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Abstract

Some results on fixed points of certain involutions in Banach spaces have been obtained, and whence a
few coincidence theorems are also derived. These are indeed generalization of previously known
results due to Browder, Goebel-Zlotkiewicz and Iséki. Illustrative examples are also given.
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Introduction

Let X be a Banach space and C a closed subset of X. Then the well-known
Banach Contraction Principle states that a contraction mapping of C into itself
has a unique fixed point. The same conclusion holds good if we assume that only
some positive power of a mapping is a contraction (for example, Bryant [2]). But
this result is no longer true for nonexpansive mappings. Many mathematicians
have studied the existence of fixed points of nonexpansive maps defined on a
closed, bounded and convex subset of a uniformly convex Banach space, and in a
space with a normal structure. For the results of this kind one is referred to
Browder [1], Goebel [4] and Kirk [8]. It is natural to ask the question whether
these results can be extended to mappings with a nonexpansive iteration. The
answer, in general, is negative (for example, Klee [9]). However Goebel and
Zlotkiewicz [5] have answered this problem in affirmative with some restriction,
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and thus generalizing a result of Browder [1]. Recently, Iséki [7] obtained a
generalization of Goebel-Zlotkiewicz’s result by employing a contractive condi-
tion of Reich [10].

The purpose of this paper is to present yet another extension of a result due to
Goebel-Zlotkiewicz [5) which in turn generalizes the main result of Iséki [7]. These
results are also used to obtain some coincidence theorems. Some examples are
provided to justify our results. Of course, our results are motivated by Ciri¢ [3].

2. Results

Throughout this section X stands for a Banach space and I denotes the identity
mapping on X.

THEOREM 2.1. Let C be a closed and convex subset of X and let E: C — C satisfy
the conditions
() E*=1,
(i)
IEx — Ey|l < (a/2)max{llx — yll, 4llx — Ex],
My — Eyll, 3lix — Eyll, 3lly — Ex|l}
for every x,y € C, where 0 < a < 4. Then E has at least one fixed point.

PROOF. Let x be an arbitrary point of C and H = 3(I + E). Put y = Hx,
z = Eyand u = 2y — z. Then we have

iz = x|l =l Ey — E*x|
< (a/2)max{|ly — Ex||, 3lly — Eyll, 3|lEx — x|,
3lly = xll, 311 Ex — Ey|l}
= (a/4)max{lix — Ex||, ||y ~ Exl|}
and
llu = x|| = |Ex — Ey|| < (a/4)max{llx — Ex||, ||y — Ey||}.
Hence
iz — ull < (a/2)max{lix — Ex||, ||y — Eyll}.
On the other hand, we have ||z — u|| = 2||y — Ey||. Therefore
Iy — Eyll < (a/4)max{|lx — Ex|, |y — Eyll}.
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If |y — Ey|l < (a/4)||y — Eyl|, then y is a fixed point of E. Note that y € C since

C is convex.
If|ly — Ey|| < (a/4)llx — Ex]|, then

1H%x — Hx|| = {lly — Eyll < (a/8)llx — Ex|| = (a/4)[Hx — x|.
Since 0 < a/4 <1, the sequence {x,} defined by x, = H"x convérges. Put
x* =lm,_, ,x,. Now
llx* — Hx¥| < |Ix* — x,0l + | Hx, — Hx*|
= flx* = X, 14l + 1 (x, + Ex,) — 3(x* + Ex*)]
<|Ix* = Xl + 2llx, — x* + 21| Ex, — Ex¥||
< lx* = Xyl + 2llx, — x|
+(a/4)max{||x, — x|, }llx, — Ex,|l,
Hix* — Ex*|, 3lx, — Ex*|, 3llx* — Ex,|i}
<{lx* = Xl + 2llx, — x|
+(a/4)max{lix, — x*||, 3llx, = Ex,|l,
lx* = Ex*l, 3(lx, — x*| + [lx* ~ Ex*|)),
F(llx* = x,ll + llx, — Ex,l) }
= [lx* = xpll + 3llx, — x|
+ (a/4)max{||x, — x*|, 1x,41 = Xl
[ Hx* — x*|, (3llx, — x*|| + | Hx* — x*|}),
(Alx* = x,ll + %01 — X,01)}-
Letting n — oo, we get
llx* — Hx*| < (a/4)lx* — Hx*|.

As a < 4, we have x* = Hx*. Hence x* = Ex*. This completes the proof.

As an immediate consequence of Theorem 2.1, we have the following result
which presents a slightly improved version of the only theorem of Iséki [7).

COROLLARY 2.2. Let E be a mapping of X into itself. If E satisfies the conditions

W E*=1,

i) ||Ex — Ey|| < alix —yll + B(lx — Ex|| + lly — Eyl) + ¥(lx — Ey||
+y — Ex]),
for every x, y € X, where 0 < a, B,y and 0 < a + 48 + 4y <2, then E has at
least one fixed point.
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ProoF. For all x, y € X, we have

|Ex — Ey|| < allx — yl| + 2B(3llx — Ex|| + lly — Eyl)
+2y(4llx — Eyll + 1lly — Ex|)
< (a + 48 + 4y)max{||lx — yl, 3llx — Exl|, 1lly — Eyll,
Yix = Eyll, 3lly — Ex||}.

The result now follows from Theorem 2.1.

REMARKS. (a) It would be of interest to extend Theorem 2.1 to the case when C
is a starshaped subset of a Banach space X.

(b) If y = 0 in Corollary 2.2, we get the result of Iséki [7].

(¢) For B =y = 0, the Corollary 2.2 reduces to Theorem 1 of Goebel and

Zlotkiewicz [5].
(d) Observe that condition (ii) of Corollary 2.2 was first introduced by Hardy

and Rogers [6].

Now we apply Theorem 2.1 to prove a coincidence theorem.

THEOREM 2.3. Let C be a closed and convex subset of X. Let E: C - C and F:
C — C satisfy the following conditions:
WE*=I1F*=1,
(i)
IEx — Eyl| < (a/2)max{||Fx — Fyl, {IlFx — Exl|, $| Fy — Eyl,
3l Fx — Eyll, 3\ Fy — Ex|l}

forevery x, y € C, where ) < a < 4,
Then there exists at least one point x, € C such that Ex, = Fx,.

ProoOF. From Theorem 2.1 there exists at least one point x, € C such that
EFxy = x,. Then Exy, = Fx,.

REMARK. If 0 < a < 2 then x, is indeed a common fixed point of E and F.

The next two results are slight generalizations of Theorem 2 and Theorem 3 of
Goebel and Zlotkiewicz [5].
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THEOREM 2.4. Let X be a uniformly convex space and C a closed and convex
subset of X. Then each mapping E: C — C satisfying (i) of Theorem 2.1 and also the
inequality

(i)

|Ex — Ey|| < amax{||lx — yl|, 3llx — Ex||},

for all x, y € C, with a such that a87'(1 — 1/a) < 4 (8 denotes the modulus of
convexity of X), has at least one fixed point.

In the sequel « satisfies the condition of Theorem 2.4.

THEOREM 2.5. Let X be a uniformly convex space and C is closed, bounded and
convex subset of X. Let E: C — C satisfy the conditions

M IE* — E%y|| <|Ix -yl

(i) || Ex — Ey|| < amax{||x — y|l, 1llx — Ex||}, for all x, y € C. Then there is at
least one fixed point of E.

The following are the coincidence theorems corresponding to Theorem 2.4 and
Theorem 2.5 respectively.

THEOREM 2.6. Let X be a uniformly convex space and C a closed and convex
subset of X. Consider the pair of mappings E: ¢ - C and F: ¢ — C satisfying

W)E*=IF*=1,

(ii) | Ex — Ey|| < amax({||Fx — Fy|, 3||Fx — Ex|}}, forall x, y € C.

Then there exists at least one point x, € C such that Ex, = Fx,.

THEOREM 2.7. Let X be a uniformly convex space and C a closed, bounded and
convex subset of X. Let E: C - C and F: C - C satisfy condition (ii) of Theorem
2.6 and further

() F*=1,

(i) E and F commute,

(i) | E2x — Ey]| <[lx — yll

Then E_and F have at least one point of coincidence.

PRrROOF. Since E? is nonexpensive, by Browder’s theorem [1], E? has at least one
fixed point in C. Then the set C* = {x € C: E2x = x} is closed and convex. As
E and F commute, F maps C* into itself. Also E? = I on C*. Hence Theorem 2.6
pertains to C*. This ends the proof.
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ReMARK. The conclusion of Theorem 2.4 and Theorem 2.6 still holds if
condition (ii) is replaced by the following:

(*) |Ex — Ey|| < amax{||x — y||, 3llx — Ex||, 3lly — Eyl|,

3llx — Eyll, 3lly — Ex||},
and
(#%) max{||y ~ Ey|,|Ix — Ey|l, |y — Ex||} <infllx — Ex||

where x, y € C.
It would be of interest to know whether the condition (*+) is actually needed.

3. Some related examples

In this section, we furnish examples to discuss the validity of the hypotheses
and degree of generality of our results.

ExAMPLE (3.1). This example shows that our Theorem 2.1 is a genuine exten-
sion of the main result of Iséki [7].

Let C = X = R, the set of reals with usual norm, and E: R — R is defined as
follows:

oo [720x x>0,
YT 1-%x  ifx<0.

Note that E? = I, the identity map of R. Then for x < 0 and y < 0, we have
|Ex — Ey|=%lx —y|<Hlx —yl=1 Hlx -y
whereas for x = 0 and y = 0, we get

2lx ifx=y,

s

|Ex — Ey|= 20|x—y|<{

[T

721y ifx =<y,

Thus in both the cases, we find that
|Ex — Ey|< fmax{21x,21y} = §{|x — Ex|,|y — Ey|}
<} Hmax{ilx ~ Ex|, 3|y — Ey|}.
Furthermore, for x = 0 and y < 0, we have if -y < 10x:
|Ex — Ey| = 20x + %(-y) < 20x + %10x = 7¥521x

— 1,8 1 — 82 .1 —_
=3 R 2lx =3 % ilx - Ex|.
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Next, if -y > 10x, the following sequence of implications holds:

-y > 10x = =799y > 7990x > 7580x
21y — 820y > 8400x — 820x = 820x — 820y > 8400x — 21y
~(x — y) > 400x — y =} B(x = ») > 20x — hy
=1.8|x — y|>20x + 5%(-y) = Ex — Ey.

By summarising, for any x, y € R, we found that
|Ex — Ey|< i3 -max{|x —y|, §|x — Ex|, 3|y — Eyl}.

Thus condition (i) of Theorem 2.1 is satisfied for the choice a = §. Here
x = 0 is the only fixed point of E.
However, condition (ii) of Corollary 2.2 is not satisfied. Otherwise, for x = 0

and y = 1, we should obtain

0<a+B0+21)+y(20+ 1) =a+ 218 + 21y
<2+ 218+ 21y

which is a contradiction because from a + 48 + 4y < 2, it follows that &'a + 218
+ 21y < & <20.
Of course, this example is also not satisfied by mappings considered by Iséki

[71.

ExaMPLE (3.2). We are facing some difficulties while constructing two self-maps
of R which strictly satisfy condition (ii) of Theorem 2.3. However, we have found
two self-maps E and F on R which satisfy the condition
(A) |Ex — Ey|< (a/2)|Fx — Fy|.

Condition (ii) of Theorem 2.3 is clearly more general than (A), and hence the
following example can be adopted in order to support condition (ii) of Theorem
2.3. Condition (A) also seems to be new in Fixed Point Theory.

Let X = C = R, with usual norm. Define E: R - R, F: R - R as follows:

Fx — -3x ifx=0, Fr — -4x ifx=0,
T ifx<o, YT -ix ifx<o.
Observe that E? = F? = identity map on R.For x = 0, y = 0 we have
|Ex — Ey| =3|x —y| < g -8x —y[ =5 - ¥ - 4]x —y|
=4 REx- B,
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and when x < 0, y < 0 we obtain
|Ex — Ey| = 3lx —y| < fGlx —y| =3 - ¥
7+ §|Fx — Fyl.
Next, for x>0 and y <0, we write a sequence of implication in the
following way:

“alx =y

y<0sx=2y<1@x=y<®.4x=Fy<dx
=&y — 3y <Tx —3x=3sx — () <Tx+ %(»)
=3x + §() < 4[ax + 2()] =3 Flax + 4()].
This last inequality implies that
|Ex — Ey|<j - ¥Fx — Fy|.

Thus condition (A) and hence condition (ii) of Theorem 2.3 is satisfied if we take
a = 2. Here x = 0 is the only point of coincidence of E and F.

ExAMPLE (3.3). We illustrate Theorem 2.5 by the following example.
Let X = R and C = [~1, 1]. Define E: C — C by setting

_ | —x fosx<1,
Ex= {-0.9x if -1<x<0.

Then for 1 = x = 0, we have E%x = E(-x) = 0.9x, while for -1 < x <0, one
gets E2x = E(-0.9x) = 0.9x. Therefore, for any x, y € C, we get

|E*x — E*y|=09]x — y|<|x — y|.
Furthermore, for x, y € [0, 1], we have

|Ex — Ey|=|x —y|< 19|x —y|,

whereas for x, y € [-1,0)

|Ex — Ey|=09|x —y|<19|x —y].
Next, we discuss for x € [0, 1], and y € [-1,0) with the hypothesis -y < x. So we
can write

|Ex — Ey|=x + 0.9(—y) < x + 0.9x
=19 =14 -(2x)=(1.9)%|x — Ex]|.

If -y > x, we agree like foregoing examples. From -y > x, it follows that

-y > 0.1x which implies 0.9y — 1.9y > 2x — 1.9x. From this inequality, we de-
duce 1.9(x — y) > 2x + 0.9(-y) = x + 0.9(—y) and therefore

|Ex — Eyj=x + 0.9(-y) < 1.9(x — y).

Thus condition (ii) of Theorem 2.5 is satisfied if we take a« = 1.9. Now it
remains only to verify the inequality ad'(1 — 1/a) < 4, where § is the modulus
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of convexity which we may assume as an strictly increasing function é: [0, 2] —»
[0, 1] (see [S5]) defined by 6(¢) = e/2. So 87!: [0,1] - [0, 2] satisfies 6~ '(e) = 2e.
Then we obtain

al(1-8)=F-2-(1-B)=8-2-%=3<4
Therefore the mapping E satisfies all the conditions of Theorem 2.5 Clearly, E
has a fixed point namely x = 0.
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