interested reader to the
survey [8] for details; only the facts that will be used below are stated here.

In this subsection, we state some results for the eigenvalue problem (1.1) for fixed
& > 0. That is, we analyse the problem

< oIV IV,

2.2)

—div(a(x, Vu)) = Ap(x)|ul’>u  in Q,
u=0 onodQ,

where Q is a bounded open set in RY. We assume that a(x, &) satisfies (H0)—(H8) of
the previous subsection. As a consequence, there exists a potential function ®(x, &)
given by Proposition 2.1.

By using the Ljusternik—Schnirelmann theory, if p* # 0, one can construct a
sequence of (variational) eigenvalues of (2.2) as

J;, ®(x, Vv) dx

(2.3)
CeCx yeC j;)plvll’ dx

where
Cy ={C c M* : C is compact and symmetric, y(C) > k},
Mt = {u € Wé’p(Q) : fplulp dx > O}
Q
and y : £ — N U {co} is the Krasnoselskii genus (see [11]) defined by
v(A) = min{k € N : there exists f € C(A,RA\{0D), f(x) =—f(—x)}.
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When p~ # 0, one can construct a sequence of negative eigenvalues in a completely
analogous way changing M* by M~ given by

M = {u e W (Q): fp|u|” dx < 0}.
Q
It is customary to reformulate (2.3) as

Jo PV dx
— =supinf ——.
A e veC [ D(x, Vv)dx

From the homogeneity condition (H4), we will also use the following equivalent
characterisation for the eigenvalues:

1
— = sup inf‘fplul’7 dx,
/ll_: CeDy ueC Jo

where
Dy ={C c S : compact and symmetric with y(C) > k and 0 ¢ C},
S=M"n {u e W, (Q): f(D(x, Vu)dx = 1}.
Q

The following useful Sturm-type theorem will be needed later.

TueoreM 2.12. Let Q; € Q, c RY and let {/l;;l.}kzl be the eigenvalues given by (2.3) in
Q;, i = 1,2, respectively. Then
A, S A,

for any k> 1. Moreover, let pi(x) < p2(x) for almost every x € Q and ®(x,&) >
@y (x, &) for almost every x € Q for every € € RN, Then, If A Jk=1 are the eigenvalues
given by (2.3) with weight p; and potential ®;, i = 1,2, respectively,

+ +
Ao < Ay

The proof follows easily by comparing the Rayleigh quotient and using the
inclusion of Sobolev spaces Wé”’ Q) c Wé’p (Q)).

3. Proof of the main result

Proor or THEOREM 1.1. Assume first that p* =0 and p} # 0 for every £ > 0. If
u € W,”(Q), then

f O, (x,Vu)dx > a'||Vu||Z.
Q

On the other hand, by Corollary 2.11,

f oelul? dx = f plu? + o)l IVull,, < o(Dladlly™ 1Vl
Q Q
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Hence, we get the bound
I, @ (x, Var) dx (||Vu||f’ )<p—1>/p
prg|u|f’ dx 0(1) ||M||p .

Now, taking the infimum in the former inequality,

+ @ »-/p
where y; is the first eigenvalue of the p-Laplacian with Dirichlet boundary conditions.
From this, the first part of the theorem follows.
Now assume that p* # 0. Then p} # 0 for every ¢ > O sufficiently small. Fix § > 0
and let C € Cy, be such that

supf O(x, Vv)dx < A +6,
veC JQ
with
fplvlp dx=1 foranyveC.
Q

The last condition can be imposed without loss of generality by the homogeneity of ©.
Since C is a compact set, we can choose r > 0 and {u,} c C, J = J(r), such that

Cc U B(u;, r),

i=i

flu—u,-lpdx <
Q

Since p, BN p in L®(Q), there exists some &y such that C ¢ M} for 0 < & < g. By
Lemma 2.6, the functionals {F}..o Mosco-converge to F and this implies that, for any
1 <i < J, there exists a sequence ug;; — u; such that

if u € B(u;, r).

llolleo

f O(x, Vu;)dx = lim | @ (x, Vu, ;) dx.
Q j=e Ja

Moreover, we can assume that u.,; — u; in L(€2) and thus
1-6< fpgjlugj,,-lp dx<1+6.
Q

Following [3], let C; be the convex closure of {+u,, ,}l’ ;» @ compact convex set
(since it has dimension lower than or equal to J). Observe that, since the functions
ug,; are weakly convergent and hence bounded in Wé P(Q), the sets C¢, are bounded in
W, (€) uniformly in &;.

Define the projection P, : C — C,; and observe that, for any v € C, since v € B(u;, r)
for some i,

”st(v) - VHp < ”ust - V”p < ||u8j,i - ui”p + ”ui - V”p <o+
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On the other hand, since fQ pviPdx =1,

1 1
flvl”dx > — fplvl"7 dx = ——.
Q llollo Jo llolleo

Therefore,
1Pe,lp = llolla’” =@+ =6>0

and G, := P;;(C) C C¢,\By(0) has genus greater than or equal to k for £ small enough.
Again, the sets G, are uniformly bounded in Wé (). Now

O, (x,Vv)dx
G, prgjlvlf’ dx

-1
< sup ( f @, (x, V) dx) sup ( f e, =PIV + phvl? dx)
Q Q

vEGE/. vEGgl.

<(1+0(@) + 0(0) + O(g))) {na)§f O, (x, Vug, ;) dx
<i< Q X

<1+ o(1)) max f D(x, Vu;)dx
1<i<J Jg

< (1 +o(1)(A + 9).
Therefore, we have obtained the inequality
/l,f’gl_ < (1 + o)A + O(5)).

Observe that, in particular, the sequence {A; _ } jav is bounded for each k € N and

&5

limsup A7, < A;.
Jj—ooo I
In order to prove the reverse inequality, 4; < liminf; .., A, , we start with a family
£j

of compact symmetric sets Ce, C {u € Wé’p (€) : [IVull, = 1}, ¥(C¢;) > k such that

fQ O, (x, Vv)dx
sup =———

+ &;.
J
veC, prgjlle dx

k,Ej

We can extract a sequence that we still denote by {C, };en and a compact symmetric
set C such that C¢; — C in the Hausdorff distance induced by the L”(Q2)-norm. We

have C € Wé’p(Q) and y(C) > k (see Step 2 in [3, Theorem 3.3]).

By the sequential characterisation of Hausdorff convergence, for any u € C, there
exists ug; € C¢, such that u,, — u-weakly in W(;”’ (Q). From the Mosco-convergence of
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the functionals, ®, — ®, and the weak convergence p, A pin L7(Q),

J;, ®Cx, Vu) dx o @ (x, V) dix
= <liminf
o, plul” dx e [ g g, P dx
fg O, (x, Vv)dx
< liminf sup =—————
j=e vec,, prgjlvlp dx

< 11m1nf/l,“9 +&j.

]

Taking the supremum in ,
J;, @Cx, Vv) dx
A < sup =————— <liminf A, .
veC fQ pvIP dx joeo

The proof is finished. O

4. Proofs of the divergence results
Proor oF THEOREM 1.3. We divide the proof into several parts.

Step 1. The case p = 0: first eigenvalue, lower bound.
It is enough to consider only the first positive eigenvalue A7 ; the result for A,
follows by considering the weight —p. We can bound A7, as follows

R ( Jo P/ dx)

A7, -y J, ®Cx, Vv) dx
gc1p ||M||Lp Q IVullLr )
< ||,0||L°° RNy SUp (#)
wewi?\ o VP dx
c( ) fglvlp dx \r-1
<&eC(p,p,cy,a) sup (—)
vew! Joy IVVIP dx

<eC(p,p,ci1,a,|Ql),

where we used Theorem 2.8 in the first inequality. The constant C(p, p, c|, @, |€}]) is
obtained from Theorem 2.8 and the isoperimetric inequality, that is, the first eigenvalue
in Q is greater than the first eigenvalue of a ball Bg with the same measure as €,

Jo, VP dx Jpy W17 dx
sup —— < sup ———.
vewir Jo VP dx "~ eyte fp 19V dx
Therefore, the first positive eigenvalue goes to +co at least as £~

Step 2. The case p = 0: first eigenvalue, upper bound.
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The upper bound follows by taking as test function v, = u(1 + go(x/€))"/?, with a
fixed positive function u € C2(€). Observe that v, € WS’P Q) if p € WHN(Q). Then

1 ( JopCx/E)lvel? dx)
— = Su e —
e vewir\ Jo ©x, V) dx

fQ uPp(x/e) + ep(x/e)*u” dx
T B IVl + gp(x/e)/P)lP dx

ZC(u,llplloo,l),ﬁ)LM”P(X/S)dx,

where the constant C is strictly positive for & small enough. Hence, by using
Corollary 2.8, we have proved that /lf,s = 0.

Step 3. The case p = 0: higher eigenvalues, lower bound.
This is immediate from Step 1, since 4, > A}, > Ce!.

Step 4. The case p = 0: higher eigenvalues, upper bound.

Fix k € N and g > 0 sufficiently small so that there exists {Qi};‘:l, where Q;, C Q
is a cube of side length &y and Q; N Q; = 0 (we consider open cubes). By the
scaling properties of the eigenvalues, u; .(Q;) = g(;p M1 s/,(Qo), where p; -(U) is the
first eigenvalue of the p-Laplacian in U ¢ R with Dirichlet boundary conditions and
weight p, and Q is the unit cube in R,

Let u? be the first eigenfunction corresponding to u; (Q;) and extended by 0 to £,
and define the set

C; =span{u; : 1 <i<k}NB,

where B is the unit ball in Wé’p (€2). Since the functions have disjoint support, C7 is a
k-dimensional set and so y(C}) = k. For an arbitrary element v = }; b;u? € Cy,

fgag(x, V) Vvdx  Xi sz ac(x, b;Vu®) - b;Vu? dx
fgp(x/e)lvlp dx vk, fQ,- (/b P dx
S bl [, 1VuglP dx
S Wbl [, pCx/o)lucl dx
= By 11,6720 (Qo)-

Since v was arbitrary,

fQ ag(x,Vv) - Vvdx
A, < sup
Tovecs pr(x/e)lvll’ dx

< ,Bgapﬂl,a/ao (QO)

Finally, since from Step 2 we have u; (Qp) < C &=, we obtain the desired result.

Step 5. The case p < 0: lower bound.
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Set o = p + ¢, where we add a positive constant to p so that & = 0. Since

fp(x)lulpdxsfa(x)lulpdx
Q Q

for any u € W(;’P (Q), we have the Sturmian-type comparison A;(0) > A;(0), by
comparing the Rayleigh quotients. From this and the previous part of the proof,

Ce™' < A (o) < 4 (p).

Step 6. The case p < 0: upper bound.
Let Q c [0,1]Y be a cube such that pr+(x) dx > 0. Let {u;} be the positive
eigenvalues of
—div(|VulP2Vu) = uplul’~>u in Q,
u=0 ondQ.
By using Theorem 2.12, the variational characterisation of eigenvalues together with
inequality (2.1) and the scaling of eigenvalues,

Ae(Q) < Ae(Qe) < e (O,
and the upper bound is proved.

Step 7. The case p > 0.
This one follows from the previous one, by changing p — —p.
The proof is finished. O

5. Convergence of eigenvalues

Proor oF TueoreMm 1.5. Consider the case where the operators are independent of &
and the weights are periodic. Recall the characterisation of the eigenvalues:

1
— = sup inffp(x)lulp dx,
k cec, *€C Jgo

where u is normalised with fQ a(x,Vu)Vudx = 1.
For fixed k and given & > 0, we can choose C, € Cy such that

< inf fp(x/8)|u|p dx + e.
Q

ke uet e

Since C. is compact, we can choose {Mi},»le c Cg and r = r(p, p, &, Cg) > 0) such that
C. c UL, B(u;, ) and

'fﬁ(lul” = u;i|”) dx
Q

and we choose u;, such that

f[)lu,»ﬂl” dx = min f[)lu;l”dx.
o 1<i<t Jo

<g ifue Bu;,r),
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Therefore,

1
— < inf fp(x/s)lulp dx+e< fp(x/s)luiolp dx+¢
Q Q

/lk,z-: ueC,

= f (o(x/8) = Pluy P dx + f Pl P dx + &
Q Q
< fﬁluiolp dx + O(g)
Q
< inf fﬁlul” dx + O(e)
ueCy Q

1
< sup inff/_)luI” dx + O(g) = — + O(e),
cec, <€ Ja Ak

where the term O(¢) is given by Theorem 2.8.
The same arguments can be used interchanging the roles of A, and A;. Hence,

1 1 <C
-— €.
ke Al
Finally, using the asymptotic behaviour of eigenvalues, A; ~ Ck”/N, we obtain the
desired bound and the proof is finished. O
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