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SOME PROPERTIES
OF HANKEL CONVOLUTION OPERATORS

J. J. BETANCOR AND I. MARRERO

ABSTRACT.  Let 5-[“/ be the Zemanian space of Hankel transformable generalized
functions and let O}, , be the space of Hankel convolution operators for #,. This H,/
is the dual of a subspace #, of O"L‘* for which OfM is also the space of Hankel con-
volutors. In this paper the elements of O[M are characterized as those in L(%) and
in L(}[ﬂ’) that commute with Hankel translations. Moreover, necessary and sufficient
conditions on the generalized Hankel transform @LS of § € sz,* are established in
order thatevery T € O/, suchthat Sx T € #, lie in H,.

1. Introduction. Let p € R, and let H, be the space of Hankel transformable func-
tions, as introduced by A. H. Zemanian [5]. We recall that .‘7-[H consists of all those in-
finitely differentiable functions ¢ = ¢(x) defined on / =]0, oo[ such that the quantities

¥ (@) = sup [(1+3))" (' DY 2g(x)|  (m,k € N)
xel

are finite. When endowed with the topology generated by the family of seminorms
{75 Hempenxn #H, becomes a Fréchet space. The Hankel transformation

OO = [ $00vxtT, (x0) dx

is an automorphism of #,, provided that u > —1/2 (here, as usual, J, denotes the

Bessel function of the first kind and order p). If © > —1/2, the generalized Hankel

transformation @L is defined on .’7'[;[ , the dual space of ﬂ-@, as the adjoint of . Then
1, is an automorphism of .

In previous papers [2] and [3], for u > —1 / 2, the authors have introduced and studied
the subspace O], , of %/ formed by all those T € #, such that 6(x) = x 291, Dx)
is a smooth function on / with the property that for every £ € N there exists n, € N
satisfying

sup |(1 +X2) "™ (x~'D)*0(x)| < +o0.
x€l

Clearly, #,, is a subspace of O"l,*. The space O of all those smooth functions § = 6(x) on
I possessing the above property turns out to be the space of multiplication operators on
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#, and on %’ (¢ € R), whereas OL‘* is the space of convolution operators on #, and
on H/ (u>—1/2).

In what follows we shall always assume that y is a real number not inferior to —1/2
and, unless otherwise stated, that }[u’ is endowed with its weak™ topology.

In Section 2 of this paper the elements of O;’M are characterized as those in £(#,) and
in L(%’ ) that commute with Hankel translations. Here, as customary, L(,) (respec-
tively, L(}[ﬂ’ )) denotes the space of all linear continuous operators from H,, (respectively,
9[“’ ) into itself. Furthermore, necessary and sufficient conditions on the generalized Han-
kel transform §,S of S € O, , are established in order that every distribution T € O, ,
such that § x T € #, lie in #,. This is done in Section 3.

2. Characterizing O/, in L(#,) and in L(H]). Let L(H,) (respectively, L(H)))
denote the space of all linear continuous operators from H,, (respectively, }[u’ ) into itself.
The characterization of the elements in L(%) and in L(}[#’ ) that commute with Hankel
translations is our first objective.

We recall that the Hankel translation 7,¢ of ¢ € #, by x € I is defined as

m$)0) = [ 6@Duxy.Ddz (v ED,

where,

Duxy.2) = [T g 00 g,005@dt (xy.z €D

and J,(z) = /zJ,(2) (z € I). The map ¢ +— 7,¢ is a continuous endomorphism of 9‘@
Further

2.1 (D)) = 7712 9,00)(D,9)(1) (r € T)

whenever ¢ € H, and x € .
Ifue }[u’ and x € I, we define T,.u € .‘}{" by transposition:

2.2) (reu, @) = (u, ) (¢ € H,).
The following analogue of (2.1) holds for the generalized translation (2.2).

LEMMA 2.1.  Letu € #] and x € I. Then:

©ma)t) = 7121, ©Lu)t) (¢ € D).

PROOF. Foru € H/,x € I,and ¢ € H,, a combination of (2.1) and (2.2) yields:
(Op7att, D,0) = (e, ¢) = (0, 7x) = (D4, D7)

(©Lu) @), 72 7,(t)(D,9)())
= (12 2,)(D,u)(0), (D,.8)(1)). .

I
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The classical Hankel convolution ¢ * ¢ of ¢, ¢ € H, is the function

e = [T oMmOMdy (x €D,

The map (¢, ) — ¢ * ¢ is continuous from % X ﬂ; into #,. The generalized Hankel
convolution u x ¢ of u € H/ and ¢ € H,, is the distribution given by

(uxd,0) = (u.0xp) (p€H).

The map (u, ¢) — u * ¢ is separately continuous from H x #, into #/, when FH/ is
endowed either with its weak™ or its strong topology. Finally, for u € }[J and T € O;’t,*’
the generalized function u x T € # is defined as

(2.3) (uxT,¢) = (u,Tx¢) (¢ € H,).
Note that each of these definitions extends the previous one. Moreover,
(2.4) ©uxT)() =t 2@, DO, €D
whenever u € H/ and T € O, ,.
If ¢, = 2#T'(u + 1) then the element 6, of O, , given by
(6 0) = cu lim x 12600 (6 € H)

is an identity for (2.3).
The generalized *-convolution commutes with Hankel translations:

LEMMA 2.2. Assume thatu € H/ andx € I If T € O}, ,, then

T xT) = (rau) * T = ux (1, 7).

PROOF.  Since 9}, is an automorphism of #/, we establish the lemma by fixing € I
and using Lemma 2.1, along with (2.4), to write:

(Dl mlux T)) (1) = #7129, () u % TY () = 177" J, () (D, T, u)(1),
(95, aw) * T) () = £+ HQL DY@ ) (®) = 77 1,6, IO u)(0),
(Dpu* (D)) = VA RDO@Lu)@) = 27 T, T ,w)(r).
We are now in a position to prove

THEOREM 2.3. IfT € O,,, and L is the element of L(H,) defined by

2.5) Lo =Tx¢ (¢€H),
then
2.6) ToL=Lr, (xel).
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Conversely, if L € L(H,) satisfies (2.6) then there exists a unique T € Olll,* for which
(2.5) holds.

PROOF. LetT € OL,*. The fact that L € L(#H,) defined by (2.5) satisfies (2.6) is
contained in Lemma 2.2. On the other hand, assume that L € L(%) is such that (2.6)
holds, and define T € # by

(T,¢) = (0. Lo) (¢ € H,).
Then
(T * ¢)(x) = (T, 1x¢) = (b, L1x¢) = (0, TxLp) = (b * L)(x) = (LP)(x) (x € 1)

whenever ¢ € H,, which proves (2.5). Since OL,* is the space of convolution operators
of H,, it follows from (2.5) that T € O),,. As to the uniqueness assertion, note that if
S € 0, is such that S x ¢ = 0 for every ¢ € H,, then § = 0. In fact, Sx ¢ = 0
(¢ € H,) and (2.4) imply r#~ VXD S)(D)¢(t) = 0 (¢ € H,, t € I). By particularizing
o) = "*1/2¢=" (¢t € I) we find that t““l/z(@LS)(t) = 0, whence 9§ = 0 and
S=0. [

The following result will help in characterizing the elements of Oy, , as those in L(.’HL’ )
that commute with Hankel translations.

LEMMA 2.4.  The linear hull of the set of generalized functions of the form 7,6, (x €
I) is weakly* dense in H,.

PROOE.  Since (9,6,)(t) = t**!/2 (¢ € I), by Lemma 2.1 we have
(O, 10,0 = Ju(xt)  (x,t €1).

If ¢ € H, does not vanish identically then there exists x € I such that ¢(x) # 0, and
hence

(1810 8) = ()78, ©u6) = [T (D49 T 00 dt = 6() # 0.

This means that the subset {7,6 4 pxer Of .’H;’ separates points in ﬂ,} By [1], Problem W(b),
this family is total in ﬂ-[#’ with respect to the weak™ topology. n

THEOREM 2.5. IfT € O, and L € L(H)) is defined by

2.7 Lu=uxT (ueﬂ'[”'),
then

(2.8) wL=Lr, (x€l),
and also

(2.9) L, € O,,.
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Conversely, given L € L(.’]—[u') satisfying (2.8) and (2.9), a unique T € O,’l,* may be found
so that (2.7) holds.

PROOF. That L given by (2.7) satisfies (2.8) is a consequence of Lemma 2.2. Obvi-
ously, it also satisfies (2.9).
Conversely, let L € L(}[“’ ) be such that both (2.8) and (2.9) hold. Then

(2.10) L(u*b,) = u* (L8,) (ueH)).
To demonstrate (2.10), define from #/ into , the linear map
Au=Luxo,)—uxLé,) (ue 5{‘1').

The definition of A is consistent by virtue of (2.9). Since A € L(?-[u’), its kernel is a
closed subspace of }[u' . In view of (2.8) this kernel contains 7,6, (x € I), and hence
(Lemma 2.4) it is also dense in }[ﬂ’ . Therefore (2.10) holds.

Now, letting T = L§,, we have

uxT =ux (L) =Luxb,) = Lu,

which proves (2.7).
As to the uniqueness assertion, assume that S € O"M is not the zero distribution, so

that ¢ € H, exists for which S * ¢ # 0. Since #/ separates points in #, we may find
u € H; such that

(uxS,¢) = (u,Sx ¢) # 0.

This completes the proof. L]

3. A property of convolution operators. Motivated by Theorem 2 in (4], the pur-
pose of this section is to establish:

THEOREM 3.1.  Let up > —1/2. For S € O, ,, the following are equivalent:

(i) To every k € N there correspond m,n € N and a positive constant M, such that

max sup{|(t_' D) r XD S| e,
<t<m

om: x—t] <A+ >+

whenever x € I, x > M.
(i) If T€ O, andSxT € H,, then T € H,.

PROOF. Suppose that condition (ii) is not satisfied. Then there exists T € O}’M such
that S * T € #H, but T ¢ H, This means that r '/%(D/T)1) € O,
H LSOO, D) € Hy, and O, T ¢ H,.

Since both t’“_'/2(.{)LS)(t) and t””_'/z(@:ﬂ')(t) liein O, to every ¢ € N there corre-
spond r; € N, M, > 0 satisfying

3.1 ' D) DO S ML+ 2Y (e,
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and s, € N, Ny > 0 satisfying
(3.2) [ D) 2D 0] S Ny(1+ ) (€ D).
Moreover, as ©,,T ¢ H,, there are £o,ng € N and a sequence {f;};en in /, such that
t; — 00 and
J—00
(3.3) (' D)o DL D] =) > A+ 1) (G EN).
Set k = s4,+1 +no + 2, and define
(3.4) Bu={tel:[t—4<1+)*} GeN).

From (3.2) and (3.3) we infer that, for sufficiently large j,
' 1
@.5) inf (' D)'or * 1 A(@, T)0)| > S(1+£) 7" > 0.
1€B;4 H 2 J

In fact, if j is large enough and if ¢ € Bj, then

|~ \D)or = V2() TY(0)|
> |67 D)oy 2@ D)y |
—(+ A+ D)+ A sup |67 DYy A@L )]

yEBj,k
> (1+8)7 — C(A +£) ™
=1+ —CA+) ™,

where C > 0 is a constant independent from j. This proves (3.5).
Now t‘“’l/z(ﬁLS)(t)(ﬁ)L T)(t) € H,, and therefore

(3.6) sup |t D)' LD, DO = O((1+1)™") (L,n €N, j— 00).

€84

Certainly, for fixed £,n € N we may write

sup | (' D) 2+ 1(9) ) (D)D), T)()|

1€B;;

= sup |67'D)'y QLTI y=rvy

I <(1+2)-¢

<Cu sup (1+0+57) "< Cu(l+g = A+D™) 7

lf|<(1+2)+

where C,, > 0 is a constant, and the right-hand side of this inequality is clearly
o((1+ 7)) as j — oo.
Next we aim to prove that

3.7 max sup ("' D)@ S)W] = O((1+1)™")  (m.n €N, j— 00),

0<tl<mcp;,
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a contradiction to (i). In the sequel, n will denote an arbitrary positive integer.
We first assume that £o = 0 and proceed by induction on m.
In view of (3.5) and (3.6), we have

sup |71 @18)(®)] < 2(1 + )" sup [ 21D )OO, D)

1€B;; 1€B;k
=0(1+H™) (— o).

Thus, condition (3.7) is satisfied for m = 0.
Now suppose that (3.7) holds for some m. We must prove that it also holds for m + 1.
By Leibniz’s rule,

QL DOC DY @ 8)(0)
m+1

=3 (-1 ("’f 1)(t"D)’"*'"’(f"‘”%@;S)(r)(f‘D)"r—“*‘”(@LT)(:)) (tel.
i=0

Bearing in mind (3.2), (3.6) and the induction hypotheses, we find that

sup (' DY™ (e 2(©, )()( DY AL TY0)| = O(( + )7

1E€B;x

as j — oo, whenever 0 < i < m + 1. Consequently

@D DY (D80
satisfies this very estimate, and from (3.5) we conclude

sup |~ D)™ 1 2(91,8)(0)|

1€B;

<201+ 8" sup [ 2@ DY@ DY A9, 8)0)|

tEB, j k
=0((1+)™) (— o0).

This shows that (3.7) holds when £¢ = 0.

Next, assume that £y # 0 and £ is the smallest positive integer for which ny € N and
a sequence {tj}jeN in I may be found so that (3.3) (and hence, (3.5), with large enough
J) is satisfied. This means that

DY QLD = 0((1+ ™) (£ < Ly, t— 00).
Arguing as in the proof of (3.6) we are led to

(3.8) sup |(¢'D)' (@, (O] = O((1 +£)™) (£ < Lo, j— 00).

t€B;;

By virtue of Leibniz’s rule,

t_“_l/z(.@’S)(t)(t"ID)eot_“_I/Z(Q)LT)(I)
—Z( 1)f< )(f'D)”o (@D D) @) e D.
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Then, from (3.1), (3.6) and (3.8) it follows that

(3.9 sup [t ) O ' DY or QL TY(0)] = O((1+£) ") (— 00).

1€,

Finally, using (3.5), (3.6) and (3.9) we obtain (3.7) by an argument similar to that em-
ployed in the case £y = 0. This completes the proof that (i) implies (ii).

Conversely, suppose that (i) does not hold. Then there exist k € N and a sequence
{tj}jen in I, with ¢; ]_,—O; 00, such that

(3.10) max sup [ D) @IS < A+ DT G EN),

<t<jieB;,

where the sets B;; are given by (3.4). There is no loss of generality in assuming that
to > land ti,; > t;+1. Let o € D(I) be such that 0 < o < 1, suppx = [1/2,3/2], and
a(l) = 1, and set

1 00
0:r) = a(l + 5@ —g)(1+ t})"), 00 =300 e
f=

The sum defining 6 is finite, because supp6; = Bjx (j € N)and By NBjx = 0 (i,j € N,
i #j).1f £,j € Nand t € Bj; then, for some a,, € R(0 < m < {), we have
¢
| D)0 = | D) (1) = 3 |amt T D"G(0)]

m=0

4
<29 5™ |anD™9i(0)|

m=0
¢
< ng;kl(l + t]z)kl Zoleaj(y)'y:1+%(r—t,)(l+tj?)"
<SG+ <1+,

where C, > 0 denotes an appropriate constant (not necessarily the same in each occur-
rence). Then

(3.11) D)o < Co(1 + 2 (e,

thus proving that § € O. Hence, there exists T € O}, , such that (9, 7)(1) = #1295
(t € I). Let n, £ € N. The function

A+2¢ DY N QLHO@. D@ (teD

is bounded on the interval 0 < t <ty — (1 +2,,,) % Lettingj = n+k{ +r (r € N)
and t € Bj;, Leibniz’s rule, along with (3.10) and (3.11), implies

|1+ 2y DY 2= (L), TO| = |1+ 2" DY 7+ 29, 9)(1)8(0)]
S C(l + t2)n+kZ(1 + t]z)—n‘ke S C,
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where C > 0 is a suitable constant (concerning the value of C, we make the same con-

vention as before). This shows that t’“‘l/z(.@LS)(t)(@;‘D(t) € H, ButO\T ¢ H,
since

QL) = a(l) = 1

as tj — 00. We conclude that T € O/, and that S « T € #, although T ¢ #,, which

J70

contradicts (ii) and completes the proof. n
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