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Abstract

A semilattice tree Twith O is slim if there is a chain C with O so that the lattices 6 (T)yand 8 (C) of semilattice
congruences are isomorphic. This paper establishes elementary consequences of slimness and uses simple
constructive techniques to show certain small trees slim. If Tis the union of at most countably many
branches, each of which has a muximum or a countable cofinal subset, then Tis slim. For trees with
enough maximals slimness is equivalent with not having any uncountable anti-chains. If a tree T has a
countable cofinal subset then Tis slim. Thus finitary trees are slim.
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1. Introduction

A meet semilattice Tis called a tree if for cach xe T, {ye T|y < x} is a chain. For a
semilattice M. (M) here denotes the lattice of semilattice congruences of M. Call a
tree Twith zero (having a least element) slim if there is some chain C with zero so that
B T) = 0(C). Slim trees are then those trees whose semilattice congruence structure is
chainlike. Itis the purpose of this paper to use elementary constructive techniques to
establish some criteria for slimness as well as the slimness of certain small trees.
The approach used here is based on the notion of the Boolean ring B[M]
universal over a semilattice M (Evans (1977)). This is roughly speaking a Boolean
ring generated by an independent multiplicative system M in it. For a tree T with
zero the lattice #( B[ T])ofideals of the ring Bf T} isisomorphic with 6( T). This allows
a rephrasing of slimness for 7 there is a chain C with zero so that B[T] =~ B[C].
Detecting slimness then boils down to asking which trees T have a generating chain
in their B[ T]. This work is then tied in with the long standing research (Mostowski
and Tarski(1939), Mayer and Pierce (1960) and others) on chain generated Boolean
201
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rings. Essentially the work here consists of various elementary ways of slimming out
a tree Tinside B[ T] to produce a chain which wiil generate B[T].

In Section 2 we review the notion of the Boolean ring universal over a semilattice
and establish some terminology. In Section 3 we introduce slimness and some of its
elementary consequences, finding that slim trees cannot have in them uncountable
anti-chains. Section 4 introduces two constructions. The first roughly consists of
taking a family of trees T; with zero and gluing them together at zero (taking their
disjoint union and then identifying the zeros) to produce a tree we denote byv T.
The other is a familiar stacking of chains construction.

Section S analyses trees via their branches showing that if a tree T has an at most
countable family {Z,} of branches whose union is Tthen one can produce chains
with zero {C;} so that B[T] = B[VC,]. If these branches {Z;} have top points we
show that the chains {C;} can be stacked and the original T is shown slim. Section 6
shows first that for trees where each element is dominated by a maximal, slimness is
equivalent with the tree not having any uncountable anti-chains. Then the notion of
countable chain is introduced and it is shown that if a tree T has an at most
countable family of branches whose union is T, and if these branches are either
countable chains or have top points, then T is slim. We conclude in Section 7 by
presenting the notion of a finitary tree, an idea designed to encompass the well-
known binary trees (trees generally with too many branches). We show that finitary
trees are slim.

All semilattices here are meet (lower) semilattices; their operation is written as
multiplication. If M is a semilattice, D = M, |,, D denotes {xe M |for some de D,
x <d}. If D= {d} write |, d instead of |,,{d}. If the context is clear, drop the
subscript M. Similar comments hold for T,, D, 1 D, 1,,d. Td. An ordinal number as
used here is thought of as the set of its predecessors. Each natural number (starting
with 0, the empty set) is an ordinal and the set « of natural numbers is an ordinal.
The two element field is denoted Z,.

2. Boolean rings universal over semilattices

Let M be a semilattice with 0, B be a Boolean ring and ¢: M — B be a zero
preserving multiplicative homomorphism. The pair (B, ¢») is said to be universal over
M if for any Boolean ring R and any zero preserving multiplicative homomorphism
Y. M — R there is exactly one ring homomorphism y: B — R so that y: ¢ = . If
¢: M — Bis universal over M the map ¢ is an order embedding and B is unique up
to isomorphism extending ¢. For each semilattice M with zero there is a universal
Boolean ring (and map);, we denote this ring by B[M].

We say for a semilattice M and a Boolean ring B that M is a subsemilattice in B if
M 1s a subsemilattice of B’s multiplicative reduct; we say that M is a O-semilattice in B
if M, beyond being a semilattice in B, contains the zero. the least element of B. If the
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meet semilattice Tis a tree (that is, for each x e T, | x is a chain) we use the phrases
trees in B, O-tree in B; similar phrases are used for chains. If D = B, Ba Boolean ring
then (D) denotes the subring generated by D. If M is a semilattice in B then (M)
consists precisely of those elements which are finite sums of elements of M. If M is a
O-semilattice in Bthen M |0} is Z, linearly independent in Bif and only if whenever
my,....m,, meM and all m; < m then their join in B, m; v ... v m, < m (in B).

Let M be a semilattice with 0. Construct B[ M7 so that it contains M and so that
the universal map mentioned above is inclusion. Internally characterized B = B[M]
is a Boolean ring such that M is a O-semilattice in B, M\ {0} is Z, linearly
independent in Band (M) = B. If M is a tree T then these reduce to the demands: T
is a O-tree in B so that (T = B (T generates B).

The space # (M) of proper filters (filters # (), M) of a semilattice with zero M
with its intrinsic order topology (inherited from the power set of M) is homeo-
morphic with the Stone space (prime ideal space) of the ring B[M]. The lattices of
open sets ((F (M)), ((S(B[ M])) of these spaces are then isomorphic from which
follows ¢ (# (M) = .#(B[ M]) the ideal lattice of the ring B[M].

For any congruence g of M, ¢ denotes the extension of ¢ to B[ M, that is the ring
congruence of B[ M] generated by o. For a ring congruence 6 of B{M], 5 denotes the
contraction of  to M, the congruence é » (M x M) of M. For each congruence g of
M, B[M /o] = B[M]/6° and as a consequence ¢ = {¢°)". If M is a tree with O then for
each congruence of B[M]. (5°)° = §. Thus the Galois connexion of extension and
contraction establishes, in the case of a semilattice tree T with 0, an order
isomorphism between the lattice 8(T) of congruences of Tand the lattice .#(B[ T]) of
ideals of the ring B[ T]. Hence for such a T the lattices 0(T) and ((F (T)) are
isomorphic.

We mention one final fact. If M is a semilattice in the Boolean ring B, be Bis a
lower bound in Bof M, then the setb+ M = {b+m|me M} is a semilatticein M and
the map M — b+ M whereby m > b+ mis a multiplicative isomorphism between M
and b+ M. Similar results hold if we assume, rather than b being a lower bound of M,
that for each me M, b-m = 0 (calculated in B).

3. Slim trees

We begin with a result of Mayer and Pierce (1960, page 930) which can be
generalized to arbitrary meet semilattices M.

THEOREM 3.1. Let M be a chain with largest element. The following statements are
equivalent.
(i) B[M] is countably complete (countable subsets have least upper bounds),
(i1) B[M] is complete,
(i) M is finite.
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Applying this result to trees one obtains the following.

COROLLARY 3.2. Let The any tree with 0. The following statements are equivalent.
(i) B[ T] is conditionally complete (nonempty bounded above subsets have sups).
(i) for each te T, |4t is finite,

(i) There is a set S so that B[T] is isomorphic with the lattice Fin(S) of finite

subsets of S.

Proor. Write B for B[ T]. Assume (i). Let te T Note that
B[|rt] = gt = {beBlb<1}.

Since B is conditionally complete then B[ | ] is complete. But | ;¢ is a chain with a
largest element. Thus 3.1 says |t is finite.

Assume (ii). Tis then a tree wherein every interval is finite. So by a result of Varlet
(1965) the congruence lattice (T) is a Boolean algebra. But ({T) is complete and
dually atomic. (The latter is because A(T) = .#(B[T]) and every ideal of B[ T] is the
intersection of maximal ideals.) Thus 6(T) is isomorphic to a power set. Hence there
is a set S so that O(T)= P(S) = {x|x = S}. Restricting the isomorphisms
F(B[T)) = T) and O(T) = P(S) of these algebraic lattices to their compact
elements we have

B[T] = c((T)) = c(P(S)) = Fin(S)

Here ¢(L) denotes the collection of compact elements of an algebraic lattice L. This
gives (iii). Note that where B[ T] = Fin(S) and Tis infinite. #T = #S.
The implication (ii) to (1) is trivial.

A tree Twith 0 1s said to be slim if there is a chain C with 0 so that B[ T] = B[(C].
Internally this means that there must be a O-chain C in B[ T] so that {C)» = B[T].
The first result on slim trees is irivial.

THEOREM 3.3. et T be any tree with 0. The following statements are equiralent.
(1) Tis slim,

(ii) there is a chain C with 0 so that (T) = (XC),

(i) there is a chain C with O so that # (T) is homeomorphic with # (C).

THEOREM 3.4. Let The a slim tree. Each semilattice homomorphic image of Tis slim.
ProoF. Suppose Tis a slim tree and M is a homomorphic image of T; then for
some semilattice congruence x of T, M = T/x. Thus M is a tree with 0. But

B{M] = B[T/x] = B[T]/x*. Since T is slim there is u chain C with 0 so that
B[T] = B[C]. There is then a ring congruence f§ of B[] so that B[T]/2* = B[C]/fs.
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Now there is a congruence y of C so that y* = f5. Hence
B[M] = B[T}/x* = B[C]/8 = B[C]/¥* = B[C/y].
But C/y is certainly a chain with 0. Hence M is a slim tree.

THEOREM 3.5. Suppose T is a tree so that B[T] is conditionally complete and
#T> N,. Then Tis not slinm.

ProoE. Since B[ T7] is conditionally complete and # T> ¥, then thereis a set D so
that #D > N, and B[T] = Fin(D). Suppose by way of contradiction that Tis slim.
Then for some chain C with 0, B[C] = Fin(D). Hence by 3.2 each interval of C is
finite. Since C is a chain with O where each interval is finite then C is countable. But
with B[C] = Fin(D), # D > X, this is impossible.

A subset D of a tree T is called an anti-chain if for any x, y,e D, x # y we have
x & yand y £ x. Clearly by Zorn’s lemma each anti-chain of T'is contained in a
maximal anti-chain.

COROLLARY 3.6. If the tree Tis slim then every anti-chain in Tis at most countable.

PRrOOF. Suppose T is slim but that 7 has an anti-chain 4 so that #4 > N,. Let .o/
be an anti-chain maximal in Tcontaining A. Then # .o/ > X,. Note thatifre ;.o
there is exactly one g, € &/ with t = g,. Observe also that T= (1, )L (|7 #\ ), a
disjoint union.

Let R denote the tree whose carrier set is ./ U {0} and whose multiplication is
given by x-y = 0 whenever x # y. Note that #R > Ny and &/ is a maximal anti-
chain in R. Define a map ¢ : T— R as follows. For any te T,

fa, iftet; o,
¢(t)—{0 ifte .o\ o

The map ¢ decomposes the tree T into convex subsemilattices; thus ¢ is a
homomorphism. Clearly ¢ is onto R. Thus R is a homomorphic image of T So R is
slim. But for each reR, |gxr is certainly finite so 3.2 says B[R] is conditionally
complete. But then Theorem 3.5 says R cannot be slim.

Note that the construction of R given in the proof of 3.6 allows one to construct
many Boolean rings which are tree generated but which cannot be chain generated.

4. Some constructions

Let(T;|ieI)bea system of trees with zero. Suppose Tis a tree with 0 and for each i
there is an injective zero preserving homomorphism ¢; of T; into T Suppose the
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system (7, ¢,) satisfies

(i) If i # j then the composite product ¢,[T]- ¢,[ 7] = {0},

(i) T=J {¢[T}]iel}.
The tree Tif it exists is unique up to isomorphism. We will here denote it by VT,-. If
I ={1,2} we will write it as T; v T,. Note that as a consequence of (i), if i # j,
ST A [ T] = (0},

For a collection (B;|ie ) of Boolean rings B, denotes the subring { fe XB,|for
almost all i, f(i) = 0} of the ring X B;.

For a system (T;|i€ ) of trees with zero and for each index je! define a map
¢ T, > ZB[T] as follows. If te T; and if ie]
t ifi=j,
0, ifizj

1

() = {

Then ¢(t): I — | B[T;] so that for each i, ¢ (t)(i)e B[ T;] and so that for almost all i,
¢t)(i) = 0,. But clearly ¢; is an order embedding zero preserving muitiplicative
homomorphism. Now if i # j and if te T, se T, then for any index kel

Lodt): )] (k) = [dudn) (k)] - [@(s) (k)]

and one of these right-hand factors must be zero; so for any ke I, [¢{t)- ¢ (s)] (k) = 0.
Hence ¢,[T] ¢,[T;] calculated in XB[T] is {¢] (€ in EIB[T]). Thus if
T=|J{¢[T]|iel} then Tis a O-tree in B[ T;] and is isomorphic with VTi. Let

D = {feZB[T]|for exactly one iel. f(i)# 0}

Certainly D generates the ring B[ T]. Let f € D and suppose i€ so that f(i) # 0.
Now f(i) is a nonzero element of B[T;] and T;\ {0} is a base for B[T] as a Z, vector
space. Thus there exist nonzero elements ¢, .....t,€ T; so that f(i) = t, +... +t,. Then
without difficulty

f=¢{t)+ddt)+... + Pilt,).
Thus D= (T, so {T) = ZB[T]].
TueoreM 4.1. Let (T;|icl) be a system of trees with zero. Then the tree VT,

exists  and B[V'I}] ~XB[T]. Hence for trees T, T, with cero.
BLT, v T,] = B[T,1x B[ T,].

COROLLARY 4.2. Suppose each of (T;|ie Iy and (S;|i € I) is a system of trees with zero
so that for each iel, B[T] = B[S,]. Then B[VT,.] = B[ VS,.].

Proor. The individual isomorphisms B[T] = B[S,] induce an isomorphism
XB[T;] = XB[S;]. This latter restricts to an isomorphism ZB[T;] = ZB[S;].
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Let n be an ordinal, 0 < n < w. If T is a tree with zero then n- T denotes
V(mien) where the system (T;|ieI) is determined by: for each ien, T, = T.

For any chain C use €' to denote C if C has no largest element and to denote
C' {max C}if C has a largest element. For a tree T with zero and C a chain with zero
write C <o T to denote the semilattice whose carrier set is the disjoint union of C’ and

T and whose multiplication is given by
x-y calculated in Tif x,ye T,
x-y={ x-y calculated in C if x, yeC,
X ifxeC,yeT

Notice that C <1 Tis again a tree with zero. If C,,, C, are chains with zero and one
and if T is a tree with zero we define Co< C, <2 T by (Co<a C,)<a T. Similarly
define Cy <1 C; <1 C, < Tand so forth. If (C)),.,, is a sequence of chains with 0 and |
then Cq<a €| <v....(or <1, C;) denotes the direct limit of (Cq<a...<a C),.,, With
appropriate inclusion maps.

new

THEOREM 4.3. Suppose C is a chain with zero and | and Tis a tree with zero. Then
B[C v T)=B[C=T].

Proor. Let 3 denote the maximum element of C. We know
B[C v T] = B[C] x B[ T]. In the latter construct the set

D ={(c,0)[ceC} U {(y,0)]teT}.

This D is a O-tree in B[C] x B[ T] which is isomorphic with C <o T. The elements of
the set {(¢,0)|ceC}u {(0.t)|te T} generate B[C]x B[T]. But for each ceC,
{c.0)e{D> and if teT then (0,t)=(y,0)+(y,t) so that (0,t)e{D). Thus
B{C)x B[T} =D. Hence B[C v T] = B[C=< T].

Note that the assumption that C has a 1 is necessary here. For if C = @ and if
T=1 (a 1 element tree) then C v T=C and B[C] = Fin(C). However
C < T »+ 1 (thatis the ordered set of natural numbers followed by one point)and
there is an element t € C <1 T'with | ¢ infinite. Hence B[ C <a T] is not conditionally
complete. Thus B[C << T} £ B[C v T].

5. Branches

LeMMa Sl Ina tree Tif x <aand x £ b then x b =a-b.
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PRrOOF. Certainly x- b < a- b. Since Tis a tree and both x and a- b are below a then
either x <a-bor a'b< x. Butif x <a b then x < h. against our assumption.
Hence a'b < x. Thus a-b < x+b.

A branch Z of a tree Tis a maximal chain in T. Certainly each branch Z of Tis a
lowerend of T(xe Z, y < x implying y € Z). Every point of Tand every chainin T is
contained in a branch of T.

LEMMa 5.2. Suppose Z,,...,Z,, C are distinct branches of the tree Twith zero. Then
the set C " (Z, v ... Z,) has a largest element. [et - = max [Cn(Z, v .0 Z)]. If
teC\{(Zyv..v2Z) and if seZv..0Z, then t-s=cz-s. Finally
C\(Z,v.vZ)=(z\{z})nC.

Proor. Foreachi = 1,...,n,b; = max(C n Z;jexists (lakexe C\ Z;, ye Z, . C;itis
not difficult toshow x -y = max(Z,- n C)). Theset {b,,....h,}, being a subset of C, is a
chain. Let z = max {b,,....,b,}. ThenzeCn(Z, v.. v Z,) fweCn(Z,v.. uZ,)
then for some i, we C n Z; so that w < b; < z. Hence - = max(Cn(Z, u..u Z,)).

LetseZ,v..uZ,sayseZ,and let teC\(Z, v .. v Z,). Then = <t (actually
strictly less than t since each Z; is a lower end). If - £ s then Lemma 3.1 says
z-s=t-s So suppose z < s. Then z < s-t. Since s-te CnZ;thenst < b, < zso
S't=z=2z"S

The last assertion of the lemma is trivial.

Let n be any nonzero ordinal so that n <  (thus either # is a natural number or n
is the set of natural numbers). Suppose {Z;|ien} are distinct branches of a tree T
with zero so that T= UlenZ Let zo = 0 in T and choose for each ien (i > 0),
z; = max(Z; m(UJq ). Let C; = (112) n Z, for each i e n. Note that C; is a chain
with least element z;. Workmg in the ring B = B[T] let D; = z;+C, for each ien.
Note that D, = Cq = Z, and thateach D;is a 0-chain in B which is order isomorphic
with C,.

We claim that if xe D;, ye D, for i, jen, i # j then x-y = 0. To see this suppose
i <jand writex = z;+¢, ;e Ciand y = z;+¢;, ;€ C;. Now z;, ¢, € k< Zi 1z, = ¢
then y = 0so x-y = 0. So assume z; < ¢;. Then ¢;e Z; (Uk<jZ) So by Lemma 5.2
since  z; =max[Z;n (| <;ZJ] then z¢;=z2z and ¢¢;=c¢z; Hence
(zi+c)c; = (z;+¢;) z; so that

X'y =(g+c)z;+¢) =(z;+c)z;+(z,+¢)¢; =0

Thus | J;,D; is a O-tree in B and it is order isomorphic with V‘-G,1 C,. Now
< (Jien Di>- Now suppose Zg, ..., Z, S (| )i D). 1f 1€ Z .\ (| j <4+ 1 Z)) then
teCyy1. 80 241 +te D . ,. Then with Zk+le<Uj<k+] D;> we have

=21 H(54 +1)
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so that te | J;c, D;>. Thus
B = B[T] = <Uien Dl> = B[ \ ien Cl]

THEOREM 5.3. Suppose nis a nonzero ordinal, n < w and Tis a tree with zero having
certain distinct branches {Z.};,, so that T= | J,., Z;. Let zy = O and forien,i > 0 let
z=max[Z;n({J;<;Z))] Foreachienlet C; = (1z)n Z; and calculating in B[ T]
let D; = z;+ C,. Then

(1) Uien D; is a O-tree in B[ T],
(i1) | Jien Dy is isomorphic 10 \ fien Cs

(iii) (\Jien Di> = B[T].

COROLLARY 5.4. et n be a nonzero ordinal n < w, and let T be a tree with zero
having certain distinct branches {2}, whose union is T. Choose C; as in Theorem 5.3,
Then {C;|ien] is a family of chains with zero so that B[T] = B[\AE,l ]

THEOREM 5.5. Suppose 1 is a nonzero ordinal, n < w and Tis a tree with zero having
distinct branches {D,};., so that

(1)) D;-D; = {0} if i, jen, i # ],
(1) each D; has a maximum element a,,
(i1i) Tis the union of {D;};,.
In B= B[T] let b; = ay+u,+...+a; for ecachien. Let E, = Dy and if 0 < ien let
E,=b,_,+D, Then

(a) each E; is a chain in B order isomorphic with D;;

(b) E = | Jicn E; is a O-chain in B order isomorphic with Dy<a D, <1 ...;

{c) (E) =B.

Proor. For all i,j, a;-a; =0(i # j) so that b, =a, v ... v q; formed in B. If
teD, (i > 0)thent b,_, = 0. Thusfori > 0, E; = D, Certainly E; = D,. Notice that
b,_, is least in E; (i > 0) and b; is greatest in E, We claim that for each i, xe E,,
veE,,  imply x < yand that x = yifand only if x = b; = y. This is clear fori = 0.
Assume this true for j < i and suppose i+ 1en. Suppose xeE;, yeE;,,. Then
y=b+d,.,=b; v d;,, forsomed;, . ,eD,,, Since b, is greatest in E; we have
x<b;<bh; vd,,, =y Nowif x =ythen x = b, = y is clear.

Thus E = | J;., E; is a O-chain in B isomorphic with D, < D; < .... Certainly
Dy = (E». Suppose for all i <jen that D, = (E). We show D; = (E). Then
dg,....d;_ €CE). Let xeD; Then b;_,+x€E; so a,...,a;_;, b;_;+x are all
elements of (E) hence x=gap+..+a;_,+b;_;+x is in <(E). So

T= UienDi & <E>

COROLLARY 5.6. Suppose (C;|i€n) is a system of chains with zero and one (n is a
nonzero ordinal, n < w). Then Vie,l C; is slim. In fact B[VCJ >~ B[Co< C,<...].
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6. Trees with enough maximals; countable chains

We say a tree T has enough maximals if for each te T there is an element m,
maximal in 7, so that t < m.

THEOREM 6.1. Suppose a tree T has enough maximals und that the set of maximal
elements of Tis at most countable. Then Tis slim.

Proo¥. There is an ordinal number n so that 0 < n <« and so that (¢;|ien)is a
listing without repetitions of the maximal elements of T For each ien let Z; denote
lra;. Then the Z’s are distinct branches of T whose union is T Form the C{’s and the
D/s as in Theorem 5.3. Then T, = { J,., D; 0s a O-tree in B[T] whose span is B[T]
and which satisfies the conditions of Theorem 5.5. So applying 5.5 to the tree T, we
produce a O-chain E (isomorphic with Dy<a D, <1...) in B[T] = B{T,] so that
(E) = B[T,]. Then B[E] = {E) = B[T,] = B[T]. Thus Tis slim.

As a corollary we state the main theorem of this section.

COROLLARY 6.2. Suppose Tis a tree with zero having cnough maximals. Then the
Sollowing statements are equivalent.
(1) Each anti-chain in Tis at most countable.
(11) The set of maximal elements of Tis at most couwntuble.
(iti) Tis slim.

Thus for trees with enough maximals, slimness is equivalent with not having any
too big anti-chains.

ExaMPLE. Let C denote the usual real number unit interval (the rational interval
would work here also). Let T denote any of the trees m-C. C<a(n-C),
m-(C<an-C)vI-(C<k-C) and so forth (here n, m. I, k are nonzero natural
numbers). Then passing through the application of 5.3. 3.5 as in the proof of 6.1 we
have B[T] = B[C]. If D = [0, 1)(1 removed. do the sanc in the rational case) and if
T denotes any of the trees «-C, C<a w-C, and so forth, then B[ T] = B[D].

We say a chain C is of countable type if C has no greatest element and if there is an
increasing sequence ¢, ¢5, ... of elements of C so thatfor cachre C, 1t < ¢ forsome i
Observe thatif Cy,, C4.... 1s a sequence of chains with least and greatest elements then
Co=<aCy<1C,<a..1sachainof countable type. Thus there is a chain C of countable
type with B[C] = BL\/C,).
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LEMMA 6.3. Let n be an ordinal, 0 < n < w. Suppose {C;|ien} is a family of
countable type chains. Then there is a chain C of countable type so that

B[C] = B[\/C,.].

ProoF. For each ien write C; as C; = Dy D} <a D <a... where each Di is an
interval in C, (and so is a chain with 0 and 1). Now B[C] = B[v I] ew)]. So
Bl\fc] = B[\/en Vo D1 = BL\/Di).

Since (D) is a countably mﬁmte family of chains with 0 and 1 there is a countable
type chain C so that B[VI)] = B[(]. This completes the proof.

THEOREM 6.4, Suppose a tree T with zero has a set of finitely or countably many
branches, each of whicltis a countable type chain, whose union is T. Then there is a chain
C of countable type so that B[T] = B[(].

Proofr. One follows through the application of 5.3 and 5.5 as in the proof of
Theorem 6.1. One need only observe thatif Z is a countable type chainin Tand -e Z
then (1)~ Z is again a countable type chain.

Exampie Let C =[0.1) Let T be either n-C or «»-C(n #0, new). Then
B[ T} = B[(C].

THEOREM 6.5. Suppose the tree Twith zero has an at most countable family of distinct
branches whose union is Tund so that each of these branches either has a maximum or is
a countable type chain. Then Tis slim.

PrROOF. Denote the collection of branches in question by {Z;|ie K}. Let
I'={ieK|Z; hasa maximum} let J = {ie K| Z;is of countable type}. Using 5.3 we
can produce a family of chains with 0 {C,|iel} U {C;|jeJ]} so that

(i) BITY = BINIC,|ie 1 000 = B[\ /e, €1 < B[\ /.., C:.

(1) Each C;(iel) has a maximum.

(i) Each C;(jeJ) is of countable type.

Notice that if either [ or J is empty the result is given by earlier work.

Assume J # ) # 1. Since J is at most countable there is a countable type chain C
with 0 so that B[ \/,.;C;] = B{C].

Cuase 1. Suppose [ is finite. Then there is a chain D with 0 and 1 so that
B[D] = B[\/E, C.). Then B[T] = B[D] x B[C] = B[D= C].

Cuse 2. Suppose I is inimite. Then there is a countable type chain E so that
B[VE,(' >~ B{E]. Then 8| T] = B[E]x B[C} = B[CVE] where C, E are coun-
table type chains. Lemma 6.3, says Tis slim.
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7. Applications; finitary and other trees

Let T be a tree, let B be a subset of T. We will say Bis cofinal in Tif foreachte T,
t < b for some beB.

LemMMA 7.1. Suppose C is a chain without a greatest ¢lement having a countable
subset D which is cofinal in C. Then C is a countable chain.

PROOF. Let D = {d,,d,,...}. Choose x, = d, and if x, has been chosen, choose
X, to be any element of C greater than max(x,,d,, ). Then (x,) is an increasing

sequence so that for each ze C, = < x,, for some n.
Thus if C is a chain with no maximum having countably many elements then Cisa

countable chain.

LEMMA 7.2. Suppose Bis a countable subset of the tree Tund that Bis cofinal in T. Let
C be a branch of T having no maximum. let U(C) denote the set:

(BAC)uix-b|xeC, beB, x £ b b<xj

Then U(C) is countably infinite and cofinal in C.

PRrRoOOE. Let be B. Lemma 5.1 implies that theset {x-bixe C. x £ b, b £ x| has at
most one element. Hence U(C) is countable. Let xe C. Then there 1s a be B with
x< b IfbeCthen x < bforbelU(C). If b¢ C then since C is a chain maximalin T
there is some ye C with b £ y and v £ b. Certainly v € x. Thus x < y. But then
x <y bwith y-be U(C). Hence U(C) s cofinal in C. Since € has no maximum. U(C)
is infinite. Notice that U(C) = C.

LeEMMA 7.3. If Tis a tree with a countable subset which is cofinal in T then each
branch of T either has a maximum or is a countable chain.

Proor. This is an easy consequence of 7.1. and 7.2.

THEOREM 7.4. If T is a tree with a countable subset B so that Bis cofinal in T then T

is slim.

ProoF. Each branch of T either has a maximum point or is a countable type chain.
Let B = {b,,b,,...}. Choose for each i, a branch Z, containing the point b, Then T is
the union of the branches Z,,Z,,.... Thus T'is the union of finitely or countably
many branches, each of which either has a maximum or is a countable type chain.

Theorem 6.5 tells us that Tis slim.
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A well-ordered tree (that is, where each | x is well ordered) will be said to be of
Sinite type if:

F1  For each positive integer n there is an element x with ord [| x] = n.
F2  For each positive integer n. the set {x|ord [| x] = n} is finite.
F3 For each x, ord [| x] is finite.

Here for any well-ordered set D, ord [D] denotes the unique ordinal number
which is order isomorphic to D.

Certainly each well-ordered tree of finite type is slim.

For any tree Tlet N(T) = N be the set

(x|x =0 or x is maximal in Tor xe(T—{x})*}.

Then N(T)is meet closed in T. Call a tree T finitary if
(1) N(T)iseither finite or in the inherited order it is well ordered of finite type, and
(i1) N(T)1s cofinal in T.

Such trees have at most countable cofinal subsets.

COROLLARY 7.5. Each finitary tree is slim.

Familiar examples of finitary trees are the binary and ternary trees. For a positive
integer n, call a finitary tree n-ary if for each positive integer k the set

fxe N(T)|ord [|yx] = k}

has precisely 1#* ! elements. It is not difficult to show: if T is any n-ary tree so that for
each x. | x is order isomorphic to [0, 1] then B[ T7] is isomorphic with B[[0, 1}]. If
n > 1 each n-ary tree has uncountably many branches (overall) but the tree can be
expressed as the union of countably many of these.

We say a well-ordered tree is of countable type if it satisfies F1 and F3 above as
well as;

C2 For each positive integer n the set {x|ord[| x] = n} is at most countable.

A tree Tmight be called countable-ary if N(T) is cofinal in Tand if N(T) is either
finite or a well-ordered trec of countable type. Certainly each countable-ary tree Tis
slim (N(T) constitutes an at most countable cofinal subset). By analogy with n-ary
trees, we might say a countable-ary tree is Ny-ary if for each n the set

{xeN(T)|ord [|yx] = n}

has a countably infinite number of elements. All such trees are slim.

Let A denote the class of those trees with an at most countable cofinal subset (all
examples of this section fit here). Let B denote the class of trees where each anti-chain
is at most countable. With S denoting the class of slim trees one has 4 < S < B.
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Writing f3 to denote the first uncountable ordinal, /J is certainly a slim tree so
A # S. Just where in the interval [A, B] S lies is currently open, but helpful in this
direction would be a decision as to whether the tree § v ff (with f as above) is slim.
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