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ON THE ANALYTIC FUNCTION WHICH APPEARS IN
KRONECKER’S LIMIT FORMULA FOR CM-FIELDS

TOSHIAKI SUZUKI

Hecke stated in [1] Kronecker’s limit formula for CM-fields without
proof, in which “Die zu log#(z) analog Funktion” appears, and he inves-
tigated in [3] the behaviors of this function under modular substitutions.
S. Konno also discussed Kronecker’s limit formula for CM-fields in [4].

In this paper we shall investigate “‘an analytic function analogous to
log [9,(az + B[N, 2)[n(z)]” which appears in the second limit formula for
CM-fields. We make use of Hecke’s method of [3] and the functional
equation of partial zeta functions in order to obtain the behaviors of our
analytic function under modular substitutions. We deal with them in
prime levels, but this restriction is not essential.

The author would like to thank the referee who read the manuscript
very carefully and advised on several points.

§1. Limit formula

Let K be a real quadratic number field which has class number one,
9 the integer ring of K and () its different. Let { be a prime number
of 9 and E; be the group of totally positive units 7 such that p=1(f).
For ¢, ¢’ €9, ¢’ is called E;-associated with ¢ if ¢/ = yc for some 5e E}.
If c € 9 (c#0), we choose a fixed representative (c); from the class of E}-
associated numbers with ¢. For ¢, ¢, d,d' €9, a pair (¢/, d’) is called E;-
associated with (c, d) if both relations ¢’ = ¢ and d’ = 5d hold for some
neE;. If (c,d)#(0,0), we also choose a fixed representative pair (c, d);
from the class of E;-associated pairs with (c, d).

As usual, K is embedded into R® by ¢+~ (c,, ¢;) where ¢, = ¢ and ¢, is
the conjugate of c. Let H? denote the product of two copies of the complex
upper half plane H. For z = (2,,z,) e H* or ¢(C — R)* and ¢, d € K, we set:
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cz+d=(cz +d, cz, + d,) e (C — R)?
N(z) = 2z, N(c) = ¢,¢z; S(2) = 2, + 2, S(¢) = ¢, + c,.
We put D = |N(@)| and f = |N(f)|.
We consider a generalization of Kronecker’s double series. For «, 8
€ 9 (not simultaneously congruent to 0 mod {), s € C and z ¢ H?, we define

(1.1) G(z;8) = G(z; a, B; 15 8)
_ .of c — dB oo
= >, exp (ZmS (Vﬁéf—ﬁ» [N(cz + d)|”

(car}
where (c, d) runs over all non-E}-associated pairs (#(0, 0)) of integers. If
Re(s)>0, then the series is absolutely convergent and G(z, s) is a ‘“‘real
analytic” function with respect to z. Dividing the set {(c, d){} into
{(0, d){} and {(c, d);; c+0}, we get

12) G(z;s) = % e <2mS<aT@)>|N(d)| -2t
+ 3 exp (2mS< ))Z exp <2mS( ﬁ))]N(cz + d)| "
(c‘)f" e’y
where Z<c)f+ means the summation over all non-E;-associated integers 0.

We note the following identity:

-2-2s __ . 1 — 1 - 1
(L3) |N(cz +d)| > = Nz, — 2 )z — 2) { (cz +d) (cz + dl)}

1 1 1
% {(0222 + d‘z)ﬁ B (czzz + dz) } !N(CZ + d)lzs
_ 1 1 { 1
(21 — Z)(z, — Z) N(C)
1
- (0121 + dx)(czzz + dz)lN(Cz + d)|23
1
 (ca + d)ez + d)| Nz + d)f

(ciz, + d)(e.2; + do)|Niez + d)*

+ — }
(2, + d)(c.Z, + d2)|N(CZ + d) |
This gives

(1.49) G(z;s) = Z exp (27rzS< B))|N(d)1 Bk - 1

( 1 zx)(zz - 22)
X {F(zl, 2,;8) — F(z, 2;;8) — F(z, Z;; 8) + FZ, Z:; 9)}
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with
15) F(w, w;;s) = F(w, «, ; {; )

=2 (2ris (57 ) )0 Zexp (25~ %?)) N@?&fﬁ(c‘aj‘rm

where w,, w, € C — R. In the sequel we shall exclusively consider F(w; s)
when w = ze H* as a typical case.

THEOREM 1. F(2;a, f;f;s) is meromorphically continued in the whole
s-plane and regular at s = 0. Furthermore F(z;a, §;1) = F(z; «, 8; §; 0) is
an analytic function with respect to z ¢ H?;

F(z; a, 8 1) = @D 33 a,(a, Bi ) exp (2@5(% z)) if p=0(H),

= (zi)'D""" exp (2ms( oot )) | NO)|*

(¢) +

+ @)D 3 ay(e, B; ) exp (2ms( f )) if 8=0().

v/8f>0

Here 3,,:>, means the summation over all integers v+0 such that v/6f is
totally positive, and the coeffcient a,(a, 8; 1) is defined by:

(16) ol pi = 3 exp (2a8( ) )G

ce=4(f)

where p runs over non-E;-associated divisors of v under the condition v/u

= p(H-

Proof. The statement follows from the routine argument for the
Fourier expansion of Hecke’s Eisenstein series ([3], [4]). We have

OIS |
57t N(ez + d)|N(ez + d)|* §s=o

= (2mi)¥f 'D~'*sgn N(c) >, exp(2mS( f>) exp (2MS<5f ))

ve /8 >0

du,du
+ fiD- 2
—od —e (cle + u)(c.2, + uZ)!(Clzl + u)(C2, + Uy .

Therefore if z0(f),
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(28
degszJ(f:;\(;(czi )2) o = @D s N(c):cz%%oexp (27:;‘3(’_(;%)) .

On the otherhand, in case of B=0(f), the constant term of the Fourier
expansion of F(z, z,;s) is given by

(CZ); exp (2”iS (65_6;)) Ne)=D 1/2.[ : .[ °_°w (c,2, +u ez, zZ;I((ZZ Fu )2+ wo)

which reduced to

&+
“f

(ziD-" 3 exp (2ﬂiS(;—?)>lN(c)|“
at s = 0, and the other terms are the similar ones to the case of g=0().

§2. O(z;a, B8;7)

We introduce an analytic function on z ¢ H? defined by
(2.1) D(2; @, B; ) = q(2, fmod N(2) + F(z; a, B; 1)
where ¢(2, pmod ) = Zm; exp(2ziS(cp/o7))| N(c)|>. It is easy to see that

22 O(z+via, B0
= 0(z;a + by, B; T) + q(2, B mod N(v,2; + w2, + N(V)) ve9)

and that
(2.3) D(z; a, B 1) = V(25 0, B57)  (ne E}).

We shall see a simple relation between @(z;«, 8;f) and Eisenstein
series on H?% Let us consider kind of Eisenstein series; for s C and
ze H?,

Giz;a, 85 158) = 2. N(ez + d)~fN(cz + d)|™*

(C,d)f*

where (c, d) runs over all non-E;-associated pairs == (0, 0) of integers sub-
ject to c=a(f) and d=4(f). It is known that Gy(z;a, 8;{;s) is meromor-
phically continued to the whole s-plane and regular at s =0 and that
Gyz; @, B; 1) = GAz; , B;1; 0) is an analytic function on z e H* (see [5]).
Furthermore, if a, b,¢,d ¢ 9, ad — bc € E* (the group of all totally positive
units of K), then
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G(az+b

cz+d,a',ﬁ T)N(cz—i—d) P = Gyz; aa + cB, ba + dB; 7).

We put

Giza, 80 = 3 exp (zms( Tﬁé )) (237,53 7)

7,8'mod {

where 7 and 6’ each run through a complete representative set of residue
classes mod . Then by direct calculations of their Fourier expansions we
get

(2.4) -57;~ D(z;a, 85 ) = Gf(z5 , 5 1) .

Now we investigate the behavior of @(z; «, 8; f) under the substitution
z——2'=(— 27!, — 2;7"). Let v denote one of the characters v, (i = 0,1,2,3)
defined by vy(v) = 1, v,(t) = sgn N(v), v(v) = sgny, and v,(v) = sgny, for vy € 9
(s£0), respectively. We consider an auxiliary function defined by
(25) H(t;v) = H(t; «, 85 15 0)

= ; a(e, B; Pu(v) exp (=tlv] — t]v.])

where t = (t,, t,) € C*(Re (t,)>0, Re(,)>0), a,(a, 8; f) is defined by (1.6) and
y runs over all integers #0 of 9. It is easy to see that

H(t, v) = 2 @, B; DV E([ts, [vi]t)

(v)'

with
Eit, t,) = n=Z- exp (—& |y — blp]™7)

where 7; is the generator of E; such that 5, >1. By virtue of [3], E\(¢,, t,)
is expressed in the following form:

© 2+ 10
E(t,t) = (2rilogp)~ 5 [ 16 frtfﬁi'.zgﬁinb_i@ds (b= T&Q‘)'
n=-—o 100 )?(

This gives
(2.6) H(t, v) = (2ailogp;) ! Z A, v)

N=—o0

with
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2.7 At v) = A a B 15 v)
_ r“w I'(s + inb)I'(s — inb) Z,(s, v)ds

ts+'mbts inb

where
(2.8) Z,(s,v) = Z,(s; a, B T; V)
_afa, B Do)
OFS 2 I 7
We put

'Zn(v) = |—

121

for v e 9(+0).

Then (2,v)(y) = 1 for all e E}; this means (2,v) is a Gréssen-character
defined modulo f (in Hecke’s original sense). We have

2.9 Z.(s,v)=2Z,(s;a B;%;V)
= 2 (IO 2 (e exp (2mS( ;. )N

c-ﬁ(f)

In view of (2.9), we set

(2.10) P(s, amod f, 2,v) = (Df)*"*z=*7(s; A,V) Z‘, 2 v) ()| N(p)|~*,

S
)y
a(f

II) o

f)

(2.11) Q(s, « mod f, 2,V)
= (LOXEDf DY "T(s3 40) 2 o)) exp (2ni8(§-f’i)) NG|~

where
212)  7(s; 4,0) = (S + mb) (S ‘zi"11> if v =10,
—_—p<3+1+mb) (s+12—inb) if o=,
=F(s+mb) (s—{—l—mb) fv=u,,
2
=T (ﬁiii‘ﬂ) r(f:fﬁl_’_) if v=nu,.
2 2

We shall prove the following lemma in the next section.
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Lemma. If az£0(f), then P(s, « modf, 2,v) is analytically continued in
the whole s-plane except a pole at s =1 in case of 2,0 = v,; and
Is{_els P(s, e mod {, v)) = 4f'*log; .
P(s,0mod {, 2,0) is analytically continued in the whole s-plane except poles
at s =0, 1 in case of A, = v,; and
13?13 P(s, 0 mod {, vy) = 4f~"*log;,
l}_eos P(s,0modf, v)) = — 41logy;.
Furthermore, the following functional equation holds:
P(s, a mod f, 2,U) = i *PQ(1 — s, a mod f, 2,0)
where k(v) =0, 2,1 for v = v, v, v, (or v,), respectively.

Making use of an expression of Z,(s,v) by P(s) and Q(s) and the
functional equation of P(s) and Q(s), we get a transformation formula for
At V).

[1] the case of v = v, Since

ey o) e

it follows from (2.7), (2.9), (2.10) and (2.11) that

= P(s, fmod f, 2,)Q(s + 1, amod {, 2,) ;-
9—jco (2ﬂ)—2s(Df)szn(5f)ti+ 1nbtg—inb

— 4-1D-172 *+i= P(s, fmod f, 2,)Q(s +_1_’V.f{29f‘;jzﬁ2ds

At v) = 47 D"

2—joo t;s+inbt;s ~inb

where t] = (|6,f,|/27)t, and t, = (|6.f,)t. We change the integral path from
Re(s) = 2 to Re(s) = — 2, and substitute s by — s. Then it follows from
the functional equation in Lemma that

~2+i= P(s, f mod fzzﬁ)Q(s + 1,amod , ) ds

/s +inbp/s —ind
tsinog

4D'*A,(t; a, B; 5 vo) = f

—2—do0
+ 2ri (sum of residues of the integrand in
— 2<Re(s)<2)

2—joo t;—se-inbt;—s—inb

+ 271 (sum of residues).
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If n=0, then the integrand has no poles in — 2 <<Re(s) <2, so we get

47* 47 .
(2.13) An(t,t;a,ﬁ;f;v)=A-n< =, 5 B o ;v>.
vl : B o Y

If n =0, then the residues of the integrand in — 2 < Re(s) < 2 are as
follows:

at s =1, 4f ' log 7,Q(2, « mod f, v,)(tt) ™!
= 4Dz*log 7,9(2, « mod F)(¢t)";

at s =0,  — 4(8; N4log7;Q(1, @ mod {, v)) + (e, )4 log 7,Q(1, f mod §, v,)
= — (B, D4D** log 1;q(1, @ mod ) + 4(a, )4D"*log 7,q(1, f mod f);

at s = — 1, — 477°D log 7;9(2, p mod f);t;

where

q(s, amod ) = > exp (2mS<c‘;))[N( o)

2
( C)'
and

ANa; ) =1 if «=0(}),
=0 if az0(f).

So we get

(2.14) Ayt t; a, Bt v,) = (T;TLZW~ 254)? }2l s Byas §; vo)

+ 2xi log »; [_12— {q(2 amod T) , ltg}
1 2

— A(8; Dg(1, @ mod ) + A(e; Dq(1, fmod f)] :

[2] the case of v = v,, We have

. = P(s, fmod f, 2,0)Q(s + 1, @ mod {, ,v,)
A (th t27 vl) - UI(BT)D /ZJ 9 goo (S + nlzbz)t/s-i-inbt/s inbd dS

There exist infinitely many poles of the integrand in — 2 < Re(s) < 2. If
n = 0, the residue at s = 0 is

— P(0, pmod f, v,)Q(1, @ mod f, v,) log ()
= Dz~%¢(1, pmod f, v,)g(1, « mod f, v,) log (#t});

if n=0, the sum of the residues at s = inb and s = — inb is
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t/ ~2inbd

A___ P(inb, fmod §, 2,0)Q(1 + inb, « mod f, 1,v,)
2inb
— —t%-z-iibﬁ P(— inb, pmod {, 2,v)Q(1 — inb, « mod {, 2,v,)
2inb
—-—’L t*mq(l — inb, f mod {, 2,v,)g(1 + inb, mod i, 2,v,)
2 sin (zinb)
275_31;%71—151)) t#"*q(1 4 inb, pmod f, 1,v,)9(1 — inb, « mod {, ,0,)
where

q(s, amod §, 2,0) = Z exp (ZnLS (“"))(z v)(c)| N(c)|~*

(c)f

[3] the case of v = v, (or v,). We have

2 (77 P(s, fmod f, 2,0)Q(s 4+ 1, a mod {, 4,0)
Aty s v) = BD‘/J d
( U) U( T) 2—joo 2(s+lnb)t/s+wbtls -inbd S-

There exist infinitely many poles of the integrand in — 2 < Re(s) < 2.
The residue at s = inb (s = — inb) is

— P(inb, fmod f, 2,u,)Q(1 + inb, @ mod f, 2,v,)

2 y/2inb
= =D gt — inb, fmod i, Z)a(l + inb, mod i, 4,0)
2r cos (winb)
Tlfb P(— inb, pmod f, 2,0)Q( — inb, @ mod f, 2,v;)
2

—_—iD
27 cos (ninbd)

Fimig(l + inb, fmod §, 4,U5)9(1 — inb, @ mod §, 2,V;)

If we put
c Zﬂ't 2“. -
(2.15) H'(t, b a, B T3 0) = H( B s, B 1 v)
sl ol ol P
then by (2.6), (2.13) and (2.14) we have
(2.16) H'(t, t; o, §; T; 0) = H/(t-‘ 63 By as T3 v)

+ 2 e amod i { — a(2, fmod Dt}

— 4(8; Da(1, e mod |) + A(a; Hg(1, Bmod {).
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Similarly we have

(2~17) UI(BT)H/(tl Ly o, B, fs v,) = Ul(af)H/(tl—l’ i B a; fs vx)

113 g(1, fmod , v)a(, @ mod §, v,) log (8.)

B _{r_f nzaeo{gl(”; @, B; DL + gon; o, B DETH)

(2.18) V(ONH'(, ty; a, B; 15 v2) = v(ONDH'(t, 8545 B, a; T; v,)
12
D _Z_:wgs(n 0(, ﬁ f)tl Bind ’
and
(219) va(éf)H/(tn ty; «, ﬁ; f; Us) = 03(5T)Hl(t1—1, té'l; ﬂ’ a; f; Ua)
D]/ —-2inbd
2 8 Dt
where

q(1 — inb, fmod {, 2,v)q(1 4 inb,  mod {, 2 v,)
277" log %; sin (zinb)

B = q(1 — inb, Bmod f, 2,0,)q(1 + inb, « mod {, 2 vl)
277" log 7; sin (x inb)

g(1 — inb, Bmod f, 2,0,)q(1 + inb, « mod {, 2 vz)

gn;a, ;) =

g(n; a, B;

nya, i) =1
gn;a, B 1) = 2r log »; cos (z inb)

q(1 — inb, g mod {, 2,v)9(1 + inb, @ mod f, v3)

8(n; a, B; =1 27 'log 7; COS (z inb)

It follows from (2.5) and (2.15) that

and so

(2.20) E(z, 2,; @, 8; ) = (zi)?D~" v@f)H’(if, 2, vj)
0<j=3 l l

sJj=s

+ 4(B; I)(=i)*D~"q(1, @ mod ) .
By (2.1), (2.16), (2.17), (2.18), (2.19) and (2.20) we obtain

THEOREM 2. We have

https://doi.org/10.1017/5S0027763000000544 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000544

KRONECKER’S LIMIT FORMULA 11
-1 -1, .
@(——21,—22, 9a9f)

= O(z, 2,; «, B; ) — *1*”

q(1, Bmod f)q(1, & mod f){log 2, + log 2, — iz}

log 7,

— 3 {85, B De 2 + Bl a, B Do)
where

gn;a, B;1) =g a, B0 + 8(n; e, B57)  if n+0,

= g,0; a, 5 7) ifn=0,
hn;a, B;7) = g(n;a, B3 1) + 8(ns e, B39 if n#0,
= g0, 8; 1) if n=20,

and z° = e**¢*(Im (2) >0), 0<Im (log 2)<x.

§3. Proof of Lemma

Let E be the group of all units of K, E* the group of all totally
positive units of K and E; the group of all units congruent 1 modulo f.
Let 5 denote the generator of E* (y>1). Put

e) =[E;:E;], ¢()=[E:E] and e(l)=[E:E*],
then we have

(3.1) ,195_,,’7,?, EAOR
e(f) e(1)

Let us recall the properties of Hecke’s L-function for K. For 2,v,
consider the characters X defined modulo { such that 1,v, is an ideal
character modulo f. The number of such characters ¥ is equal to (f—1)/e().
If one of such characters is 1, (the identity character modulo {), then 2,v
itself must be an ideal character. For x=1,, 2,0X is primitive because f
is prime. For ideal characters 2,uX (X#1;) and 2,0, we set

As, .0%) = 7=(Dfy"1(s; 4,v) 35 (v,

c
(e,f)=1

A(s, 2,0) = = D**1(s; 2,0) g (20)(©)| N(c)|~*

og 7.

where 37, means the summation over all ideals of 9; they are analyti-
cally continued in the whole s-plane except that A(s, v,) has two poles at
s =0, 1, and satisfy the following functional equations:

3.2) A(s, 2,00) = i *OGf*2,v)0NAA — s, XA,V),
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3.3) A(s, 2,0) = i7*9(2,0)0)AA — s, 1,V)

where G(X) = 3, moa; X(a)e* S« the residues of A(s,v) ats =0ands=1
are respectively given by — 4logp/e(1) and 4 log p/e(1).

We shall see that P(s, « mod {, v) and @(s, « mod {, v) are expressed in
terms of A(s). Then Lemma follows from the properties of A(s). If a« =
0(f), then by (3.3)

(34)  P(s,0modf, 2,0) = z=*(Df)*"*1(s, 2,v)e(Pe’() (Z) @0)OIN()[™
e=0(f)

= e(De’'(Df *(2,.0)([DA(s, 2,0)
= 17" e(e’(Nf (2 0)(ED AL — s, 2,0)
=1*Q(1 — s, 0mod f, 2,0) ;

P(s,0mod {, 4,v) is continued analytically in the whole s-plane except
poles at s = 0 and s = 1 in case of 1,u = v,;

Res P(s, 0 mod f, v,) = e(f)e’(7)f ~'/* 4 log y/e(1)
=4flogy,  (by (3.1),

Res P(s, 0 mod {, v,) = — 4log ;.

§=0

For our purpose we modify the functional equation of A(s, 2,v). If we
write

A(s, 1.2,0) = ==*(Df)*"r(s; 2,0) 2 (AVEIN (@)™,
(D=1

A(s, 0;2,0) = a=*(Df)*"*r(s; 2,0) 2 @V)(E)IN(©)|™,
e=0(H)

then by (3.3)

(3.5)  A(s, 1;2,0) = f*"A(s, 2,0){1 — (A,v)(D)f ~*}
= 7O QUG AL — s, 2,01 — (A,0)(0f )
= 1FOfRQQ0)E) AL — 8, 2,0)
— 17*O 32 V(D[4 — s, LA,0) + AL — s, 0:2,0)
= 1"OGA)f T H2,0)ED AL — s, 1,2,0)
+ 17O — DFTH20)ED AL — s, 0,2,0)

We note that A(s, 1,v,) has a pole at s = 1 but is regular at s = 0. For
a %= 0(f) we have

https://doi.org/10.1017/50027763000000544 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000544

KRONECKER’S LIMIT FORMULA 13

AUEN — D/e'(F) if a = &f) for some e E,
(3.6) > lw) = { .
: 0 otherwise,
where X runs over characters mod f such that 2i,v is an ideal character
mod {. By (3.2), (3.5) and (3.6),

E%S—e—,(% P(s, amod {, 2,v) = }lj () A(s, 12,V)

= i T U)GOOf H2,0)(GN AL — s, %2,0)
+ i O(f — Df ARG AL — s, 0.2,0)
— i_k(v)f-uz(lnv)(af)n_s—l(Df)(l—s)/Z T(]- — S; va)(f — 1)

X {e’(f)“ > @OEINE™ 3 (LU exp (2ﬂis(f§f>>
(e,f)=1

+ 2 GoeNe)

C
(e)=0(f)

— 7 -l(w f_ 1 — 2 s
— K );(}),e7(f7 Q1 — s, amod {, 1,v);

P(s, mod f, 2,v) (« %= 0(f)) is analytically continued in the whole s-plane
except a pole at s = 1 in case of 1,v = v; and

Res P(s, « mod {, v,) = 4f~"*log »; .
s=1

Now our Lemma is proved.
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