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ON THE ANALYTIC FUNCTION WHICH APPEARS IN

KRONECKEΪΓS LIMIT FORMULA FOR CM-FIELDS

TOSHIAKI SUZUKI

Hecke stated in [1] Kronecker's limit formula for CM-fields without
proof, in which "Die zu log 37(2) analog Funktion" appears, and he inves-
tigated in [3] the behaviors of this function under modular substitutions.
S. Konno also discussed Kronecker's limit formula for CM-fields in [4].

In this paper we shall investigate "an analytic function analogous to
log {Bn(az + bjN, z)jη(z)]" which appears in the second limit formula for
CM-fields. We make use of Hecke's method of [3] and the functional
equation of partial zeta functions in order to obtain the behaviors of our
analytic function under modular substitutions. We deal with them in
prime levels, but this restriction is not essential.

The author would like to thank the referee who read the manuscript
very carefully and advised on several points.

§ 1. Limit formula

Let K be a real quadratic number field which has class number one,
# the integer ring of K and (δ) its different. Let f be a prime number
of -9 and Ef be the group of totally positive units η such that ^=l(f).
For c, d e-9,c' is called Ef

+-associated with c if o! — ψ for some ηeE^.
If c e # {cφϋ), we choose a fixed representative (c)f

+ from the class of E^-
associated numbers with c. For c, c', d, d/ e #, a pair (c\ df) is called i?f

+-
associated with (c, d) if both relations c' = ηc and d; = ηd hold for some
ηeEf. If (c, d)Φ(0, 0), we also choose a fixed representative pair (c, d)f
from the class of i?f

+-associated pairs with (c, d).
As usual, K is embedded into R2 by c>->(cu c2) where cx = c and c2 is

the conjugate of c. Let H2 denote the product of two copies of the complex
upper half plane H. For z = (z19 z2) e H2 or e (C — R)2 and c,deK, we set:
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cz + d = (cxzx + d19 c2z2 + d2) e (C - /?)2;

iV(z) = z,z2y N(c) = cxc2; S(z) = zx + z2, S(c) = c, + c2.

We put D = |iV(3)| and / = |iV(f)|.

We consider a generalization of Kronecker's double series. For a, β

e & (not simultaneously congruent to 0 mod f), s eC and z e H2, we define

(1.1) G(z;s) = G(z;a,β;ϊ;s)

f δ]

where (c, d) runs over all non-J?f

+-associated pairs (^(0, 0)) of integers. If

Re(s)>0, then the series is absolutely convergent and G(z, s) is a "real

analytic" function with respect to z. Dividing the set {(c, d)f

+} into

{(0,d)f

+} and {(c,d)l; cφO}, we get

(1.2) G(z;s) = Σ exV(2πίs(Ά
+ \ \ 0]

2«s(- ήl))\N(cz+ Σ exp(2«s(^))Σ exp(2«s( ή
(0+ \ \ 5f //de« \ \ δ]

where 2<c)+ means the summation over all non-Z?f

+-associated integers

We note the following identity:

0.3) ,«,«+ *, - -

X ( i i )
I (c,z, + d,) (c2z, + d2) J. (c2S2 + d2) (c,zt + a,) J \N(cz + t

1 1 ί 1
V(c)i(cA- 22) iV(c)l(cA + dXcA + d2)\N(cz

1
d)\ί

+ d2)\N(cz

1
(c^i + dx){c2z2 + d2)\N(cz +

This gives

(1.4) G(z; s) = 2 + ^
f (zx - zd(z2 - z2)

X {F(zu z2;s) - F(zl9 z2;s) - F{zu z2;s) + F(zl9 z2; s)}
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with

(1.5) F(wu w2;s) = F(w, a,β;\;s)

where w19 w2eC — R. In the sequel we shall exclusively consider F(w; s)

when w — z eH2 as a typical case.

THEOREM 1. F(z; a, β; f s) is meromorphίcally continued in the whole

s-plane and regular at s = 0. Furthermore F(z; a, β f) = F(2?; α, /3; f 0) is

ατι analytic function with respect to zeH2;

F(z; a, β; f) = (2^)2^'1/2 Σ ^fe # f) exp (2«s(^

+

+ (2«)2-D-1/2 Σ o.(«, βl ί) exp (2«s( iL«)) i/ β=0(\).
/δi>o \ \δ\ /

Here Σ^ί>o means the summation over all integers vφO such that vjδ\ is

totally positive, and the coeffcient av(a, β',\) is defined by.

(1.6) σ,(α, i8;f)= Σ exp (iπisi^-))\N{μ)\-'

where μ runs over non-Ef-associated divisors of v under the condition v/μ

Proof. The statement follows from the routine argument for the

Fourier expansion of Hecke's Eisenstein series ([3], [4]). We have

N(cz + d)\N(cz + d)\ΐ

exp(2«s(^))exp('2«sfe
δ]

duxdu2

(cxz, + ux){c2z2 + u^\(cxzx + ux)(c2z2 + u2)\2s

Therefore if
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sgnN(c) Σ exp
odes N(cz + d)\N(cz + d)|2s

 s = 0 /f

On the otherhand, in case of /3=0(f), the constant term of the Fourier

expansion of F(zu z2;s) is given by

Ί C22:2 + U2) Kd^i

which reduced to

ifD-^ Σ exp(2πίSί^W(c)|-1

ω + \ \δ\//

at 5 = 0, and the other terms are the similar ones to the case of /3

§2. Φ(z;a,β;])

We introduce an analytic function on z e H2, defined by

(2.1) Φ(z; a, β; f) = q(2, β m o d ])N(z) + F(z; a,β;\)

where g(2, βmodf) = 2 ω + exp(2^S(c^f))I^V(c)!"2. It is easy to see that

(2.2) Φ(z + v;a,β;ft

= Φ(z; a + β», β; f) + q(2, β mod f)fc,A + y A + iV(y)) (p e «)

and that

(2.3) Φ(ηz; a, β; f) - (P(e; α , β; f) (, e £ f

+)

We shall see a simple relation between Φ(z;a,β;\) and Eisenstein

series on H2. Let us consider kind of Eisenstein series; for seC and

zeH\

G2(z; a, β; f s) = Σ iV(c^ + d)~2\N(cz + d)\~2s

(c,d) +

where (c, d) runs over all non-2?f

+-associated pairs Φ (0, 0) of integers sub-

ject to c=a(f) and d=β(f). It is known that G2(z; a, β; \;s) is meromor-

phically continued to the whole s-plane and regular at s = 0 and that

G2(z; a, β; f) = G2(z; a, β; f; 0) is an analytic function on zeH2 (see [5]).

Furthermore, if a,b,c,de-9, ad — be e E+ (the group of all totally positive

units of K), then
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; α, β; fWcz + d)~2 = G2(z; act + cβ, bet + dβ; f).
/cz + a

We put

Gt(z; a, β;\)= Σ exp ̂ S ^ L z J Γ ) W ; r, 3'; f)

where ϊ and δ' each run through a complete representative set of residue

classes mod f. Then by direct calculations of their Fourier expansions we

get

(2.4) --?!— Φ(z; a, β; f) - G*(z; a, β; f ) .
dz,dz2

Now we investigate the behavior of Φ(z; a, β; f) under the substitution

z-+ — z~ι = (— s f1, — ZΪ1). Let i; denote one of the characters vt (i = 0,1,2,3)

defined by vo(v) = 1, î (V) = sgn iV(y), υz(v) = sgn ̂  and u3(v) = sgn y2 for v e -9

), respectively. We consider an auxiliary function defined by

(2.5) H(t;ϋ)*=H(t;a,β;\;ϋ)

- Σ av(a, β; Mv | i
v,fcθ

where t = (tu t2) e C2(Re(ί1)>0, Re(ί2)>0), av{a, β; f) is defined by (1.6) and

ι> runs over all integers =£0 of & It is easy to see that

H(t, v) = Σ aAce, β; M^E^t,, \v2\t2)

with

where ηs is the generator of Ef such that ^ f > l . By virtue of [3], E^(tu t2)

is expressed in the following form:

This gives

(2.6) tf(ί, ϋ) = (2πί log^f)-1 f; A,(ί, v)
71= — oo

with
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(2.7) An(t,v) = An(t;a,β;\;v)

j-s + inb+s-inb

where

(2.8) Zn(s,ϋ) = Zn(s;a,β;\;ϋ)

_ Σ aXa,β;\)v(v)

We put

λn{v)= ^%nh for ve$(φθ).

Then {λnυ)(η) = 1 for all ηeE^\ this means (λnυ) is a Gross en-character

defined modulo f (in Hecke's original sense). We have

(2.9) Zn(s, v) = Zn(s; a, β; f v)

= Σ (^Xc)|N(c)|-sΣαu)(/i)exp(2πis(^W(i«)l-s-1.
(of+ ( Λ ) + \ \ δj / /

In view of (2.9), we set

(2.10) P(8, a mod f, ίnϋ) = (Df)s^-sr(s; λnϋ) Σ (λnv)(μ)\N(μ)\-s,

(2.11) Q(s, a modi λnv)

^-'nβ; λnv)

where

(2.12) r(S; ̂ ) = Γ (^ψ^j Γ i^ψ)

~ inb

if ϋ = i;,,

We shall prove the following lemma in the next section.
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LEMMA. If #^0(f), then P(s, or mod f, λnv) is analytically continued in

the whole s-plane except a pole at s = 1 in case of λnv — vo; and

Res P(s, a mod f, v0) = 4f~"2 log ηf.
S = l

P(s, 0 mod f, λnυ) is analytically continued in the whole s-plane except poles

at s = 0, 1 in case of λnυ = vo; and

Res P(s, 0 mod f, u0) = 4f~^ log , f ,
s = l

Res P(s, 0 mod f, v0) = — 4 log ^ f .

Furthermore, the following functional equation holds:

P(s, a mod f, λnv) = r f t ( ι ) Q(l - s, α mod f, 3nu)

w /iβre A(ι ) = 0, 2,1 /or i; = υQ9 υu v2 (or ϋ8), respectively.

Making use of an expression of Zn(s, v) by P(s) and Q(s) and the

functional equation of P(s) and Q(s), we get a transformation formula for

An(t, υ).

[1] the case of υ = v0. Since

it follows from (2.7), (2.9), (2.10) and (2.11) that

A (t v) = 4-Ό" 1 ' 2 P+<a°p(g> Z3 m o d f> ^)Q( g + 1 ^ m o d t> ^ )

f+iao-P(g, j8 mod f, λn)Q(s + l,a
J2-Ϊ00 ^ ί + inft^/β-tnft

mod f, ^ )

where ^ = ({δ^lβπ)^ and ^ = (|δ2f2|)ί2. We change the integral path from

Re (s) = 2 to Re (s) = — 2, and substitute s by — s. Then it follows from

the functional equation in Lemma that

n(t, a, β , T, υ0) - I
J - 2 - l

' ^ m o d f ' ^)9(g + l,«mod f,
f

+ 27ri (sum of residues of the integrand in

- 2 < R e ( s ) < 2 )
0B Q(g + 1, j8 mod f, 3,)P(g, « mod f, I J r f g

+ 2τri (sum of residues).
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If nφQ, then the integrand has no poles in — 2 < R e ( s ) < 2, so we get

(2.13) An(fl912; a, β; f υ0) = AJ-^— , -£?— β, a; f i;0) .
^ I 0111 I h [O2T2I ^2 /

If n = 0, then the residues of the integrand in — 2 < Re (s) < 2 are as
follows:

at s = 1, 4/-1'2 log 9 fQ(2, a mod f, ι;0)(#D-1

= 4Dπ~2 log 9 f 9 ( 2 , α mod fX^D"1;

at s = 0, - J(j8 f)4 log 7 f Q(l , α mod f, υ0) + J(α, f)4 log 9 f Q(l , j8 mod f, vQ)
= - (j8, f)4Z)1/2 l o g ? f q f ( 1 > α m o d f) + J ( α > ί ) 4 D i / 2 l o g 5 f g ( 1 ) p m o d ί } .

at s = - 1, - 4π-2D log ^fg(2, ^ mod \)t[t'2

where

q(s, a mod f) = Σ exp \2πiS\^)) \N<fi)\"

and

J(α; f) = 1 if «Ξθ(f),

= 0 if α^O(f).

So we get

(2.14) A0(tu ί,; α, jS; f u0) = y

[ 111/2 r 1 \

^ — ς<2, α mod f)-^. - q(2, β mod f ) ^

- Δ(β; \)q(l, a mod f) + Δ(a; \)q(l, βmoά f)] .

[2] the case of v = vt. We have
'ΊΆ.§ m o d f. ^Q(s -M^mod f, Xnv.) ds

- (s2 + nΨWr^X*-™

There exist infinitely many poles of the integrand in — 2 < Re (s) < 2. If

n = 0, the residue at s = 0 is

- Pφ, β mod f, Vl)Q(l, a mod f, i;,) log (#Q

= Dπ-2q(l, β mod f, ι;,)g(l, α mod f, i;,) log (ίί<0;

if n^tO, the sum of the residues at s = inb and s = — inb is
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2mb
inb, β mod f, Λ Λ ) Q ( 1 + inb, a mod f, ^v,)

_ __? p ( — inb9 β m O ( j ^ Xnυ^Q(l — inb, a mod f, ^ I Ί )
2inb

-t[-2inbq(l — inb, β mod f, λnυ^q{l + m&, modf, λnυγ)
2π sin (πinb)

TΛ
bq(l + m&, /3 mod f, λnυ^)q(l — m6, a mod f, ^ L Ί )

2π sm (πmb)

where

g(s, α mod f, ^ u ) - Σ exp ( 2 τ r i s ( ^

[3] the case of v = v2 (or vs). We have

An(ί l f ί,; υ) - i<3f)Z)-^ r + < B B _g(gi igL o d f> **υ)Q(8 + !> « m o d f> ̂ ϋ > ds.
J 2( 6)ίί' + i n ^ - < n δ

There exist infinitely many poles of the integrand in — 2 < Re (s) < 2.

The residue at s = m6 (s = — m&) is

—^--Ptfnb, β mod f, Λnϋ2)Q(l + m6, a mod f, ^nu2

^"2ί7 l&g(l — inb, βmod f, ^nϋ2)g(l + inb, mod f,
2τr cos (πinb)

1
P(— inb, ^modf, λnv3)Q(l — inb, a mod f,

* */2inbqQ _̂_ j ^ ^ ^ ^ m o ( j ^ ίnϋ s)gr(l — m 6 , α m o d f,
2π cos (πinb)

If we put

(2.15) / P f o , t2; a,β;\;v) = H( ^-ι-, -^^2^ a, β; f

then by (2.6), (2.13) and (2.14) we have

(2.16) H\tu t2; a, β; f; υ0) = H'ft\ tς\ β, a; f v0)

+ w(2, α mod f ) — — q(2, β mod f^t,

1, a mod f) + J(αr; f)g(l, /3 mod f).
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Similarly we have

(2.17) υ1(δf)H'(t\ t2; a, β; f υ,) = υMH'fa1, t;1; β, a; f u,)

q(l, β mod f, v,)q{l, a mod f, υx) log (tj2)
π2 log

(2.18) v2(d\)H'(t, t2; a, β; f v2) = v^d^H'fc1, t2

ι; β, a; f v2)

D 1 / 2 °°

π2 n=-c

and

(2.19) υMW(tu t2; a, β; f v3) = ^ O i / U " 1 , ί 1 ; A or; f u3)
7~)l/2 oo

^— 2_j 8An><Xi P>\)h

where

„ / „ . ^ p. Λ _ ^ ί 1 - mb ? j9 mod f, ^ ^ ( l + ίnb, a mod f, ^wι;t)
2^ - 1 log 29f sin (πino)

.„ p. Λ - ^ ί 1 - ί λ ι b> Z3 mod f, ^ni ̂ l + ίnb, a mod f, λnυt)> a> P> 1/ — ^ ΓΊ 7 —Γx
2π~ι log 59f sin (TΓ mo)

' rv R- ΐ) - i ^ ~ ίnb> β m θ d ^ ^ M 1 + ^n6^ ^ m θ d t> ^ ^ )t J " j P J 1/ — * — ^ ^^—r-TT

2τΓ l o g 59f COS (π 1710)

- *ttb, j8 modf, λnυs)q(l + m&, « modf, 3wu8)— ι

2π~ log ηs cos (π mo)

It follows from (2.5) and (2.15) that

Σ βW{t» t2; v,) = 4 Σ «v(α, ]9; f) exp ( - 2 ; : ^

and so

(2.20) E(zu z2; a, β; f) = (πi

By (2.1), (2.16), (2.17), (2.18), (2.19) and (2.20) we obtain

THEOREM 2. We have

https://doi.org/10.1017/S0027763000000544 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000000544


KRONECKER'S LIMIT FORMULA 11

Φ(-zr\ - z;1; β, a; \)

= Φ(z, z2; a, β; \) - — L _ g(l, β mod f)g(l, a mod f){log z, + log z2 - iπ)
log

- Σ {§(n; a, β; de"nbzr2M + h(n; a, β; fjβ—^-"-'}
n— — oo

where

g(n; a, β; f) = gx{n\ a, β; f) + gs(n; a,β;f) if n φ 0 ,

= g s (0;α, i8;f) if n = 09

h(n; a, β; f) = ^2(τ2; α, /3; f) + ft(^; ^ /5; ΐ) if n Φ 0 ,

= &(O;α,j8;f) if n = 09

and zs = e5 l o^(lm(^)>0), 0<lm(logz)<τr.

§ 3. Proof of Lemma

Let £J be the group of all units of K, JB+ the group of all totally

positive units of K and E^ the group of all units congruent 1 modulo f.

Let η denote the generator of E+ (η>ϊ). Put

e(\) = [E,:Eϊ], e'(\) = [E : E,] and e(l) = [E : E+],

then we have

(3-D to ^ log,.
e(τ) e(l)

Let us recall the properties of Hecke's L-function for K. For λnv,

consider the characters 1 defined modulo f such that λnvχ is an ideal

character modulo f. The number of such characters 1 is equal to (/— l)/e'(f).

If one of such characters is l f (the identity character modulo f), then λnv

itself must be an ideal character. For Iφl^ λnvX is primitive because f

is prime. For ideal characters λnυX(Xφlf) and λnv, we set

A(s,λnυX) = π-(Df)"*r(8l λnv) Σ (λnυX)(c)\N(c)\"9
(0

A(s, λnv) = π-°

(0
( C , f ) = l

( 0

where Σco means the summation over all ideals of 9; they are analyti-

cally continued in the whole s-plane except that Λ(s, u0) has two poles at

s — 0, 1, and satisfy the following functional equations:

(3.2) Λ(s, λnυl) = i-k^G(X)f-^(λnv)(δ\)Λ(l - s, Xλnv),
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(3.3) A(s, λnυ) = i-k^nV)(δ)Λ(l - β, λnυ)

where G(X) = Σ«modf X(a)e2πίS^; the residues of Λ(s, υ0) at s = 0 and s = 1

are respectively given by — 4 log ^/e(l) and 4 log η[e(l).

We shall see that P(s, # mod f, v) and Q(s, a mod f, u) are expressed in

terms of Λ(s). Then Lemma follows from the properties of Λ(s). If a =

0(f), then by (3.3)

(3.4) P(s, 0 mod f, λnϋ) = π-s(Df)^ϊ(s, λnv)e{\)e\\) Σ (λnυ)(c)\N(c)
(c)

C=O(f)

s, λπv)

s, λnυ)

P(s, 0 mod f, λnv) is continued analytically in the whole s-plane except

poles at s = 0 and s — 1 in case of λnv = vo;

Res P(s, 0 mod f, u0) = βίMf)/" 1 ' 2 4 log )?/e(l)
S = l

= 4/-^log^ f (by (3.1)),

Res P(s, 0 mod f, v0) = — 4 log jyf.
s = 0

For our purpose we modify the functional equation of Λ(s, λnϋ). If we

write

then

(3.5)

by (3.3)

A(s, 1,/

A(s, l fΛκι

A(s, 0[^t

Lv) = f"

>) - π

2A(s, λ

s;λπv)

s;λnv)
(

(c)
(C,f)=l

(c)
:sθ(f)

- s, λnυ){\ - (λnv)(\)f-s)

- s, λnv)

- i-*vf-"Xλnυ)(βϊ){A(l - s, iμnv) + .4(1 - s, 0,3,1;)

= i-^G(ltf-^(λnυ)(δί)Λ(l - s, l,lnv)

+ »-*(•>(/ _ l)f-y\λnv)(δ\)A{l - s, 0flnv).

We note that A(s, lfu0) has a pole at s = 1 but is regular at s = 0. For

α ^ 0(f) we have
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XXnvXe-l)(f - l)/β'(f) if a = s(f) for some εeE,
(3.6) Σ * ( « ) = l n ,.

(0 otherwise,

where X runs over characters mod f such that Xλnv is an ideal character

mod f. By (3.2), (3.5) and (3.6),

t^- P(s, a mod f, λnv) = Σ X(a)Λ(s, Xλnv)

- s; λnv)(f -

QnvXc)\N(c)\'-1 Σ QnV)(ε)exp(2πis(ε«C-))X fβd) Σ QnvXc)\N(c)\ Σ QnV)(ε)exp(2πis(
I (c) εGE/Eϊ \ \ θ\

Cf)=l

(c)
(c)sθ(f)

— s, a mod f, Λnι>);

P(s, mod f, λnv) (a Ξ£ 0(f)) is analytically continued in the whole s-plane

except a pole at s = 1 in case of ^nu = v; and

Res P(s, α mod f, υ0) = 4/"1/2 log ^ f .

Now our Lemma is proved.
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