BLOCK DESIGN GAMES
A. J. HOFFMAN anp MOSES RICHARDSON!

In this paper, we define and begin the study of an extensive family of simple
n-person games based in a natural way on block designs, and hitherto for the
most part unexplored except for the finite projective games (13). They should
serve at least as a proving ground for conjectures about simple games. It is
shown that many of these games are not strong and that many do not possess
main simple solutions. In other cases, it is shown that they have no equitable
main simple solution, that is, one in which the main simple vector has equal
components. On the other hand, the even-dimensional finite projective games
PG(2s, p") with s > 1 possess equitable main simple solutions, although they
are not strong either. These results are obtained by means of the study of the
possible blocking coalitions. Interpretations in terms of graph theory, network
flows, and linear programming are discusssed, as well as k-stability, auto-
morphism groups, and some unsolved problems.

1. Preliminaries on block designs. Block designs have long been studied
from various points of view and have an extensive literature, an introduction
and references to which can be found in Hall (8).

By a block design® we shall mean a set N of v elements {1,2, ..., 9}, and
a family of b distinguished subsets Wy, Ws, ..., W, of N called blocks, such
that

(a) every W; contains k elements, k£ < v,

(b) every element x belongs to 7 blocks.
A block design may be specified by means of its incidence matrix A = ||a |
with » rows and &. columns, where a;; = 1 if the 7th element belongs to the
jth block and a;; = 0 if not. The numbers v, b, k, r are termed parameters of
the design. Clearly,

(1) or = bk,

since each side represents the total number of ones in the incidence matrix. A
block design is termed symmetricif v = b or, equivalently, 2 = r. A block design
is termed balanced if every two elements occur together in N\ blocks. The
numbers v, b, &, 7, N are termed the parameters of the balanced block design
and satisfy, in addition to (1), the relation

@) r(k — 1) = Ao — 1).

IReceived January 4, 1960. Some of the work of this paper was done while this author was
partly supported by a National Science Foundation Faculty Fellowship.

2Also referred to as incomplete block design and tactical configuration in the literature.
Cf. (2;3;4;10;11).
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A symmetric balanced block design is often referred to as a (v, &, \)-system.
Perhaps the most familiar balanced block designs are the finite geometries,
projective and euclidean, where the points are taken as the elements and the
lines as the blocks; for these, we have A = 1 since two points determine a line.
Other balanced block designs which have long been studied are the Steiner
triple systems (cf. 8; 10; 11) for which eitherv = 6¢ + 1,5 = t(6t + 1), r = 3¢,
k=3, Ax=1lLorv=604+3,0=2t+1)Bt+1),r=3t+1,k=3\=1.
The Steiner triple systems with » = 1, 3, 7 we shall here term #rivial. The case
v = 7 is the familiar seven-point projective plane.

A block design is termed partially balanced if:

(A) There exist non-negative integers Aj, Ny, . .., N, and positive integers
71, #a. . . ., 0y such that to every element x corresponds n; other elements,
called jth associates of x, with the property that any jth associate of x occurs
together with x in \; blocks, and

(B) if x and y are ith associates then the number of elements which are
jth associates of x and kth associates of y is p ;"

The numbers v, b, k, 7, Ay, ..., Apy, %1, . . ., Wy, P’ are termed the para-
meters of the partially balanced block design. It is understood that the numbers
Ni, n4 Pt are independent of the choice of element. We shall suppose that
h > 1.1f b = 1, so that all \; may be replaced by X and all #; by v — 1, then
the block design is balanced.

A partially balanced block design with two associate classes is termed group
divisible if the elements can be divided into m groups each with # elements so
that pairs of elements in the same group occur together in \; blocks and pairs
of elements in different groups occur together in A; blocks, A1 ## \s. It is clear
that #; = # — 1 and n, = n(m — 1). A group divisible design (cf. 2; 5) is
termed singular if r = Ny, semi-regular if r > Ay and rk = v\, regular if r > N\,

and 7k > v),.
Let s,; be the number of elements common to the 7th and jth blocks of a
design; the matrix S = ||s;;|| = 4T4. Itis known that in a symmetric balanced

block design all s;; = \. It is also known (cf. 5) that: for a regular symmetric
group divisible design,
)\2(?’ - }\1)/(7’2 - 'I))\z) < Sij < )\1 lf )\1 > )\2,

3
( ) M < s < >\2(7 — )\1)/(1’2 - ‘1)7\2) if A < Ag;

for a symmetric regular group divisible design with 72 — 9\, and A; — X.
relatively prime, all

4) Sig = A1 or Ag;

for a symmetric semi-regular group divisible design
2)\272

(5) A< Sij < 7+ ohe — My AL

If the block design D* has parameters v*, d*, %*, r* and incidence matrix
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A, then the dual block design D has parameters v = b*, b = v*, k = r* v = k*
and incidence matrix 47, the transpose of 4 (cf. 3; 15).

Restriction. We shall henceforth confine ourselves to block designs, desig-
nated by D, of which the incidence matrices have no two column vectors
equal, and correspondingly to block designs, designated by D*, of which the
incidence matrices have no two row vectors equal. Thus no two blocks of a
design D are to be equal sets.?

If D* is a partially balanced design with all A*; > 0, then in the dual
design D every pair of distinct blocks has a non-empty intersection. If D* is a
balanced design with A* > 0, then in the dual design D the intersection of
every pair of distinct blocks has A* elements.

2. Preliminaries on simple games. Let N be a finite set {1,2, ..., v} of
v players. Let M be the class of all subsets of N, each of which is called a
coalition. If & C N, let St be the class of all supersets of elements of &, and
let ©* be the class of all complements of elements of &. By a simple game is
meant an ordered pair G = (N, 8) where W is a subclass of N satisfying

(a) B = W+
(8) W N B* = 4.

Elements of W are termed winning coalitions, elements of 8 = N — W are
termed losing coalitions, and elements of B = L M L* are termed blocking
coalitions. The simple game ¢ G is termed strong if and only if B = ¢. A simple
game may be defined by specifying the class " C B of minimal winning
coalitions, by virtue of condition (a). Let Wy, W, ..., W, be the minimal
winning coalitions.

A dummy is a player ¢ such that f(S\U {z}) = f(S) for all S € N where f
is the characteristic function of the game. We shall confine ourselves here to
strictly essential games, that is, having no dummies. We use the 0 — 1
normalization.

A vector (ai, @, . .., a,) of non-negative real components such that
(6) S ar=1 for S € w",
i€S
) S a;>1  for SE@®UPB) — B"
i€S

is termed a main simple vector (cf. 12; 14; 7). If there exists a main simple
vector, then the finite set of imputations X = {x®|S € ®™} where

x(s)zjat if 1 €S8
LTl i i¢S

3]t is possible for a design with distinct blocks to have a dual with two or more blocks equal;
see for example, design S12 in (2). If, in a balanced design, N < 7, then two row vectors of the
incidence matrix cannot be equal. If, in a partially balanced design, all A\; < 7, the same
conclusion holds.

*In (12), the terminology is such that all simple games are those which are termed strong
here and in (14). We shall use the terminology of (14) throughout.
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is termed a main simple solution of the simple game G. A player 1 is indifferent
relative to the main simple solution X if a; = 0. This can occur without 7
necessarily being a dummy. We shall suppose that there are no indifferent players
throughout. A main simple solution will be termed equitable if all the components
a; of its main simple vector are equal.

A necessary condition for a set X C N to be a blocking coalition is that
the row vectors R;, ¢ € X, in the incidence matrix, with columns correspond-
ing to minimal winning coalitions and rows corresponding to players, shall
have a boolean sum equal to the unit vector U,, all & components of which are

ones; that is,
E -R‘i = ub

ieX

where the summation is boolean.

3. Block design games. Any block design D, subject to the restriction at
the end of § 1, in which, furthermore, every pair of blocks has a non-empty
intersection, may be used to define a simple game, called a block design game,
in which the players correspond to the elements of the design and the minimal
winning coalitions correspond to the blocks of the design. Particular examples
are the finite projective games studied in (13), symmetric balanced block
designs, group divisible designs with all s;; > 0, the duals of finite euclidean
planes, the duals of Steiner triple systems, the duals of balanced block designs
with X > 0, and the duals of partially balanced block designs with all A; > 0.

The following lemmas will be useful.

LEMMA 1. If, in any simple game, there exists a blocking coalition B (properly)
contained in some minimal winning coalition W, then there exists no main simple
solution.

Proof. 1f there were a main simple vector we would have

Za,-=1 but Zai}l.

1eW ieB
LEMMA 2. If every blocking coalition B in a block design game is such that the

number of players in B is greater than k, then there exists an equitable main
simple solution.

Proof. We can take a; = 1/k.

LeMMA 3. If, in a block design game, there exists a blocking coalition B of
which the number of players is less than or equal to k, then there exists no equitable
main simple solution.

Proof. For we would have

Zai<1

i1€B

and therefore not > 1 as required.
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4. Some theorems on block design games. We establish some theorems
concerning blocking coalitions and main simple solutions of various block
design games. Examples are collected in § 8.

THEOREM 1. A block design game is not strong if one of the following con-
ditions hold:
(@) v =2k >b<3C(k),
(b) v <2kb < Cy,k),
(c) v > 2k, and some (v — k + 1)-tuple of players constitutes a losing coalition.

Proof. Under hypothesis (a), at least one k-tuple of players is not in "
and has its complementary k-tuple also not in ™, for the number of k-tuples
in ™ \U W™ is 26 < C(v, k). Hence B = LN & = ¢.

Under hypothesis (b), there exists a k-tuple not in ™ whose complemen-
tary (v — k)-tuple is not in T since v — k& < k, while any set in & has at
least £ members.

Under hypothesis (c), the complement of the given (v — & 4+ 1)-tuple is
also in ¥ since it has only # — 1 members.

More precise information concerning blocking coalitions in various block
design games is given in the remaining theorems of this section.

THEOREM 2. In any simple game, if there exists a player x; and a minimal
winning coalition W, containing x, such that every other minimal winning
coalition W containing x, intersects W, in more than one element, then there
exists a blocking coalition B which is a (proper) subset of Wi. Hence, under
these hypotheses, the game is not strong and there exists no main simple solution.

Proof. Let Wy = {x1, x2, ..., %}, say, and let B = W, — {x1} = {xq, ...,
x;}. Now every minimal winning coalition W different from W, must intersect
W1, and furthermore, by hypothesis, must intersect B. Consequently, B is a
blocking coalition (properly) contained in W;. The last sentence of the theorem
follows from Lemma 1.

COROLLARY. The hypotheses and hence the conclusions of Theorem 2 are
satisfied if the block design game D is any of the following:

(a) a symmetric balanced block design with X > 1,

(b) the dual of any balanced block design with X > 1; in particular, the dual
of the design formed by the s-spaces in a projective or euclidean m-space PG (m, p")
or EG(m, p") with 1 < s < m;

(c) the dual of a partially balanced block design with all A; > 1;

(d) a symmetric regular group divisible design with 1 < Ny < Ag;

(e) a symmetric regular group divisible design with Ny > Xy and N2(r — \;) >
r? — 'U)\z;

(f) @ symmetric semi-regular group divisible design with \; > 1;

(g) a symmetric regular group divisible design with r> — v\y and Ny — \q rela-
tively prime and both Ny and . greater than one.
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THEOREM 3. If D* is a balanced block design with parameters v*, b*, k*, r*,
and \* = 1, then its dual D vyields a game which is not strong if either ® b = 3
and v > 4, or k > 4 and r > 3. In particular, under these hypotheses, there
exists a blocking coalition with k + r — 2 members.

Proof. In D we have bk = vr and k(r — 1) = b — 1, and the intersection of
every pair of minimal winning coalitions has just one element. Consider any

block W = {xy, ..., x:} of D. There are
r+ Rk —=—2)r—1)=k(r—1)—r+2=5b—(—1)
blocks containing at least one of the elements x;, ..., x5, leaving » — 1

blocks intersecting W in x; only. In these » — 1 blocks there are (r — 1)
(B — 1) elements other than x;. There exist (¢ — 1)"~! possible (r — 1)-
tuples with one element chosen from each of these » — 1 blocks. Excluding
W, there are (r — 1)(k — 1) blocks containing elements of {xq, ..., x3_1}.
But,if # =3 andr > 4,orif 2 > 4 and » > 3, then

k—=—10D""1>Fk—1)F—1).

Therefore, in this case, at least one such (» — 1)-tuple {yy, ..., y,_1} exists
not forming a block together with any member of {xi,...,x._1}. Thus,
{%1, ..., %1, Y1,...,%r—1} is a blocking coalition, which completes the
proof.

COROLLARY 1. The dual D of a non-trivial Steiner triple system D* is not
strong.

Proof. Except for the cases v* = 1, 3,7, which we have termed trivial,
the Steiner triple systems have k* = 3 and r* > 4. Hence, in the dual, » = 3
and k& > 4.

CoROLLARY 2. If D* is the system of lines in the finite euclidean space
EG(m, p") of m dimensions over the Galois field GF(p") for m > 2 and p" > 3,
then the dual D is not strong.

Proof. In D* we have v* = p" p* = pr™=D(1 + p" 4 .., + prOe=D),
Br=p"r*=1+p"+...4p"™ D and \* = 1. Hence in the dual, » > 3
and £ > 4.

COROLLARY 3. If D* is the system of lines in the finite projective space
PG(m, p*) of m dimensions over the Galois field GF(p") with m > 3 and p" > 2,
then the dual D s not strong.

Proof. In D*, we have v* =14 p" + ... 4+ p™,

_O4p et MUt "
1 _l_pﬂ ’
5]t is easily verified that the only remaining cases are the triangle and the seven-point

projective plane, which are strong, and the duals of complete n-gons, # > 4, also termed
triangular association schemes below, which are not strong.

b*

=14
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r*=14+p"+ ...+ p™ D" and \* = 1. Hence, in D, we have £ > 4, and
r > 3.

5. Some games with no equitable main simple solution.

THEOREM 4. If D* is the system of hyperplanes in the finite euclidean m-space
EG(m, p"), m > 2, then in the dual D there exists a blocking coalition with p"
members.

Proof. In EG(m, p"), consider any family of p" parallel hyperplanes or
(m — 1)-spaces, one through each point of a transversal line. Their union con-
tains all the points of the space. In the dual D, these hyperplanes correspond
to p" elements incident with all the blocks, no two of which elements occur
together in any block. Therefore, these elements constitute a blocking coalition
with p" members.

COROLLARY. The block design game D, dual to the system of hyperplanes of a
finite euclidean m-space EG(m, p*), m > 2, is not strong and has no equitable
main simple solution.

Proof. The last conclusion follows at once from Lemma 3 of § 3.

THEOREM 5. In the dual D of a non-trivial Steiner triple system D*, there
exists a blocking coalition with k members.

Proof. In D*, consider the set of 7* triples containing a given element x,
say. Delete any two of these triples, say (x, a, ) and (x, ¢, d) where a, b, ¢, and
d are, of course, distinct elements. Then there exist triples (a, ¢, ¥) and (b, d, 2)
with v 5 x, z # x in D*, since \* = 1 and since the trivial systems have
been excluded. Replacing the two deleted triples by the latter two, we have
a set of triples whose union contains all elements of D* and does not contain
any set of all triples through any particular element. In the dual D, this
corresponds to a set of elements incident with all blocks but not containing
all elements of any particular block. This is a blocking coalition with & = r*
elements.

COROLLARY. The block design game D, dual to a non-trivial Steiner triple
system D*, is not strong and has no equitable main simple solution.

Proof. The latter conclusion follows at once from Lemma 3 of § 3.

Remark 1. The system of all lines in m-dimensional finite projective space
PG (m, 2) over the integers modulo 2, and the system of all lines in m-dimen-
sional finite euclidean space EG(m, 3) over the integers modulo 3, are Steiner
triple systems. Of course, not every Steiner triple system is of this type.

Remark 2. The conclusion of Theorem 3 does not hold for the dual of a
partially balanced design with some A; = 1 and some \; > 1. For instance,
the game of Example 2 is not strong but the game of Example 6 is strong
(see § 10, below).
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By a triangular association scheme (cf. 2) is meant an # by z matrix in
which: (a) the elements on the principal diagonal are left blank; (b) the
n(n — 1)/2 positions above the principal diagonal are filled by the numbers

1,2,...,n(n — 1)/2; (c) the matrix is symmetric. If we take the players to
be the numbers 1, 2, . . ., n(n — 1)/2, and the minimal winning coalitions
Wi, ..., W, to be the rows of the triangular association scheme, then it is

easily seen that we have a block design game with v = n(n — 1)/2, b = n,
k=mn—1,r =2, and every two distinct minimal winning coalitions have
one player in common. We shall term such a game a triangular game.

THEOREM 6. A triangular game with n > 3 has a blocking coalition with
<k — 1 members; hence it is not strong and has no equitable main simple solution.

Proof. Let {x1} = Wi M\ W, Since W, \U W, has 2n — 3 members, and
v > 2n — 3 for n > 3, there exists an x, § W, \U W,. Suppose, for example,
that {x.,} = Wi/ W4 Then we can choose arbitrarily x; € W, (1 =
5, 6, ..., n), distinct or not. Obviously, the distinct members of the set
{21, X2, X5, X, - - . , X,} form a blocking coalition with <z — 2 = & — 1 mem-
bers. The second assertion of the theorem follows from Lemma 3.

Remark 3. In fact, it is easy to see that there exists a blocking coalition with
[(n + 1)/2] members, where [x] is the largest integer <x, but this stronger
result does not seem to have any interesting game-theoretic implications.

6. Even-dimensional finite projective games. In (13), finite projective
games PG(h, p") were defined as follows: the players are the points of the
finite projective space PG(k, p") of dimension 2 > 1 over the Galois field
GF(p"), and the minimal winning coalitions are the (s + 1)-spacesif 2 = 2s +
1, and the s-spaces if # = 2s. As noted in (13), the odd-dimensional finite
projective games are not strong and have no main simple solution since the
s-spaces are blocking coalitions contained in the minimal winning coalitions
(cf. Lemma 1, above). In (13), it is also proved that the plane games PG (2, p*)
are not strong except for p* = 2, but that all of them have equitable main
simple solutions. We shall now round out this discussion by disposing of the
games PG(2s, p") with s > 2.

THEOREM 7. The games PG(2s, p"), s > 2, are not strong.

Proof. Consider any (s + 1)-space Py .1 in PG(2s, p"). Since any s-space
intersects P, in a space of dimension at least one, a set B will be a blocking
coalition if it consists of points of P,.; such that B meets every line of Py,
but contains no s-space of P,.;. We show that such a set B exists. Introduce
a homogeneous co-ordinate system (xo, x1, . . ., Xs41) Into Pgy; in the usual
way by means of an (s 4+ 1)-simplex of co-ordinates ;1.

Case 1. Suppose either p" # 2, or p* = 2 and s is even. Let B be the set of
all points x of P, such that the number Z(x) of zero co-ordinates of point x
satisfies 1 < Z(x) < s.
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We prove first that every line [ of Py, intersects B. Clearly, [ meets the
s-space xo = 0 in at least one point x. If Z(x) # s + 1, it is the desired point
of B. If Z(x) = s 4+ 1, then let the remaining non-zero co-ordinate of x be
x4 ¢ # 0. Let y be a point of intersection of / with the s-space x; = 0. If
Z(y) # s + 1, it is the desired point of B. If Z(y) = s + 1, then the point
x + v is a point of / having Z(x + y) = s, and is therefore in B.

We must still prove that B contains no s-space of Pg.;. Let an equation of
an arbitrary s-space of P be

(8) ao + a1y + ...+ a1 = 0.

If at least one coefficient, say a,, is equal to zero, then the point (1, 0,0, ...,0)
is a point of the s-space not in B. If all coefficients of (8) are different from
zero, we consider two cases, p" = 2 or p" % 2. If p* = 2, and s is even, then
s + 2iseven, and, since all ¢; = 1 by hypothesis, we have

s+1

Z a; = 0mod 2;
i=0

hence (1, 1,...,1) is a point of the s-space not in B. If p" ## 2, let ¢ # 0, 1
and consider the numbers

9 ay+ a4+ ...+ a
and
(10) a+a+...+a+ca.

At least one of these is not zero, because if both were zero then subtraction
would yield (¢ — 1)e; = 0 and hence a; = 0 contrary to the hypothesis that
all a; % 0. If (9) is not zero, then the point

<1,1,...,1,1,_m_-+_as>

Qs+1

satisfies (8) but is not in B. If (10) is not zero, then the point
(111,-..,1,(:, —a0+"'+as—1+(§ds>

A1

satisfies (8) but is not in B.

Case 2. Suppose p" = 2, and s is odd, s > 3. Let B be the set of all points
xof Pyyywith Z(x) £ 1,5 + 1.

We prove first that every line / of P, intersects B. Let x be a point common
to I and the s-space x0=0. If 3 (0,1,1,...,1), (0,1,0,...,0),
0,0,1,0,...,0),...,(0,0,...,0,1), then x € B. If x is one of these
points, let y be a point common to / and the s-space y; = 0, where the sth
co-ordinate of x is 1, so that x £ y. Suppose, for example,z = 1. Ify # (1,0, 1,
..., 1, (1,0,0,...,0), (0,0,1,0,...,0),...,(0,0,...,0,1), then y €
B. It is easily seen that in any of the remaining cases, Z(x + y) = 2, s, or 0.
Hence x 4 y is a point of / belonging to B.
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It is still necessary to prove that B contains no s-space of P.;. Let (8) be
again an equation of an arbitrary s-space of Py, If at least one coefficient,
say ao, is zero, then the point (1,0, ..., 0) satisfies (8) but is not in B. If all
a; # 0, then all a; = 1, and, since s is odd, the point (0, 1, 1, ..., 1) satisfies
(8) but is not in B. This completes the proof.

Geometrically, in Case 1, B consists of all the points of the face-planes of
dimensions s, ..., 1 of the co-ordinate simplex ¢,1; excluding the vertices.
In Case 2, B consists of all the points of P, excepting the vertices of oy1; and
the points of the s-face-planes not lying on face-planes of lower dimension.
It is not difficult to count the number of points in B and to see that this
number is greater than the number of points in an s-space. But in the next
theorem we shall show that this must be true for any blocking coalition in
PG(2s, p"), s > 2; and hence, by Lemma 2, that there exists an equitable
main simple solution.

In PG(2s, p"), let a; be the number of points in an ¢-space, and let «;,* be
the number of 7-spaces containing a given j-space.

LEMMA 4. If r < s, then a,_1" > 1 + a,.
Proof. By an easy calculation, we get
™m 2sn
oot
P

xyr1 =
T
p

But » < simplies 2s —r > s,or 2s — 7 > s + 1. Hence s,y — a5y > agyq —
a, = pE+tO" Since p" > 1, we have ag;; — ay > 1.

=1 _I_Pn +P2n + L + p(2s—r)n = asy ;.

THEOREM 8. The games PG(2s, p*), s > 2, have equitable main simple solu-
tions.

Proof. By Lemma 2 it suffices to show that if B is any blocking coalition,
then the number |B| of points in B is greater than a,. Suppose, contrarywise,
that |B| < a,.

If every line joining two points of B were contained in B, then B would be
a t-space. If ¢ > s, B could not be a blocking coalition since it would contain
an s-space or minimal winning coalition. If ¢ < s, then there would be an s-
space in PG(2s, p") not meeting B, contrary to the assumption that B is a
blocking coalition. Therefore, there exists a line / with at least two points in
B and at least one point x not in B.

We now prove inductively that for each » < s — 1 there exists an r-space
containing x but not intersecting B. For r = 0, the point x suffices. Suppose
the assertion is correct for » < s — 1. By Lemma 4, there are more than
1 4+ a, (r + 1)-spaces containing the given r-space; since only one of them can
contain /, there are more than «; (» 4+ 1)-spaces containing the given r-space
but not containing /. One of these (r + 1)-spaces does not intersect B, since
at most one of them can meet a given point of B; for, if two of them contained
the same point of B, then this point would be in the intersection of these two
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(r + 1)-spaces which is the given r-space, contradicting the induction hypo-
thesis that this r-space does not intersect B. This completes the induction.

In particular, there exists an (s — 1)-space containing x but not intersecting
B. Every s-space containing this (s — 1)-space meets B in at least one point
since B is a blocking coalition. But the s-space determined by / and the given
(s — 1)-space meets B in at least two points. Therefore |[B| > 1 + a;, contrary
to the supposition that |B| < a,. This completes the proof.

7. Affine resolvable games. In this section, we examine certain simple
games formed from block designs but not using all the blocks of the design
as minimal winning coalitions.

A balanced design is termed affine resolvabdle if the & blocks can be divided
into 7 classes of » blocks each, such that:

(a) every one of the classes of # blocks contains a complete replication of
the v elements;

(b) any two blocks of different classes have the same number of elements
in common.

Then (cf. 1) we have b = nr,v = nk, b =v +r — 1, and s;; = [B, N\ B,| =
k2/v if B, and B are in different classes. If we arbitrarily select one block from
each class as a minimal winning coalition, we obtain a simple game, with
|W"| = r = b/n, which we term an affine resolvable game. Not all these games
formable from a given affine resolvable balanced design need have the same
number of players. For example, an affine resolvable balanced design with
v=12,6=22,r=11, k =6, A\ =5, n = 2 is given (cf. 1) by the blocks

B, =(1,3,4,5,9,11) B, = (2,6,7,8, 10, 12)

B, = (2,4,5,6,10,1) By = (3,7,8,09,11, 12)

B; = (3,5,6,7,11,2) By = (4,8,9,10,1, 12)

B, = (4,6,7,8,1,3) B;; = (5,9,10, 11, 2, 12)

Bs = (5,7,8,9, 2 4) By = (6,10, 11, 1, 3, 12)

B = (6,8,9, 10, 3, 5) By =(7,11,1,2,4,12)

B; = (7,9,10, 11, 4, 6) B =(8,1,2,3,5,12)

Bg = (8,10,11,1,5,7) By = (9,2, 3,4, 6, 12)

By = (9,11,1,2,6,8) By = (10, 3,4, 5,7, 12)

By = (10,1,2,3,7,9) Bsy = (11,4, 5,6, 8, 12)

B = (11,2, 3,4, 8, 10) B = (1,5,6,7,9,12)
where B;and B;1; (# = 1,..., 11) constitute the 7th class. One affine resolv-
able game with eleven players has B;(¢ = 1,...,11) as minimal winning
coalitions. Another affine resolvable game with twelve players has B,(j =
12, ..., 22) as minimal winning coalitions. In both cases |B; M B,| = k%/v =

3 if ¢ ¥ j. In the first case {1, 3, 4} is a blocking coalition; in the second case
{12} is a blocking coalition. Many other affine resolvable games can be formed
from the same design.

https://doi.org/10.4153/CJM-1961-009-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-009-8

BLOCK DESIGN GAMES 121

Another example of an affine resolvable balanced design is an EG(2, p"),
where the classes of blocks are the parallel pencils of lines. Selecting one line
from each parallel pencil, we have an affine resolvable game with |B; N\ B,| = 1
if 75 3.

As an immediate consequence of Theorem 2 and Lemma 1, we have the
following theorem.

THEOREM 9. If an affine resolvable balanced design has k*/v > 1, then any
affine resolvable game obtained from it as above is not strong and has no main
stmple solution.

8. Interpretation in terms of linear graphs and network flows. Any
simple game G can be represented as an even (or bipartite, or simple) graph,
as follows. Let the two vertex sets be W™ = {W,, W,, ..., W,} and N =
{1,2,...,v} and let W, € ™ and j € N be joined by an arc if and only if
jis a member of W,. Each vertex W, has degree |IW,|, the number of members
of W,. The many-valued mapping I': N — 8™, where T'(j) is the set of all
minimal winning coalitions to which j belongs, is such that ='W, N T'—1W, =
¢ for 7 # j, or, in other words, I'T~1W, = W™ for each W,. If G is a block
design game then the degree of every vertex W; of 8™ is k and the degree of
every vertex j of N is r. To a blocking coalition of any simple game G in this
representation corresponds a subset B of N such that B = ®” but B /) I'-!
W, forany W, € B™

We can convert this graph theoretic representation into a network flow
representation as follows. Join all vertices of NV to an input vertex I, and all
vertices of ®™ to an output vertex U, as in Fig. 1, illustrating the dual of
EG(2, 2) with v =6, b =4, k=3, r =2 (cf. Example 1, § 10). Putting
capacities ¢;; on the arcs as indicated in the figure, a blocking coalition cor-
responds to a flow x;; yielding maximum output but with the restriction that
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the flow shall not be different from 0 at any entire set of vertices of the form
r-'w, W; € . This can, in turn, be expressed as a linear programming
problem: find «x;; such that

;xaﬁ—-;xg,,:O

for each vertex 8 # I, U, and such that

(1) Z Xy = max = b
jew"

subject to the constraints

(2) 0< Xij < Cijy

with the additional restriction that
(3) for each j € W™ there exists an 7 = 4(j) € I'"!(j) such that
Xri = Z Xij = 0.
7

If such a flow exists, a blocking coalition is given by the set

If such a flow does not exist, the game is strong. By the methods of Goldman
and Tucker (6), all extreme feasible vectors of the linear programme given by
(1) and (2) can be determined, and then each W; € ®"(j = 1,2,...,5) can
be examined to see if the additional restriction (3) is satisfied. For if any feasible
vector is on a co-ordinate (# — r)-plane

Xy =xi2=...=xi,=0
then so is some extreme feasible vector.

Thus the results of the preceding sections are readily interpreted in terms
of linear graphs or network flows, as desired.

9. Miscellaneous remarks. Unsolved problems. In Luce (9), it is
proved that a necessary and sufficient condition for a simple game to be A-
unstable is that there exist an (& 4+ 1)-element winning coalition and that
the intersection of all (2 + 1)-element winning coalitions be empty.

THEOREM 10. A bdlock design game is h-stable for 1 < h < k — 1 and h-
unstable for'k — 1 < h <o — 1.

Proof. There exists a winning coalition with 2 4+ 1 members if & > & — 1.
Clearly, for 2 = k — 1, the intersection of all (4 + 1)-element winning coali-
tions is empty since r < b. As long as there remain two different elements to
adjoin to the (& -+ 1)-element sets to obtain (2 + 2)-element sets, induction
shows that the intersection of all (% 4 1)-element winning coalitions is empty
for & < v — 1. This completes the proof.
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We define an automorphism (collineation or perhaps cowineation) of a
block design with incidence matrix 4 = ||a|| to be a permutation 7z of the
rows of 4 (elements or players) which carries columns of 4 (blocks) into
columns of 4. Let ¢ be the permutation of the columns induced by the per-
mutation wg. We shall assume that A has neither duplicated columns nor duplica-
ted rows. Let Gg be the group of all automorphisms 75 and let G¢ be the group
of all me.

LeMMA 5. If mr induces wc¢ then in the dual design the automorphism we
wnduces Tg.

Proof. Let mg carry the matrix 4 into the matrix B. Then
bij = Qrp(i).j = Gimgh
for all 4, . Hence wg is induced by m¢.

LeEmMA 6. No two different row permutations wg #= 7' can induce the same
column permutation.

Proof. If so, then
Qinp(H = Qi o(i)
for all 4, 7 and hence
Arp(i),d = Qn' p(), 5
for all 4, j contrary to hypothesis.

THEOREM 11. The automorphism groups of dual designs are isomorphic (as
groups, even though of different degrees).

Proof. Obviously, the product of two row permutations induces the product
of the induced column permutations. Hence, with our restriction of non-
duplication of rows and columns of 4, the homomorphism is one-to-one, and
onto.

The following unsolved problems seem to be difficult:

1. How can one determine the automorphism group of a block design
(without examining one by one each of the permutations of the symmetric
group on v letters to see if it is an automorphism, although this might be feasible
within limits with a computer)? This is solved for the desarguesian finite pro-
jective spaces and the associated euclidean spaces. Further, what can be said
of the transitivity of this group acting on elements and on blocks?

2. What is the minimum number of members in a blocking coalition of a
block design game? This is unsolved even for finite projective planes, except
for PG(2, 3).

3. Do the block design games, not covered by (13) or the corollaries of
Theorem 2, above, possess main simple solutions?
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4. To determine all block design games given the parameters v, b, &, # such
that & = vr. That is, to determine all » X & matrices A with a;; = 0 or 1 such
that the row sums are all equal to , the column sums are all equal to &, and
the elements s;; of S = 474 are all positive.

5. If v = b and (hence) & = r, when do there exist permutation matrices
P, Q such that PAQ = AT where A4 is the incidence matrix? When do there
exist permutation matrices P, Q such that PAQ is a symmetric matrix? When
is there a row permutation such that RA is symmetric? What are general
criteria for permutation equivalence of matrices with elements equal to 0 or
1? for general matrices?

10. Examples. We collect in this section some concrete examples illustrating
some of the preceding theorems. Other examples of block designs yielding
simple games can be found in (2).

Example 1. The finite euclidean plane EG(2, 2) has v* = 4, b* = 6, B* = 2
r* = 3, \* = 1 and (Fig. 2) incidence matrix

’

a b c de f | a 2
e

171 1 1 0 0 O

21001 10 c d

3]0 1 0 1 01

410 01 0 1 1

4 f 3
FiG. 2.

In the dual game we havev = 6, b6 = 4, k = 3, » = 2 and the intersection of
every pair of blocks has one element. The incidence matrix of the game is the
transpose of the above. The sets {a, f}, {d, e}, {c, d} are blocking coalitions
illustrating Theorem 1(a). By Lemma 3, there is no equitable main simple
solution. But in this example, it is easy to give a direct proof that no main
simple solution exists at all. For the linear system (6), (7) becomes, with
obvious changes in notation:

xu+xb+xc =1
Xa + xa + x. =1
Xp + X4 +x, =1

X, +x,+x,=1

Xa —I—x,>l
Xy =+ x, > 1

X, + x4 > 1.

This implies x, = x;, > %, x, = x, > %, x, = ¥, > % so that a contradiction
would result.
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Example 2. The symmetric partially balanced block design designated as
Rlin Q hasv* =0*=6,k*=r*=3, M1 =2, \2=1,n,=1, n, = 4 and

incidence matrix

a b c de f
11 0 0 1 0 1
211 1 0 0 10
3|0 1 1 0 0 1
411 0 1 1 0 O
5/0 1 0 1 1 0
6/0 0 1 0 1 1

The dual has v = & = 6, 2 = r = 3, every pair of blocks has an intersection
of one or two elements, and the incidence matrix is the transpose of the above.
The set {a, b, ¢} is a blocking coalition. This illustrates Theorem 1.

Example 3. The symmetric regular group divisible partially balanced block
design designated as R2 in (2) has ov* = 0* = 6, 7* = k* = 4, \; = 3, Ay = 2,
n1 = 2, n, = 3 and incidence matrix

a b c d e f
11 0 0 1 1 1
211 1 11 00
3]0 1 0 1 1 1
411 1 1 0 1 0
5/0 0 11 1 1
61 1 1 0 0 1

Here s;; = 2 or 3 and indeed {1, 2} is a blocking coalition contained in the
minimal winning coalition ¢ in accordance with Corollary (d) of Theorem 2.
The dual has v = b = 6, B = r = 4, every pair of blocks has an intersection
of 2 or 3 elements, and its incidence matrix is the transpose of the above. In
accordance with Theorem 2, there is a blocking coalition contained (properly)
in a minimal winning coalition, namely, {a, b, ¢}, which is a proper subset of
blocks 2 or 4, or {a, d} which is a proper subset of blocks 1 or 2. In fact the
dual is isomorphic to the original design as can be seen by performing the

permutations
123456) d abedef
152634) 2" \acedfb

on the rows and columns respectively.

Example 4. Let EG(2, 3) be the euclidean plane over the integers modulo 3,
with v* = 9, b* = 12, k* = 3, r* = 4, \* = 1. The projective plane PG (2, 3)
has the cyclic representation
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0 1 2 3 456 7 8 9 10 11 12
1 2 3 45 6 7 8 9 10 11 12 O
3 4 5 67 8 9 10 11 12 0 1 2
9 10 11 12 0 1 2 3 4 5 6 7 8

Taking the line {12, 0, 2, 8} as line at infinity, and deleting its points, we
derive the incidence matrix of EG(2, 3):

a bcdef g hi j k1
111100 0100 0O0O01
3/101 10 0O01O0O0O00O0
410 1 01 1 0 0 01000
5/]0 01 011000100
6/0 001 01 10O0O0OT1IODO
710 0001 01 1.0 001
91 0 0 0001 01100

0/(01 0 0 0 0010110
11/0 01 0000 01 011

In the dual, we have v = 12, 6 = 9, kB = 4, r = 3, every pair of blocks
intersects in one element, and the incidence matrix is the transpose of the
above. Note that EG (2, 3) is also the simplest non-trivial Steiner triple system.
The process of Theorem 5 applied to {a, b, f, I}, choosing f = [1, 5, 6], I =
(1,7, 11], yields e = [4, 5, 7] and & = [6, 10, 11] as substitutes, producing the
blocking coalition {a, b, e, k}. But this is not minimal since {a, ¢, k} is also a
blocking coalition.

Example 5. One of the Steiner triple systems with v* = 13 (cf. 8) has the
incidence matrix

COOO\]CJU!#WM&—‘|

OO OO ODOODODODOO = = HIP
OO DO OO OOH=~=OO T
OO DD OOHMMHOODOO O
O OO =R OODODOOOO A
SO MH OO OoOoOH|O
—_—- O OO OO0 O I
OO0 OO HOHOHOIR
OO OO OO HO OO O|IT
OO O OH~HOODODOO—=O|
O H OO OO OO - O|=
—_HO OO0 OoOOoOOoO~=OIR
OO O OO HOODO M= OO|—
Scooco—RO~ROO—~OOO|E
—_—o O OO0 OoOOoO—ROOO|R
O MR OO0 O~ROOO|0
OO OO OO O~OO|T
—_FO0O 00O RMROOOOOOL
oOHOROOROOOOOO|T
COoOHRO0OOROOROOOO|®
OO0 O0OHROHOODOOO|
OCOoOHOROO—~HOOOOO|E
O OO0 ~OROO|<
—_ O OO HOODODOO~OO|R
—_ O OO0 MHOOOO|W
OO P OO OO OOIN
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The dual has v = 26, b = 13, k = 6, r = 3, every pair of blocks intersects in
one element, the incidence matrix is the transpose of the above, and {a, m, s, w,
f} is a blocking coalition.

Example 6. The design 79 of (2) has v* = 10, b* = 6, k* = 5,7 = 3, A\; =

1, N\ = 2, n; = 6, no = 3, and incidence matrix

a b c de f
11110 01 0
210 01 011
3/1. 00 1 01
410 1 1100
5(0 1 01 0 1
6/0 0 1 1 10
711 0 1 0 0 1
81 1 1 0 0 O
911 0 0 1 1 0O

10/0 1 0 0 1 1

The dual has v = 6, 6 = 10, £ = 3, r = 5, and the incidence matrix is the
transpose of the above. This game is strong, and has a main simple vector
a;=1/3@=1,2,...,6).

Example 7. The design SR14 of (2) is a symmetric semi-regular group
divisible design with v = b =9, B =7 = 6, \; = 3, A\s = 4, and incidence
matrix:

e =R == o )

@00\105011»"%00[\3»—&]
OO O i b e
bt O - O O =T
= O O O e = =0
O b b b © O = =
bt ek etk D = O = O =D
—_ O = O = = O]
[ B S O Sy e Y R == =
e e ek D et D e O

(e

Here all 5;; > A1 = 3, and indeed {1, 2, 3} is a blocking coalition contained in
the minimal winning coalition a, as promised by Corollary (f) of Theorem 2.
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