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Pathological Phenomena in
Denjoy—Carleman Classes

Ethan Y. Jaffe

Abstract. Let @M denote a Denjoy-Carleman class of C* functions (for a given logarithmically-
convex sequence M = (Mj,)). We construct: (1) a function in €M ((~1,1)) that is nowhere in any
smaller class; (2) a function on R that is formally CM at every point, but not in €M (R); (3) (under
the assumption of quasianalyticity) a smooth function on R? (p > 2) that is @M on every CM curve,
but not in CM(R?).

1 Introduction

The aim of this article is to provide explicit constructions of several examples of func-
tions illustrating pathologies and subtleties in the theory of Denjoy-Carleman classes.
In the following, IF will denote either R or C. The first example is of a function in any
given Denjoy-Carleman class, but not in any smaller Denjoy-Carleman class.

Theorem 1.1  For any Denjoy-Carleman class CM there exists f € €= ((-1,1),FF)

satisfying

D) feeM((-11),F);

(ii) for any Denjoy-Carleman class CN ¢ €M, and any open subset U < (-1,1), f ¢
eN(U).

The second example is of a function which is formally in a given Denjoy-Carleman
class at all points, but is nonetheless not in that class (the notation f ¢ F(x,F)
indicates that f is formally of class CM at x; see Definition 2.3).

Theorem 1.2 Let CM be any Denjoy-Carleman class. Then there exists f € C*(R,TF)
satisfying

(i) feCM®RN{0},F);

(i) feIM(0,F);

(i) f¢CY(R,F).
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We remark that if f € €°(U,F), where U ¢ RP? is open, and f € F(x,F) for
all x € U, then there is an open dense subset V of U such that f € CM(V,F) (see
Proposition 4.4).

Like the second example, the third example is “close” to being €M, but actually is
not; it is smooth and its composition with every quasianalytic curve of a given quasi-
analytic Denjoy—Carleman class is in the class, yet is not itself in the class.

Theorem 1.3  Forany p > 2 and any quasianalytic Denjoy-Carleman class CM, which
is not the class of analytic functions, there exists f € C*(R?) such that for any curve
y € CM(U,RP) (where U c R is open), f oy € CM(U,F), but f ¢ CM(R?,F).

Theorem 1.3 follows easily from the following result.

Theorem 1.4 For any p > 2 and any Denjoy-Carleman class M, which is not the
class of analytic functions, there exists f € €= (RP,F) satisfying:
(i) feCM(RF\{0},F);
(i) forany a >0 and integer m > 1, f € CM(8E | F);
(iii) fe CM(RP \ QP,F);
(iv) f¢CM(RE,F),
where
8hmi={x=(x1,x2,...,xp) eRP : x; > 0 and x, > ax"},

Qr ::{x:(xl,xz,...,xp)ERP:x1>0andx2>0}.

Denjoy-Carleman classes have been classically studied in their relation to PDE
theory, harmonic analysis, and other fields. Recently, there has been renewed interest
in these classes from a more analytic-geometric viewpoint. The theory of Denjoy-
Carleman classes is usually divided into the study of quasianalytic classes, charac-
terized by an analogue of analytic continuation. All the derivatives at a point of a
function in such a class uniquely determines the function (at least locally), and non-
quasianalytic classes.

However, despite quasianalytic classes satisfying “quasianalytic continuation’, their
theory is still not well understood. This is in large part because many standard tech-
niques for analytic functions, namely the Weierstrass division and preparation the-
orems, fail in general for quasianalytic Denjoy-Carleman classes (see [1,8,9,13,15]).
This makes deciding whether these classes are Noetherian very difficult.

In relation to Theorem 1.1, several results are known. It is a classical result that
each Denjoy-Carleman class contains functions that are not in any smaller class [15,
Thm. 1]. More recently, [14, Thm. 2] shows that there is a function in a given quasian-
alytic Denjoy-Carleman ring that is nowhere analytic. This was proven by examining
“lacunarity” properties of Fourier series. Theorem 1.1 can be seen as a strengthening
of the conclusion of the first result and as a generalization of the second.

By a classical theorem of Carleman (see [15, Thm. 3]), there is a smooth function
germ that is formally quasianalytic of a given class, but does not correspond to any
actual quasianalytic function germ of the same class. Recently, another example of
such a non-extendable function was constructed in [1, Thm. 1.2]. Like these examples,
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the function of Theorem 1.2 is formally of a given Denjoy-Carleman class, yet fails to
be of actually of the class. There are two main differences between Theorem 1.2 and
both Carleman’s function and that of [1, Thm.1.2]. Theorem 1.2 involves arbitrary
Denjoy-Carleman classes instead of quasianalytic classes, but does not consider the
question of whether the germ is extendable. In fact, in the so-called strongly non-
quasianalytic case, the function must be extendable ([15, Thm. 4]). Furthermore, the
function constructed in [1] is formally in the given Denjoy-Carleman class only on
[0, 00), whereas that of Theorem 1.2 is formally in the given Denjoy-Carleman class
on the entire real line.

Given certain classes C of real- or complex-valued functions of several real vari-
ables, it is a natural to consider whether a function f is of class C provided that f is
of class € on every curve of class C. In [6], Boman considers the question in the case
C = C* and answers it in the affirmative. In [4], Bierstone, Milman, and Parusinski
answered the question in the negative for the class of analytic functions, showing that
a function that is analytic on every analytic curve (a so-called “arc-analytic function”)
is not necessarily even continuous. In fact, their example works for any class of quasi-
analytic function. In [12, Thm. 3.9] and [11, Thm. 2.7], Kriegly, Michor, and Rainer
answer the problem in the affirmative where € = €M is a non-quasianalytic Denjoy-
Carleman class. In [11] they also raise the question, if CM is a quasianalytic Denjoy-
Carlemean, whether a smooth function that is of class @ along each CM curve is of
class CM. Theorem 1.3 answers this question and provides an example of a function
which is smooth, and quasianalytic of a given class € on every CM curve (called
“arc-quasianalytic” in [5]), yet not itself CM.

2 Preliminaries

Below we give several basic definitions.
N denotes the set of non-negative integers. For a multi-index & = (ay,..., ) €
N?, set

olel
la| =1 +---+ap, D":=

A Loz ayl--- o)
oxM ... 9x%’ Q= ageee e pe
1 P

If p > 2, we denote the Euclidean norm on R? by

J) = [ Cers o) | :\/x12+~--+x12,.

For any bounded subset S ¢ R?, we write || S| := sup, ¢ |lx| < 0. If p > 1, ¢t € R,
acRP,SCRP, wewritetS+a:={tsta:seS}.

We also denote by €= (U, F) the F-algebra of smooth (infinitely-differentiable)
F-valued functions on an open set U € R?, and by C* the class of all smooth func-
tions. Unless otherwise specified, we write C*(U) for €= (U, C). Likewise, we de-
note by C¥(U,T) the corresponding algebra of analytic functions on U, and by C“
the class of all analytic functions. Unless otherwise specified, we write C*(U) for
C“(U,C).

Let M = (M,):2, be a non-decreasing sequence of positive real numbers with
M() =1
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Definition 2.1 Foranopenset U ¢ R?, we say thata function f € C* (U, F) belongs
to the set @M (U, ) if either of the following two equivalent conditions holds:

(i) foranyx e U, there exists some open V € U containing x and constants A, B > 0
such that, for any multi-index « e N” and y ¢ V

1) ID*£(y)| < AB*|a!Mq;

(ii) for any compact set K € R? contained in U, there are A, B > 0, such that for all
y €K, (2.1) holds.

In this case, we will say that f is of class €; €M is called a “Denjoy-Carleman” class.

Remark 2.2 Note that if M = (M), is identically 1, then €M is the class C* of
analytic functions. We will call a Denjoy-Carleman class ¥ “non-analytic” if €M +
ce.

Definition 2.3 We say that a function f € € (U, F) is formally CM ata point y € U,
if there are A, B > 0 such that (2.1) holds; in this case we write f € FM( ¥, F) (i.e., the
coeflicients of the formal power series of f at y satisfy bounds similar to those in (2.1)).

Definition 2.4  Given a closed subset C € R?, we say that f : C - Fisin C¥(C,F)
if there is some open set U 2 C such that f € C* (U, F), and, for each x € C, there is
an open neighbourhood V containing x, such that (2.1) holds for all y € V n C, with
suitable A, B > 0.

For any open or closed S ¢ R?, we write CM(S) for CM (S, C). Likewise, we always
write FM(x) for FM(x, C).

Remark 2.5 Note that in all of the above definitions, the requirement of having
upper bounds on all derivatives is actually equivalent to the apparently weaker re-
quirement that there is an upper bound of the same form on all but finitely many of
the derivatives.

In order for Denjoy-Carleman classes to satisfy useful properties, one imposes
the condition that M is logarithmically convex, i.e., the ratios M,,.1/M,, form a non-
decreasing sequence. This condition implies that the sequence M,'" is also non-
decreasing (see [15, §1.3]). Because of the Leibniz rule, logarithmic convexity implies
that the sets CM(U,F) are closed under multiplication (for U open in R?). Since
CM(U,T) is also closed under addition, the logarithmic convexity of M implies that
CM(U,F) forms an F-subalgebra of C*(U,F). For the remainder of this article,
we work exclusively work with Denjoy-Carleman classes €M, for M logarithmically-
convex.

It is also sometimes required that

sup( M"H)l/n < oo.

n>1 n

This condition is equivalent to stablility under differentiation of €M (U, F) (see [15,
Cor. 2]). However, none of the results in this article assume this fact.
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For two Denjoy-Carleman classes CM and ¥, ¢M(U,F) c €N(U,F) if and only
if

M, \1/n
(2.2) sng)( N:) < 00

(see [15, §1.4]). In particular, CM(U,F) = €“(U,F) if and only if sup,,,, MY" < 0.
We write GM c €N if (2.2) holds.

Definition 2.6 A mapping g: U — R?, where U € R? is open, is said to be of class
€M if each component function g; € CM(U,RR), where g = (gi,..., gp). In this case,
we write g € CM(U,R?).

Theorem 2.7 (see 3, Thm.4.7]) Let U C R be open and suppose that y € CM (U, RP?)
and f € CM(S,T), where S is an open or closed subset of R? containing im(y). Then
the composite function f oy € CM(U,T).

Definition 2.8 A class C of smooth functions is called quasianalytic if whenever
U cR?isopenand f € C(U, ) satisfies D* f(x) = 0 for all & € N? and some x € U,
then f is identically 0 in a neighbourhood of x,.

The Denjoy-Carleman theorem ([10, Thm.1.3.8]; also [15, Thm. 2]) characterizes
Denjoy-Carleman classes that are quasianalytic.

Theorem 2.9 (Denjoy-Carleman) A Denjoy-Carleman class CM is quasianalytic if
and only if

M,
0 (n + 1)Mn+1

™8

n

3 A Function in a Given Denjoy—Carleman Class That is Nowhere in
any Smaller Class

The example we construct here is based on the idea Borel used in [7] to construct a
class of quasianalytic functions that contains nowhere analytic functions. The exam-
ple constructed here was inspired by, and uses several ideas in the construction of the
non-extendable function of [1, Thm. 1.2]. The idea will be to construct the function as
the restriction to (-1,1) of a series of rational functions

5 A
n=12— 2y
where z, is a sequence of non-real complex numbers accumulating everywhere

(-1,1). Theorem 1.1 will be proved using the following proposition.

Proposition 3.1  For any non-analytic Denjoy-Carleman class CM, there exists f €
C*((-1,1)) satisfying:
(i) forallj>0andx e (-L1), |fD(x)] < 2jIM;
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(ii) for any dyadic rational x € (-1,1), and large enough j,

; 11

() >

IRIOEEE

(iii) for any dyadic rational x € (-1,1) and large enough j, either

[Re(ND )| < 3[m(NP)| or [im(ND ()] < 5[Re(N ()],

M.

First, we will prove Theorem 1.1 using Proposition 3.1.

Proof of Theorem 1.1 We assume that CM 2 €“, since C“ is the smallest Denjoy-
Carleman class. We first prove the case [ = C. Let f be the function of Proposition 3.1
for the class CM. To prove Theorem 1.1(ii), note that if U ¢ (-1,1) is open, and f €
CN(U), then, for any x € U, there is some open neighbourhood V' of x contained in
U and constants A, B > 0 such that

f9(x)| < AB/jIN;.
In particular, if x is a dyadic rational in V, then, for all but finitely many j,
11
23
which then implies that @M (U) c CN(U).

Now consider F = R, and let f be as above. For each dyadic rational x € (-1,1),
and each j large enough, either

) 11, () 11
[Re()V ()| 2 55 tM; or [Im(f) ) (x)] 2 | 55 j1M;.

Set ¢ := Re(f) + Im(f). We show that g satisfies the required properties. Clearly g
satisfies Theorem 1.1(i). For each dyadic rational in x € (—1,1) and for jlarge enough,
either

89 ()] 2 [Re(£) P (5)] - [1m(£) P ()] 2 5 Re(1) ()] = 5 5 1M,

jtM; < |f9(x)| < AB/jIN;,

8D ()] 2 [1n(7) ()] - [Re() P (x)] > S m(ND ()] = 5 -

So g satisfies Theorem 1.1(ii) for the same reason above as f does. [ |

M.

Proof of Proposition 3.1 For any real number « > 0, define

€+1
M
¢(a) = sup ¢ and m, = —1,
£>0 M€ Mn

Recall that we are assuming that the sequence M is logarithmically convex, i.e., the
sequence m,, is non-decreasing. Since CM((~1,1)) # C*((-1,1)), ¢(a) < oo, for all
a. Furthermore,

mn+1

3.1 M, = n .
G o(m»)

A proof of (3.1) can be found in [1, §5, step 1], but is repeated here for convenience.
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By definition, it is required to prove that

Z+1 mfl+l
= sup .
M, 0 M
Indeed, if £ < n, then
€+1 £+1 0+2
m, My M _m,

Me = My my Mgy

and if € > n, then

e+1 e l4
m,, My Mn _ M,

My  Meymg  Mey

The sequence m%* /My is therefore non-decreasing for £ < n and non-increasing for
¢ > n, and thus attains its supremum at m”*!/M,,.
Now choose a non-decreasing sequence of integers b, satisfying:
(a) b, <min(m,,2"), for all n;
(b) for all n, there is an integer k, such that b, = 2kn
(c) forall k, there is an integer #y such that b, = 2k,
(d) b =1

For example, we can define the sequence (b,,) recursively by b = 1, and forall n > 1,

b, if 2b,, > M4,
by = .
an 1f2bn <My

Then define f by

o 1 br 1

(3.2) fx)=% 3k¢(my) aEbk (= (g + )

k

It is helpful to picture the poles on the complex plane in (3.2) both as coming in rows
of height mik and as columns lying above dyadic rationals in (-1,1).

We will verify that f satisfies the required properties.

First we will prove that (3.2) converges uniformly on (-1,1) together with its
derivatives of every order. Then f € C*°((-L,1)), and we can differentiate (3.2) term-
by-term. Note that for any s, t € R, |s — it| > |¢|, and that, by the definition of ¢,

j+1
k__ < M;, forallk, j.
$(mi) = !

We have the following estimates on the j-th derivative of a general term in (3.2):

! 3 1 ©)
om0 B G T )
1 by 1

3k p(mi) a2-py (x - (5 + mik))i+1

:j1|
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ML R U S my” (2b +1)
<! — = J! kT
3E@(mi) oy |- 7 34 (mye)
o 2bp+1 2kliy 9
S]!M]' 3k SM]']! 3 = EJIM]
Since
o 2F1 41 9
M;jl=—— = ZjIM;,
ka jl 3k 2] j

the series in (3.2) converges absolutely and uniformly on (-1,1) by the M-test.

Differentiating term-by-term, the above computation gives the upper bounds (i)
on the derivatives of f.

We prove the lower bounds (ii) on the derivatives of f at dyadic rationals at the
same time as (iii). The idea is, for any given dyadic rational t = £ ¢ (-1,1), to look
at those summands in (3.2) that have poles on vertical lines lying above ¢. Since by
construction there are only finitely many rows of poles not containing a pole lying
above t, the sum of these summands is analytic when restricted to (-1,1), and thus
will not affect the estimate. For the remaining rows, the sum over the j-th deriva-
tives of summands with poles not lying above ¢ is a multiple of the sum over the j-th
derivatives of the summands with poles that do lie above ¢, and this multiple can be
made arbitrarily small for large j. So, as long as the sum of the j-th derivatives of the
summands with poles lying above t is large, the j-th derivative of f at ¢ will be large
too.

To show this explicitly, fix some dyadic rational = £ ¢ (~1,1). Then, for some
large K = K, by > 21 for all k > K. Thus, we can write

1 bk 1 1 by 1
T = B g me) oo = (B + ) 435 0me) 3 (5~ (2 + )
Call the first sum fi(x) and the second sum f,(x); f; is clearly holomorphic in an
open neighbourhood of (-1,1) in C, and is thus in particular analytic on (-1,1). So,
there are E, F > 0 such that |fl(j)(t)| < EF/jl forall j > 0. Since we can differentiate
the series for f(x) term-by-term, we can also differentiate the series for f,(x) term-
by-term. In particular,

Dy & D b !
G T BN T
_y (D91 o !
Tk 3k¢(my) (mik)frl Kzk 35 (mi) —p<ash, (t- (bik * mik))jﬂ'

a/bk#-t
Call the first of these sums S j, and the second S, ;. Clearly, for j > K,
j+l j+l
m 1 m; 1

Suil= % E__ > _ L _ - M
514 Kok p(mi)3k = 37 ¢(my) 37
by (3.1). If j is odd, then |Re(Sy,;)| = |Sy,j|, and [Im(Sy,;)| = 0, with the roles of the
real and imaginary parts reversed if j is even.
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Remembering that by < my for all k, and that by, is a power of 2 bigger than 24 for
all k > K (and hence tby — a € Z for all a € 7Z), we also have that

1
1S2,j1< Y o~ X —
7 Sk 3k (my) _i7iu§f7k I(t=50) = ()P
k
j+1
= - ¥ k
3 .
K=k 35 (my) “bysashy ('Z—{(tbk —a))2+1)%F
m{rl 1

s = >
k>K 3k¢(mk) —oo<n<oo (n? +1)]T
1 mj+1
= > 41) > —k__),
(—oon<¢n0<oo (1’12+1)]T (}QK 3k¢(mk))
The second factor is just |Sy ;| Call the first factor C;. Then, for j > K odd,

|Re(£)D(1)/j1] > |Re(S1,;)] - | Re(Sa,7)] — | Re(f1) P (1)/ 1]
> 1815 = [S2,5 ~ [FP (/1] = (1= C)ISy ;| - EF
and
[ Im( )P (£)/71] < [Tm(Sy,)| + [ Im(Sz, )| + [ Tm(£9) (£)/ 1]
<1821+ [P (1)/ 1 < ISy + EF.

with the roles of the real and imaginary parts reversed if j > K is even.

Since for large enough j, EF/ < 5 M; < §3;M; (since M; grows more quickly

323
than any exponential), if for large enough j, C; < 3/48 < 1/8, we would have for large

odd j

SIRCHD (@)= Im(HP @1 5 (A= €ISl ~ EFT) = (G| + EFY)

1 4 .
= (5 - gC,-) 1Sy, - 4/3EF/
11 .11
>>—M;-4/3EF > - —M; >0,
4 3] 8 3J
so that both
) 1 )
[ Im(f)D(£)] < g\Re(f)(])(t)l
and

FO(0)]> [Re(H)D (@) - [Im(ND (D) > 3| Re() (1)

2,(71 11 j) 11

2 .
> Zi1((1=C))[Suj| - EFI) > Sji( = M; - <= M;) = = —jIM;.
31(( DINEI ) 3\ g3 T g3 537/

https://doi.org/10.4153/CJM-2015-009-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-009-3

Pathological Phenomena in Denjoy-Carleman Classes 97

If j is even, then the roles of the real part and imaginary part are reversed. So (ii) and
(iii) would follow provided that C; — 0 as j — oo. Indeed,
i 1 1
Ci=2% <2(

1
j+1 j+1+ j+l)
nl(n2+1)T \/i n=2 N
1 > 1 1 1 .
oL [ ) 2 ) oo
2 1 X 2 ]

as desired. [ |

™8

4 A Function Formally in a Given Denjoy—Carleman Class at Every
Point, Yet Not in the Class

The idea for the construction of such a function will be to build it as a series of func-
tions f; whose k-th derivatives at points ay, are large, where (ay ) is a sequence tending
to 0, and whose derivatives at points other than a; are sufficiently nice. The follow-
ing proposition is in some sense a simplified version of the example constructed in
Theorem 3.1 and will provide the building blocks of our example.

Proposition 4.1  For any non-analytic Denjoy-Carleman class CM, there exists f €
C* (R) satisfying:

(i) forall j>0,andallx e R, |f(x)| < jIM;;

(ii) forall j>0,andall x 0, |[fD) (x)| < jlx[~0*D;

(iii) forall j>1,|fP(0)] > £ jM;.

Proof Letm, := M,.1/M, and let
£+1

o
o) :=su ,
#la) Ezg M,

as in the proof of Proposition 3.1 (recalling again the hypothesis of logarithmic con-
vexity). Define
® 1

(4.1) S = )= )

We will prove that f satisfies all the required properties.

First we will show that (4.1) converges uniformly on R together with its derivatives
of every order. Then f € C*(RR), and we can differentiate term-by-term. Indeed, we
have the following estimates on the j-th derivative of a general term of the series in
(4.1):

1
2k (i) (x = o)™
, 1
<! P —

25 () |1

:]’g‘

’( 1 )(j)

2k (my) (x - ,,%k)
m;’:l ' 1

2 g(me) < IMi2E

:]'
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Since
kEZIJ!Mj—zk = j!M;,

the series in (4.1) converges absolutely and uniformly on R by the M-test.
Differentiating term-by-term, the above computation gives the upper bounds (i)
on the derivatives of f.
We next prove (ii). Note that for all k, ¢(my) > 1. Indeed,

€+1 ml,§+1 MMy -+ MM
¢(my) = sup > 2

220 Me My M;
I Mgy Mg Moy My Mg 1

>1.
Mk Mk Mkl M1 M() Mk MO
So, for all x £ 0,
1
)| = J'\z -
2 (i) (x— )"
3 m—— D z LIS
" g~ E gy <

To prove the lower bounds (iii) on the derivatives at 0, note that for j > 1,

j+1
(@) . Tk
OO E S Dyl B ()
1 mJ+ 1 A
> gy~ M )

The proofs of Theorems 1.2 and 1.4 will be somewhat simplified by introducing
strictly logarithmically convex weight sequences M for our Denjoy—Carleman classes.

Definition 4.2 A sequence M = (M,);2, is called strictly logarithmically-convex
if the ratios M,,41/ M, form a strictly-increasing sequence.

Notice that strict logarithmic convexity also implies that the sequence MY s
strictly increasing.

Lemma 4.3  Let CM denote a non-analytic Denjoy-Carleman class. Then there exists
a non-decreasing strictly-logarithmically convex sequence M such that CM = eH.

Proof Forn > 0, set m, = M,1/M,. Partition N into a union of disjoint intervals
S on which m,, is constant, i.e.,

(@]

N=U S,

k=0

where Si = {ng,ni +1,...,nx + € — 1}, my, = m, forall n,n" € S, and m,, 1 <
my,,,. Notice that each Sy really is finite since CM s non-analytic, and that #Sy = &y.
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We define a sequence (a,)g° of real numbers as follows. Set

m
A= min( 2, =
Mpp-1
and thenifn = ny +i € S, a, := A% Notice that since 1,1 € Sks; but ngs; —1 € Sk
et A5 1and also that 1< a, < 2 for all n. Define M, = M, =1and

mnk+l_1

— n—-1
M, =M, II ax
k=0
for n > 1. It is easy to verify that M is non-decreasing, strictly logarithmically-convex,
and that €M = M, ]

Proof of Theorem 1.2 The case CM = C“ is easy; the function f(x) = e V% sat
isfies all the necessary properties. Assume from now on that CM # €. In light of
Lemma 4.3, we might as well assume that M is strictly logarithmically convex. The
function in the construction below is complex-valued. The case F = R follows from
the case IF = C by considering real and imaginary parts. For the case I = C, the idea is
to construct f as an infinite sum of functions described in Proposition 4.1, but shifted
so that the points at which we have a lower bound on the derivatives, analogous to
those of Proposition 4.1(iii), are on a sequence tending to 0. Consider the sequence
(M1 ")e2,. Since CM is not analytic, M,/ — oo. Set b, = M2/™. Note that the terms
b, are strictly increasing (and in partlcular distinct), since M is strictly logarithmi-
cally convex. Then define a,, := f for all n, so that a,, — 0.

We also define a family of non-decreasing, logarithmically-convex sequences in-
dexed by k (k € Z, k > 1), M* = (M¥)22, with MK = 1by

Mo 1 ifk >n,
" @, itk <n,

for all k > 1, where ¢, > M are large constants to be determined later, but which will
depend only on the sequences (a, ) and (M,).

Notice that CM = €M", forall k > 1. Let /1. be the function given by Proposition 4.1
applied to the sequence M, and set fi(x) = hi(x — ai), for all k. Then the f; €
C*(R) and satisfy:

(i) forall j>0andallx € R, |f (x)| < jtM¥;

(ii) forall j > 0 and forall x # ay, |fk(])(x)| <|x — a0
(iii) forall j>1, \fk(J)(ak)| > 5 'Mk

Define

> 1
(4.2) fx) = X o fu(x).
k=12
We will verify that f satisfies all of the necessary properties. First we prove that

(4.2) converges uniformly on R together with its derivatives of every order. Then
f € C*(R), and we can differentiate term-by-term. We have the following estimates
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on the j-th derivative of a general term of the series in (4.2),

jiME )
) <
3 otherwise.
Since
. oaagk
k=1 k 2"
= j+1

the sum converges absolutely and uniformly on R by the M-test.
To prove (i), we show that for each x # 0, there is some neighbourhood U contain-
ing x and constants A, B such that, for all jand all y € U,

FP ()] < ABjiM;.

We distinguish two cases: x # a, for all n, and x = a,, for some n. In the first case,
there is a neighbourhood U of x and a § > 0 such that infy |y — ay| > § forall y € U.
Then we see that, for y € Uand j > 0,

. o> ] (s
FP) <Jt X ople - axd (+D

85 = 5() e 5()
St oils) Tole) s sls) MM

In the second case, suppose x = a,. Then there is a neighbourhood U of a, and
8 = 8, > 0 such that infy., |y — ax| > d forall y € U. Let A = max(87',1). We see
that, for y e U and j > 0,

IO PR b a0

L 1/1 o 2741 1] 2j+1
SJ!E@(@) e’ M"?(s) j jie M
< (24c,)(cEA) jIM;.

Showing (ii) is an easy computation. Recall that, by the logarithmic convexity of

M, for any positive integers j, k with k < j, M l/k < M;./j. So,for j > 1,

. 1 . x 1
() i Lo a5 Lk
POl X o™ +J!k§ e M;

oo

<J'Z\/_ s

In order to show (iii), we will need to pick appropriate cy. Note that forall n > 1,

12——]' ZM]/k é <2l jIM;.
=j+

(4.3) 1F (an) > 2727Mn"' n! Z \an — a0

11
2” > —c, M, n|_nlk§n 2k|an—ak| (n+1).
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Since

) —(n+1)

1 - .
n! }Eﬂ 27|an PR GO n!( :'ri la, — axl < o0,

we can choose ¢, > M, large so that (4.3) is bigger than n"n!M,,, and hence
1" (an)| > n"n!M,.
So, if f € CM(R), then there would be some ¢ > 0 and constants A, B > 0 such that
for |x| < ¢
|f") (x)| < AB"n!M,,.
In particular, for all but finitely many #, |a,| < € and
n"n!M, <|f™(a,)| < AB"n!M,.

which is impossible, since #n” grows more quickly than any exponential. ]

Proposition 4.4  Let CM be any Denjoy-Carleman class, U € R? open (for p > 1),
and suppose f € C*(U,F). Then if f € FM(x,T), for each x € U there exists an open
dense subset V of U such that f € CM(V,T).

Proof It suffices to prove that for each non-empty open W € U, there exists a non-
empty open W, € W, such that f € CM(W,,F). So, suppose a non-empty open
Wy ¢ U is given. Let W’ ¢ W; be open, bounded, with its closure contained inside
W1. Let A be an upper bound of f on W’. Set A’ = max(A, 1), and for each B > 0 set

Spi={x e W :[D*f(x)| < A'B™|af! M for all a € N},
By assumption, since for each x € W', f € FM(x,F), there are Py, Q, > 0 such that
ID*f(x)] < P QMg
for all @ € N?. Considering the cases P, /A’ < 1and P,/A’ > 1 separately, it is easy to
see that for each x € W', there is some B > 0 such that x € Sg. It follows that
W' = U Sy.
N=1

Since for each a, D*f is continuous, each Sy is closed (with respect to the sub-
space topology on W'). Since W' is locally compact and Hausdorff, the Baire cat-
egory theorem provides at least one Ny such that Sy, has non-empty interior (with
respect to the subspace topology on W'). Let W, be the interior of Sy,. By definition
f € CM(W,,F), and W, € W, is open, as desired. [ |

5 A Smooth Function That is Quasianalytic on Every Curve of a
Given Quasianalytic Denjoy—Carleman Class, Yet Not in the
Class
The idea for constructing this function is similar in spirit to the idea for the function
constructed in §4. The idea is to construct f as a series of functions f; whose (2k)-th

derivatives at points ay is large, where (ay) is a sequence tending to 0 on some flat
curve, and whose derivatives at points other than ay is sufficiently nice. Since there
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are no quasianalytic flat curves, this will imply that the function will be quasianalytic
on each quasianalytic curve, but will not be quasianalytic.

We first give an analogue of Proposition 4.1 for dimension > 1; this is Proposi-
tion 5.2. The proof of the latter uses the following lemma, which provides a way of
passing a function in one variable with given derivative bounds to a function in many
variables with similar derivative bounds.

Lemma 5.1 Let p >2, and let g € C°(R) denote a function such that
gV (D] < 1Crjs
where Cy,; is a non-decreasing sequence for each t € R. Set
f(x) = g(x]*) = gt + -+ x7).
Then f € C=(RP) and
(i) foralla e NP,
ID* f(x)| < (B(|lx] + 1))‘“‘|“|!C\\x\|2,|o¢|;
(ii) foralll<i<pandn>0,

=50,

2n
0x;

where B depends only on p (not on g, a, or x).

Proof By a multivariate version of Faa di Brunos formula (see, for instance, [3,
Prop. 4.3]) applied to g(||x|?),

o B (n) 2\ £ kit
(5.1) Df(x)=aly g (x| )Hl(zxj)
i

k1)1!k1)2! cee kp,llkp,zl

where n = ki + ko + -+ + kp1 + kp > and the sum is taken over all 2p-tuples of
non-negative integers (ky 1, ki,2...,Kkp1, kp,2) such that

(52) o = (0(1, ey “p) = (kl,l + 2k1’2, ey kp)] + 2kp’2).

Since n = kyy+---+kpp <oy +---+ap = |a| whenever k; ; satisfy (5.2) (1<i<p,j=
1,2), we see that

1
(5.3) Df(x)| < a!
| f( )| Z kl,llkl,Z!"'kp,l!kp,Z

1
<al n!C 29 (x| + 1)l
2 atkial -tk g1 "l (] +1)

p "
1 (=) H1(2|xj|)k”]
! i

>

o !
<(2 +1)) Cyyp2 R
(20 1) = el 2 ey

where the summation is as in (5.1). By the multinomial theorem,

n! n

— < ¥ = (1+--+1)" = (2p)" < (2p).
kl,ll"'kp,z! C+etpp=n €1"'€2p (\71'—’) ( P) ( P)
p s
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Thus, from (5.3),

D £(x)] < (4p(x] + 1)) |@!|Cpape oS

where S is the set of all 2p-tuples of non-negative integers (ky1,k1,2,...,kp1,kp2)
satisfying (5.2). Since for each i, & and k;; uniquely determine k; ,, and there are at
most |a| + 1 choices of k; 1, #S < (Ja| + 1)? < (e?)*l. So in all,

D% £(x)] < (4pe? (Ix] + 1) at|Cag o

which is (i). Part (ii) is obvious either again from Faa di Bruno’s formula, or by looking
at the formal power series of g at 0. ]

Proposition 5.2  For any p > 2 and any non-analytic Denjoy-Carleman class CM,
there exists f € CM(IRP) satisfying:
(i)  for any compact K ¢ R?, and for all « e N?, x € K,
D% f ()] < (BUIK] +1))\|oc]! Mg
(ii) for any compact K € RP, and for all « € NP, x € K ~ {0},
D £(x)] < (BUIK] + 1)) axftfc] 14D, i x| < 3
(iii) for any compact set K € R?, and for all « € NP, x € K\ {0},
ID* £ ()| < (BUIK] +1))alt, if ] > 1
(iv) foralln>1,

aan
‘ oxi"

where B depends only on p (as in Lemma 5.1, B and does not depend on M or K).

(0)] = (2n)1M,,

Proof Apply Lemma 5.1 to Proposition 4.1. ]

Let p > 2. For any integer m > 1 and real number a > 0, we denote by 8% ,, the set
{x = (%1,X2,...,%p) €RP 1 x; > 0 and x;, > axlm}
and by QF the set
{x = (x1,%2,...,%p) € RP 1y > 0 and x, >O}.

The following lemma is elementary.

Lemma 5.3 Letp >2, m>1an integer, and a > 0 a real number. Let 8 = 8 .. Then
for sufficiently small positive t,

dist((t,e_t%,O,...,O),S) := inf H(t,e_%z,O,...,O) -s| > e
se8

Proof of Theorem 1.4 The proof is very similar to that of Theorem 1.2. The case IF =
R follows immediately from the case F = C by considering real and imaginary parts.

For the case F = C, consider the sequence (b,)5, = (Mi,/");,“;l. Since M = €,
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b, — oo. In light of Lemma 4.3, we might as well assume that the terms of b, are

distinct. For n > 1, set
( 1 1 0 0)
a, = —\—,0,...,0].
! log bY4” pY/4

Thena, — 0,and a, € {(t, e 7,0,..., 0) : £ > 0}. Define a family of non-decreasing,
logarithmically-convex sequences indexed by k (k € Z, k > 1), M¥ = (M*)%2, with

M’g =1by
x 1 ifk > mn,
M, = f
ci”‘z 1M, ifk<n,

where ¢ > M, are large constants to be determined later, but will depend only on the
sequences (a, ) and (M,).

As in the proof of Theorem 1.2, eM" = @M for all k. Let hy be the function given
by Proposition 5.2 applied to the sequence M¥, and set fi(x) = hx(x — ax), for all k.
Let a = 1+ sup,, |ax|. Then the f € €*°(R”) and satisfy:

(i) for any compact K ¢ R?, and for all « € N?, x € K,
D" fic(x)| < (B(IK] +a))aft My s
(ii) for any compact K ¢ R?, and for all @ € N?, x € K \ {ag},
ID® fi ()| < (BUIK] +a)) ([x = ag | 20D + 1) [a

(iii) forallm>1,

" fi 1 k
Frer (ak)| > 2 ()M},
where B does not depend on k or the choice of compact set K.
Define

1
f)= £ 5 h().

We will show that f satisfies all the required properties.

The proof that f € € (R?) and that we can differentiate term-by-term is the same,
mutatis mutandis, as the proof of Theorem 1.2(i) (the difference being that here the
estimates must be made on compact sets and that there are more coeflicients and
several extra terms to keep track of).

The proof of (i) is also the same, mutatis mutandis, as the proof of Theorem 1.2(i)
(with the same differences as above).

The proofs of (ii) and (iii) are similar to each other, and are both similar to proof
of Theorem 1.2(ii). Fix 7 > 1an integer, and a > 0 a real number. Let § := 8 .. If
x # 0, then by (i), we have the desired bounds locally around x in 8. If x = 0, then by
Lemma 5.3, for all but finitely many k (say, for k > j), dist(ax, 8) > i. Then there is
a bounded neighbourhood U of 0 in & (i.e., the intersection of a neighbourhood of 0
in R? with 8) such that for all y € U and k < j, |y — ax| > 8. Set C := max(67%,1).
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Let K be any compact set containing U. Then for any « with |a| > 1, and any y € U,

ID* ()

< (B(IK] + ) *al( g Je(ly= a0 1

2y — g, [~20elD) 5
+§,2k<||y ail +1>+k|z|+12kM|a|)

< (BUKI + @) "la( (-6 2<'“'*“+Z(b”4>2(‘“'“) £ )

< (B(IK] + ) “Jas( 67 + 5 (bl )
k:j

< (B(IK] + a)) ™ |ajt( ef6=111 + Z M o)
k=j

< (B(HKH + a)) “ |0¢|!(615—4\«x\ + e|a|M|a| + ej)

< (3¢/)(eBC(|K[ + @) “altMyy.

The proof of (iii) is nearly identical to the proof of (ii). Let K be any compact subset
of R? \ QF. Then for all x = (x1,%2,...,%,) € K, and k > 1 (considering the cases
x1 < 0 and x; < 0 separately), | x — ag| > ﬁ. So, for |a| >1,and all x € K,

|D“f<x>|s<B<||I<||+a>)'“'\a|( ik<|\y—ak|r2<'“'“>+1>+ o)

k=|al+1

il »MQ

< (BOIKT+ @) o S+ 1)

Jex]
< (B(|K] +a)) " |a|!( |a|Mja +1) <2(eB(|K] +a))'™|a|! M)y
The proof of (iv) is similar to that of Theorem 1.2(iii). Note that for n > 1,

aZ”f n 1 2n —2(2n+1
| oxi" (an)] 2 on an (2n)! - M ok (Bllan| +a)™(2n)!(||an - ax| (2n+1) +1)
1
G4 ey (2m)t = % - (Blay] + @) (2m)!(Ja - a] 2D 4.
k+n
Since

1
L —x(Blan] +a)™ @n)!(lan - a2 +1) <

-2(2n+1)

(Ba + a)Z”(Zn)!((iri£|an - ai|) +1) < 00,

we can choose ¢, > M, large so that (5.4) is bigger than (21)*"(2n!M,, ), and hence

axzj’: (an)| = (2n)*"(2n)!M,,.
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So, if f € GM(IR?), then on some neighbourhood of 0, there would be C, D > 0 such
that, forall nand x € U,

2n
g 2{:(x)‘ < CD¥(2n)!My,.
X1

But since a,, — 0, for all but finitely many n,

< CD*(2n)'Myy,

2 o f
(2n)2" (21) 1M, < |W(an)
1
which is an obvious contradiction. |

Proof of Theorem 1.3 The case I = R follows immediately from the case F = C by
considering real and imaginary parts. We show that in the complex case, the func-
tion f provided by Theorem 1.4 satisfies the necessary properties. We know that
f e C(RF) and f ¢ CM(RP). Let y € CM(U,R?) (U < R open) be an arbitrary
quasianalytic curve. It is required to show that f o y € CM(U). This is equivalent to
showing that for each ¢ € U, there is some ¢ > 0 such that foy € CM((ty—¢, tg+¢)).
If y(to) # 0, then there is some € > 0 such that y(¢) # 0, for ¢ € (to — €, tp + €). Then,
since y((to —&,tp +€)) CRP N {0}, foye CM((ty &, to +€)), by Theorem 2.7.

So, it remains to consider the case y(ty) = 0. Without loss of generality, suppose
to = 0. We distinguish several cases:

G ™ (0)=0,foralln>0;
i) y$"(0) =0, forall n > 0;
(iii) "™ (0) = 0and y{" (0) # 0, for ny, n, € N.

In the first case, by quasianalyticity, there is & > 0 such that y;|(_.,¢) = 0, and as such
[y2(8)| > [y1(t)], for all [¢| < &, so that

y((~&,€)) c (R \ QF) USf,p

and thus f o y € CM((-¢, ¢)), by Theorem 2.7.

In the second case, by quasianalyticity, there is € > 0 such that y,|(_, ) = 0, and as
such, y((—&,€)) € RP \ QP, and thus f o y € CM((~¢, ¢)), by Theorem 2.7.

In the third case, let k; (i = 1,2) be the smallest integer such that yfk") (0) # 0 (note
that each k; > 1). Then we can write y;(t) = t*18;(t) for 8;: U - R continuous, and
8;(0) # 0 (by LHopital’s rule). For € < 1small, we can assume that there are constants
ay, az > 0 such that |81 (t)| < a; and |82()| > ay, for |¢] < &. Let m be any integer at
least as big as k,/k;. Then

a m a 1 m 2 2
Zyi ()] = 281 (1) < agt] < |£26,(8)] = Iya (1)),
a 4
so that
y((~e,€)) € (RP\QP)us?

az/a*,m’

and thus f o y € CM((-¢, ¢)) by Theorem 2.7. [ ]
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Remark 5.4 In Theorem 1.3, that the function can be taken to be of class C* is
somewhat surprising, as in the analytic case, a function which is smooth and analytic
even on every straight line is already analytic (see [2, Thm. 5.5.31]). This means that
there is a large loss of control when passing from C® to larger quasianalytic Denjoy-
Carleman classes: the extra assumption of smoothness no longer suffices to recover
global quasianalyticity from quasianalyticity on every curve.

Remark 5.5 Of course it does not make sense to strengthen the hypotheses of The-
orem 1.3 to requiring that f is €M on every C* curve: if y(t) is any €* curve that is
flat at a point ¢ = 0, then f o y is also flat, and is therefore constant by quasianalytic-
ity. Looking at the composition of f with all flat curves y then implies that f is itself
constant too.
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