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IDENTITIES IN ALGEBRAS WITH INVOLUTION

TSETSKA GRIGOROVA RASHKOVA

There is an approach due to Bergman describing ordinary polynomial identities for
M, (K) by means of commutative algebra. In the paper we apply this approach to
the matrix algebra of even order My, (K, *) with symplectic involution *.

In 1981 Bergman wrote a paper [1] which for some reasons remained unpublished.
Nevertheless since then the preprint has been cited many times becoming a classic: both
for the methods introduced and the main theorems proved, details of which will be stated
later.

The present paper applies the ideas, introduced by Bergman for ordinary identities,
to the study of x-identities in skew symmetric variables (* is the symplectic involution)
and continues the investigations from [5].

The notion of *-polynomial identities for an associative algebra R = (R, ) with
involution * is similar to that of ordinary polynomial identities [6].

Let X U X* = {z,22,...} U {z},25,...} and K{X U X*) be the free associative
algebra over a field K of characteristic 0 with involution, defined by (z)** = z, (z,+z2)* =
T + 23, (az)* = az®, (2122)" = 232}, 7,21, 22 € XU X*, a € K.

If we put

Yi=%;+T;, 25 =% — %5, j=1,2,...,

then K(XUX*)= K(YUZ), where Y = {y1,%2,... } and Z = {z1,2,,... }.

Let R be an associative algebra with involution. As r = 1/2(r + r*) + 1/2(r — r*),
for all r in R, the algebra (R, *) is a direct sum of subspaces, that is, (R,*) = R* @& R™,
where R* = {r € R | r* = %r}.

An element f(y1,... ,Ym, 21, .- ,2n) of K{YUZ) is a *-polynomial identity for (R, *)
if f(ri,...,rh,r7,...,r)=0forany rf € R*, r; €R™,i=1,...,m; j=1,...,n

We are interested in x-identitities in skew symmetric variables of the following type,
considered in the ordinary case by Formanek [3] and Bergman [1] and by the author and
Drensky [2] in the case of weak polynomial identities for Lie algebras.
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To a polynomial in commuting variables

(1) g(tla e 7tn+1) = Zapt'l" v tf::ll S K[tl, Ce atn+1]
we relate a polynomial v(g) from the free associative algebra K{z,y,... ,¥n)
(2) 'l)(g) =U(g)(I,y1,.., 1yﬂ)

= Z apz” Y1 ZP?y; . . . P Y TPt
Any polynomial f(z,yi,...,¥y,) multilinear in y,,. ..,y can be written as

(3) .f(xayl) s ,yn) = Z ﬂiv(gi)(x)yin s :yi,.)a
ﬂi € Ky gi € K[tla ,tn+1]-

There is a criterion due to Bergman [1] describing the identities for M, (K) of type
(3) by the properties of the polynomials in commuting variables of type (1).

BERGMAN’S CRITERION (BC)
(1) [1, Section 6, (27)] The polynomial v(g)(z,v1,.-. ,yn) from (2) is an iden-
tity for M,(K) if and only if

H (tp - tq)
Igp<qsn+l

divides the polynomial g(ti, ..., tn41) from (1).
(it) [1, Section 7, (38)] The polynomial f(z,¥1,... ,¥s) from (3) is an identity
for M, (K) if and only if every summand v(g;) is also an identity for M, (K).
Since [1] is in a preprint form, we refer to {2, Proposition 1.2] for the proof of BC.
QOur aim is to find the statement corresponding to BC for *-polynomial identities
in skew symmetric variables for the 2n x 2n matrix algebra Ms,(K, *) with symplectic

involution * defined by
A B _( Dbt -Bt
c D) \-ct a )

where A, B,C, D are n x n matrices and t is the usual transpose. For background on
*-polynomial identities for My, (K, *) see for example, [4].

In [5] the author and V. Drensky proved an extension of BC giving a necessary
and sufficient condition the polynomials v(g)(z,,...,¥n) to be *-identities in skew
symmetric variables for M,,(K,*). However we found an example for n = 2 showing
that in the case considered a polynomial of type (3) is a *-identity while its parts v(g;)
are not *-identities themselves.

Let us consider the polynomial f = [[z?,y]?, z]. According to [4] f = 0 is a *-identity
in skew symmetric variables for M(K, *). Its linearisation in y, which is such an identity
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too, could be written as

lin f = fi + f2, where
v

h= E 0,z y 2P?y,2P and
p=(p1.p2,p3)F4
fa= E apzP Yoy 127, op € K.

p=(p1,p2,p3)+-4
We calculate f; (p1 (e11 — €33) + pa(ez — eas), €12 — €43, €14 + 623) for i =1,2 and get

fi =2p1(p% — p3)e13 # 0 and
fa = =2p1(0 — p3)’ers # 0.

Thus f; (¢ = 1,2) are not *-identities in skew symmetric variables (as the coefficients
p1, p2 are arbitrary).

The next theorem is the main result of the paper.

THEOREM 1. Let the polynomial f{z,v1,...,yn) of type (3) be a x-identity in
skew symmetric variables for My, (K, ). Then

H (82— 82)(ts — tn1)
1€p<ggn+1
(P.q) #(Lin+1)
divides the polynomials g; from (1) for all i = (1, ... ,ip).
Our investigation is based on BC and the next two propositions, the first of which
is well known.

PROPOSITION 1. Every x-identity in skew symmetric variables for M,,(K,*)
is an ordinary polynomial identity for M,(K).

PROPOSITION 2. [5, Theorem 1] The polynomial v(g)(z,y1,...,ys) from (2)
is a *-polynomial identity in skew symmetric variables for M,,(K,*) if and only if

(t2 — t2) divides the polynomial g(t1, ... ,ts41) from (1).
1<p<ggn+1

In Proposition 2 the special ordering of the y’s in the polynomial from (2) is not
essential.

LEMMA 1. The polynomials v(g;)(z, ¥, - - -, ¥:,) from (3) are x-polynomial

identities in skew symmetric variables for Mya(K,*) if and only if ] (8 - t2)
1<p<g<n+l
divides the polynomials g;(t, ... ,tn41) from (1) for all i = (iy,. .. ,ip).

Proor: It follows the proof of Proposition 2 closely, changing only the indices of y;
(we replace yi, ... ,yn with ¥4, ... ,¥i,, respectively). 0
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ProoF OF THEOREM 1: Because of Proposition 2 and Lemma 1 we have to prove
that if any polynomial f(z,y,... ,¥n) is a *-identity then I1 (tp +t,) divides

1p<qggn+1
(@) #(l,n+1)

the polynomials g;(ty,... ,tn41) from (1) for all ¢ = (4y,. .. ,iy).
Let the polynomial f(z,y;,...,yn) be a *-identity.
1{a) We make the following substitution:

T

n
Z pilei — en+i.n+i)a
i=1

(4) Y1 = €12 — €nt2,n41s

Yp—1 = €n—1,n — E2n2n-1
Yn = €n2n-

Due to the staircase lemma [6, p.22] the only non-zero summands of f will be

(5) Z apzP Y127y . .. yn2P, op € K,

and

(6) Z BptP YntP?yp_1 ... 2P+, B € K.
Then

0= f(f’yi,: ce gi,.) = ga(pla P25 -3 Pn, _pn)el,2n
+(_1)n_1gﬁ(pn1 —Pny ~Pn—15---, _pl)en,n+1-

Hence

ga(php?a"'vpna—pn) -_-0 and
gﬂ(Pm —Pny ~Pn—1y-++ —pl) =0.

This means that ¢, + t,;, divides g, and ¢, + ¢, divides gg.

If the substitution from (4) is for Z,7,,. .. ,J;, respectively, we get that t, + 4
divides gg and t, + t; divides g,.

1(b) Obviously when only (5) is a summand of f to have t; + t; dividing gz we have
to make in (5) the substitution

n
T= Z pi(ei — entinti),
i=1

Y, = en,Zm

Yy =€n_1n — €2n 2n-1,

Yp = €12 — Ent2,n41-
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We work analogously when only (6) is a part of f. When neither of these
two summands is a part of f we consider the pair Y vy,zP'y; zP?y;, ...y;, 2P+ and
Y 6pzP'y;, TPy, ... ¥;, TP+ and in this case the corresponding substitutions are for
;s ji=1...,n

2(a) If we make n — 2 more substitutions, changing only 7, in (4), namely 7, =
Enntk +€kon for k=2,... ,n— 1, we come to

0= f(fy :’711 e )_:l]n) = ga(pl, P2y Pny _pk)el,n+k
+(—1)ngﬂ(pk1 ~Pn; —Prn—15--- _pl)ek,n+1-

Hence

9a(p1, P2, - Pny—px) =0 and
96(Pk, =Pny —Pn-1,--. ,—p) = 0.
From the first equality it follows that ¢x + ., divides g, for k =2,... ,n—1. fwe
rearrange the indices in the second equality we get ¢; + t,_x2 dividing gg.
2(b) When only one of the summands (5) or (6) is a part of f the considerations are

analogous to those in 1(b).
3. Now we fix ¢ and k {1 < i < k < n) and substitute

T=pen+...+ pr-1€k—15-1+ Pr+1€kk + ... + Pnt1€nn
—P1lniint+l — .- T Pk-1€ntk—1n+k—1
—Pk4+1€ntkan+k — -+ — Pnt1€2n,2n,

Y = €12 — Eni2,n41,

Yo = €23 — €nq3n42,

(7 Yp—o = €k—2k—1 — Entk—1,n+k-2;
Ype1 = Ek—1n+i + Cintk-1,
Yy = en+ik + nikis

Yrt1 = €kk+1 ~ Entkslntks

Un-1 = €n—2n—1 — €2n-12n-2,

Un = €n—1n — €2n2n—1-
Thus we have
0 = f(fayl) L w?n)

= ga(pl; <oy Ph=1y = Piy Pl - - - ’pﬂ+l)el,ﬂ
+(—1)n_2gﬂ(_Pn+1, “Pny-- s "Pk+1: Piy —Pk—15--- —pl)ezn,n+1-

https://doi.org/10.1017/50004972700036625 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700036625

474 T.G. Rashkova (6]

This means that

9a(Prs -, Pr—1,=Pis Prt1y -+ 1 Puy1) =0 and
98(=Pnt1, =Py -+, —Pks1,Pi> —Pk—1,-.. , —p1) = 0.

From the first equality we get that ¢; + ¢; divides g, for i = 1,2,... ,k — 1. Rear-
ranging the indices in the second equality we see that t; + t,_x4+2 divides gg.
Following 1(a) all the properties obtained in the sequel are both for g, and gg.

Allowing k to be successively 2,. .. ,n we get finally that I1 (tp+t,) divides
go and gg- l(iqp);‘(zl.gn"-:‘l;
Thus I1 (t2 — t2)(t; — tn41) divides the polynomials g, and gg.
1gp<g<n+1
(@) #(Ln +1)
In the same way we get the validity of the theorem for g;(ti,... ,t.4,) for all i =
(i1, ... ,n)- 0
REMARK 1. If in addition t; + ¢, divides g; then v(g;) are *-identities for all i =
(1y- -+ 5%n)-

REMARK 2. Theorem 1 shows that the minimal possible degree of a x-identity of the
considered type is n? + 2n — 1. It is exactly n? +2n — 1 for n = 3.

Let

9= H (82 — t2)(t1 — ta)

1€p<gsg4
(p.q) # (1, 4)

and

B(z,y1,v2,¥3) = Z v(g)(ﬂ«",ya(1)>ya(2),ya(3))
o€ Sym(3)

be the associative polynomial corresponding to it from (3).

THEOREM 2. The polynomial B(z,y1,y2,vs) is a x-identity in skew symmetric
variables for Mg(K, *).

We need an intermediate result.

THEOREM 3. The polynomial

Bi(z,y1,92,¥3) = v(g)(z, 11, 2, y3) + v{9)(2, ¥3, 2, 1)

is a *-identity in skew symmetric variables for Mg(K, *).
PROOF: The polynomial B;(z,y1, ¥, ¥3) is multilinear in y's. Thus in order to see
3
that it is a *-identity, according to [5, Proposition 4] it is enough to take T = 3~ p;(e;; —

i=1
€3+i3+i) and 7, to be skew symmetric matrix units.

Due to the staircase lemma the cases are classified as follows:
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L. Y1 = € — €31i3+i, Y2 = €5 — €34534i (8 # J),
ys € {ek,3+j + €534k €5k ~ €3+ka+s (7 7 K)s €55 — esja44) ej,3+j};
2. Y1 = €5 — €34i3+i; Y2 = €iz4j + €3+ (8 £ 7),
Y3 € {€3+j,k + €3+k,js €kj — €3+j3+k (5 # k), €ii — €3+j,3+75> €3+j,j};
3. Y1 = €ii — €34i3+4i, Y2 = €34ij + €345 (¢ F# 7),
Ys € {ej,3+k + €x3+j €k — €34k3+5 (J # k), €55 — €353+ ej,3+j};
4 0
5. Y1
IL. If y; is not a diagonal matrix we have:
6. Y1 = €ij — eayjai (1 # J), Y2 = €55 — €34534j,
Y3 € { €3+ + €jatk, €k — €31k 345 (J # k), ej,3+j};
7. = €ij — €343+ (8 £ J), Y2 = €x3+j + €k ( £ k),
Y3 € {€34k1 + €341k Clk — €3+k,3+l, Ekk — €34k 3+k (l # k), €3+k,k};
8. 1 = eij — eayj3+i (8 # J)s Y2 = €jk — €34k345 (I # K),
Y3 € {€k,3+ + €134k Clk — €3+k,3+ €l — €341,3+1 (I # k), ez,3+l};
9. Y1 = €5 — €arjari (1 £ 7), Y2 = €j34% — k345 (J # k),
Y3 € { €34kt + €341k, €1k — €34k,3+1 (L # k), €xk — €34k 3+k, €3+k,k (5
10. y1 = eij — e3yjz+i (L # ), Y2 = €344
Y3 € {31k + €31k, €kj — 34534k (J 7 K), €j5 — €313+, €3+j,j};
11. y1 = €5 — €3453+i» Y2 = €34ij + €34 (L # J),
Y3 € €34k + €345, €jk — €34k,3+5 (J F k), €5 — €34j,344 ej,3+j};
12. y1 = eij — €343+ (¢ # 7), Y2 = €iza,
Y3 € {€k3+i + €i34ks €ik — €34k,3+i (L # k), €ii — €34i3+i, ei,3+i}~
stitutions:
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= €ii — €34i3+i> Y2 = €i3+i, Y3 € { €ki — €3+i,3+k, €3+ik T €34k (i # k), €3+i,i) };

= €ii — €34i3+i; Y2 = €344, Y3 € {eik ~ €34k,3+i) €i3+k T €k 3+i (i # k), €ii+3,

3

The considerations are similar in all cases and we shall show only two typical sub-

I y; = e11 — eqs, Y2 = €16 + €34, Y3 = €43 + €¢;. In this case

™y = pilen + (—p1)* e,

a az __ o140 a+a
Mz = pi T en + (—p1)* T e,

a a — Aota2
THNITMPyYe = py' 7 2ers,

a) +az

(s (o1 a3 __ Q
MY TV Yz = 7' T (—p3)Pers,

a a a — . o1+a
T lylx 2y2x 33/3 _pll 2

a (s d (s } a4
TNz Yz Y™ = p)

z%y; = (—p1)*eq3 + (—p3)™eer,

a1+02+04(_p3)ﬂaeu;
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T Yz = (—p1) ™ p3less + (—p3)™ o761,
M Y3y = (=)™ p3”eus,
TN Yz Yoz = (—p1)™ 05 (—p1) @ eaa,
T y3zMYpz®Y; = —(—p)* p3* (—p1) P eqs,

xmyaxazyzzasylza4 — —(—,01)mpgz(—m)m(—pl)meu-
Thus we get

Bi(z, y1, Y2, y3) = g(p1, p2, —p3, p1)en — g(—p1, p3, —p1, P1)€4a.

It follows from the definition of g{¢;, ts, t3,t4) that

9(p1, p2, —p3, p1) = g(p1, p2, 3, p1) =0
9(—/’1, P3, —P1, —Pl) = —g(Pl,Pa,pbPl) =0

and Bl(xa ylay27y3) = 0.
IL. y; = e15 + €24, Y2 = €32 ~ €56, Y3 = €13 — €64. In this case

¥y = pllers + (p2) ey,

Ty 2° = pi* (—p2)Pe1s + (02) ™ (—p1) e,

TNy TNy = —p1 (—p2)ess,

T Y1 TYpz™ = —pt (—p2)**(—p3)@es,

T Yz Yz ys = pr' (—p2)** (—pa) P e,

T Y12 Yz Y3z = pf' (—p2)* (—p3) ™ (—p1)™ers;
%y = prles — (—p3)eed,

T y3x* = pi’ p3Pers — (= p3)* (—p1)*ess,

(e a —_ y (2
¥ Y3z My, = o) p3er2,

(s3 (¢4 a3 ) (X2 (3

T Y3z Y™ = p' P37 Py €12,
(a3 (e3 a3 . A01 Qa2 O3

TR Y3z YoMy = py P53 P2 €14,

(a4 ag __ Q) 3 [o3
T Y3z Yz Y12 = P p3? p3* (—p1) M ens.

Thus
By(2, Y1, Y2, ys) = (9(p1, —p2, —p3, =) + 9(p1, p3, p2, —p1))era.
From the properties of g(¢1, £, t3,t4) we get that

Bi(z,y1, y2,¥3) = (9(p1, P2, p3,—p1) — 9(p1, P2, P3, —p1))ers = 0.

Proor oF THEOREM 3: This follows immediately from the equality

B(-’E, Y1, Y2, ys) = Bl(-’E, yl,yzaya) + Bl(iﬂ, Y2, Y1, ys) + Bl(l', Y1, ys,yz)-
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COROLLARY 1. The polynomial B (z,y1, y1,y2) iS a »-identity in skew symmetric
variables for Ms(K, *).

COROLLARY 2. The polynomial v(g)(z,1,y2,31) IS a *-identity in skew sym-
metric variables for Mg(K, %).

COROLLARY 3. The polynomial v(g)(z,y1,¥1,v1) is a *-identity in skew sym-
metric variables for Mg(K, *).

REMARK 3. The summands v(g)(z, %, ¥, ¥i;) themselves are not #-identities for
MG(K,*).

We check that v(9)(Z,7;,,7;,,%:,) # 0 for

Z = €1 — e4q — 2(e22 — €55) + 5(e33 — €66),

Ui, = €12 — €54, Y;, = €23 — €65, Y;, = €16 + €34.

In this case v(9)(Z, ¥;,, Ui, Ui,) = —217728e14.
If we form

By (2, 91,92, ¥3) = Z (—1)°v(g)(Z, Yo1)> Yo(2)» Yo(3))
g€Sym(3)

we see that this polynomial is not a *-identity as well. For example
B, (611 — eqq — 2(e22 — €55) + 5(e33 — €66), €12 — €54, €23 — €65, €16 + 634) = —435456¢y4.

(All calculations were made using the computer algebra system Mathematica.)
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