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Abstract We compute the (generalized) Poincaré series of the multi-index filtration defined by a finite
collection of divisorial valuations on the ring O

C2,0 of germs of functions of two variables. We use the
method initially elaborated by the authors and Campillo for computing the similar Poincaré series for the
valuations defined by the irreducible components of a plane curve singularity. The method is essentially
based on the notions of the so-called extended semigroup and of the integral with respect to the Euler
characteristic over the projectivization of the space of germs of functions of two variables. The last notion
is similar to (and inspired by) the notion of the motivic integration.
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We compute the (generalized) Poincaré series of the multi-index filtration defined by a
finite collection of divisorial valuations on the ring OC2,0 of germs of functions of two
variables. For one divisorial valuation, this series (which is the usual Poincaré series
of the corresponding filtration) has been computed in [8]. For a collection of divisorial
valuations the study of the Poincaré series was started by Delgado, Galindo and Núñez
in [6]. They have conjectured the formula of Theorem 2 and recently have proved it using a
completely different method. Here we use the method initially elaborated by the authors
and by Campillo for computing the similar Poincaré series for the valuations defined
by the irreducible components of a plane curve singularity. The corresponding formula
(announced in [2]) has been proved in [5] using another method. The method used here
is essentially based on the notions of the extended semigroup (similar to that from [1])
and of the integral with respect to the Euler characteristic over the projectivization
POC2,0 of the space of germs of functions of two variables. The last notion is similar to
(and inspired by) the notion of the motivic integration (see, for example, [7]). It was
introduced in [3] (see also [4]). The value of this method consists of the fact that it can
be applied to some other multi-index filtrations in rings of functions (e.g. to the filtration
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on the ring of germs of functions on a rational surface singularity defined by components
of the exceptional divisor of the minimal resolution).

Let π : (X ,D) → (C2, 0) be a modification of the complex plane C
2, i.e. a proper

analytic map which is an isomorphism outside of the origin in C
2 such that D = π−1(0)

is a normal crossing divisor. The modification π is obtained by a sequence of point blow-
ups. The exceptional divisor D is the union of irreducible components Eσ (σ ∈ G), each
of them is isomorphic to the complex projective line CP

1.
Let Eσ be a component of the exceptional divisor D. For a function g from the

ring OC2,0 of germs of functions of two variables, let vσ(g) be the multiplicity of the
lifting g ◦ π of the function g to the space X of the modification along the compo-
nent Eσ (vσ(0) = ∞). The map vσ : OC2,0 \ {0} → Z�0 defines a valuation on the
field of quotients of the ring OC2,0 (the divisorial valuation defined by the component
Eσ). Let us fix r different components Eσ1 , . . . , Eσr of the exceptional divisor D, let
vi := vσi , v := (v1, . . . , vr) and v(g) := (v1(g), . . . , vr(g)) (g ∈ OC2,0 \ {0}). The map
v : OC2,0 \ {0} → Z

r defines a multi-index filtration on the ring OC2,0: for v ∈ Z
r, the cor-

responding ideal is J(v) = {g ∈ OC2,0 : v(g) � v}. Note that we suppose J(v) is defined
for all v ∈ Z

r (not only for v ∈ Z
r
�0).

Let d(v) := dimJ(v)/J(v + 1) (v ∈ Z
r, 1 = (1, . . . , 1)); one has d(v) < ∞ (this fol-

lows from the fact that, for k = max vi, the kth power of the maximal ideal of the
ring OC2,0 is contained in J(v)). Let L = Z[[t1, . . . , tr, t−1

1 , . . . , t−1
r ]] be the set of for-

mal Laurent series in the variables t1, . . . , tr. Elements of L are expressions of the
form

∑
v∈Zr k(v) · tv with k(v) ∈ Z, generally speaking, infinite in all directions (here

t = (t1, . . . , tr), tv = tv1
1 · · · · · tvr

r ). L is not a ring, but a Z[t1, . . . , tr]-module (or even a
Z[t1, . . . , tr, t−1

1 , . . . , t−1
r ]-module). The ring of formal power series Z[[t1, . . . , tr]] can, in

a natural way, be considered to be embedded into L.
Let L(t1, . . . , tr) =

∑
v∈Zr d(v) · tv ∈ L. One can understand that, along each line in

the lattice Z
r parallel to a coordinate one, the coefficient d(v) is the same for v from

the non-positive part of the line, i.e. for v′
i0

< v′′
i0

< 0, one has d(v1, . . . , v
′
i0

, . . . , vr) =
d(v1, . . . , v

′′
i0

, . . . , vr). This implies that

P ′(t1, . . . , tr) = L(t1, . . . , tr) ·
r∏

i=1

(ti − 1)

is a series in t1, . . . , tr, i.e. an element of the subset Z[[t1, . . . , tr]] ⊂ L.

Definition 1. We call the series

PV (t1, . . . , tr) =
P ′(t1, . . . , tr)
t1 · · · tr − 1

the Poincaré series of the collection V of the divisorial valuations v1, . . . , vr.

For r = 1, P (t) is the usual Poincaré series of the filtration on the ring OC2,0 defined
by the valuation v = v1.
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For a component Eσ of the exceptional divisor D, let L′
σ be a germ of a smooth

curve transversal to Eσ at a smooth point (i.e. not at an intersection point with another
component of the exceptional divisor), let Lσ = π(L′

σ) ⊂ (C2, 0) and let gσ = 0 (gσ ∈
OC2,0) be an equation of the curve Lσ, let mσ := v(gσ). Let E̊σ be the ‘smooth part’ of
the component Eσ, i.e. Eσ without intersection points with all other components of the
exceptional divisor D. Let χ(X) be the Euler characteristic of a space X.

Theorem 2.

PV (t1, . . . , tr) =
∏
σ∈G

(1 − tm
σ

)−χ(E̊σ).

The image SV of the map v : OC2,0 \ {0} → Z
r
�0 is called the semigroup of values of

the divisorial valuations v1, . . . , vr.
For σ ∈ G, the normal bundle νσ to the component Eσ in the space X of the modifi-

cation is a power ν−kσ of the canonical line bundle ν over Eσ � CP
1. The initial part of

the lifting g ◦ π of a function g ∈ OC2,0 to the space X of the modification is a section of
the line bundle νkσvσ(g). For vσ ∈ Z, let Γ (Eσ, νkσvσ ) be the (finite-dimensional) space
of sections of the line bundle νkσvσ , let aσ(g) ∈ Γ (Eσ, νkσvσ(g)) be the initial part of the
function g ◦ π (we call it the initial part of g with respect to the component Eσ). Let
ki := kσi , ai(g) := aσi(g), a(g) := (a1(g), . . . , ar(g)) ∈ Γv :=

⊕r
i=1Γ (Eσi , ν

kivi) and let
Γ =

⋃
v∈Zr Γv. Denote by Γ ∗

v = {(a1, . . . , ar) ∈ Γv : ai �= 0, i = 1, . . . , r}, Γ ∗ =
⋃

v∈Zr Γ ∗
v

(in fact Γ ∗
v = ∅ for v �� 0).

One has a map VA : OC2,0\{0} → Γ ∗ defined by VA(g) = (v(g), a(g)). The image ŜV of
this map is a semigroup with respect to the summation of the powers v and multiplication
of the initial parts a. Following [1], it is called the extended semigroup of the divisorial
valuations v1, . . . , vr. There is a natural map (projection) of Γ ∗ to Z

r, which sends the
component Γ ∗

v to v = (v1, . . . , vr), let p : ŜV → Z
r
�0 be its restriction to ŜV (its image

is the semigroup SV of the valuations v1, . . . , vr). The preimages Fv = p−1(v) ⊂ ŜV are
called fibres of the extended semigroup ŜV .

One has the following description of the fibre Fv. For v ∈ Z
r, there is a natural linear

map jv : J(v) → Γv which sends a function g ∈ J(v) to (a1, . . . , ar) ∈ Γv, where ai is the
part of degree vi of the lifting g ◦ π of the function g to the space X of the modification
along the divisor Eσi

(ai may be equal to zero). Let D(v) ⊂ Γv be the image of the map
jv. It is not difficult to see that D(v) � J(v)/J(v+1) and Fv = D(v)∩Γ ∗

v . Therefore, for
v ∈ SV , the fibre Fv of the extended semigroup ŜV is the complement to an arrangement
of vector subspaces in the vector space D(v).

The fibre Fv is invariant with respect to multiplication by non-zero constants. Let
PFv = Fv/C

∗ be the projectivization of the fibre Fv. It is the complement of an arrange-
ment of projective subspaces in the projective space PD(v). Let PŜV =

⋃
v∈Zr

�0
PFv be

the projectivization of the extended semigroup ŜV .
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Proposition 3.
PV (t1, . . . , tr) =

∑
v∈Zr

�0

χ(PFv) · tv. (1)

Proof. For I ⊂ I0 = {1, 2, . . . , r}, let #I be the number of elements in I, and let 1I

be the element of Z
r
�0, whose ith component is equal to 1 (respectively, to 0) if i ∈ I

(respectively, if i �∈ I). Let LI ⊂ Γv be the subspace {(a1, . . . , ar) ∈ Γv : ai = 0 for i ∈ I}.
One has

χ(PFv) = χ(PD(v)) − χ

( r⋃
i=1

P(D(v) ∩ L{i}

)
)

= χ(PD(v)) −
∑

I⊂I0,I �=∅
(−1)#I−1χ(P(D(v) ∩ LI))

=
∑
I⊂I0

(−1)#Iχ(P(D(v) ∩ LI)) =
∑
I⊂I0

(−1)#I dim(D(v) ∩ LI)

(we take into account that the Euler characteristic of the projectivization of a finite-
dimensional complex vector space is equal to its dimension). Let us choose an element w

of Z
r
�0, and let bv = dimJ(v)/J(w). If v � w − 1, dim(D(v) ∩ LI) = bv+1I

− bv+1 and
therefore

χ(PFv) =
∑
I⊂I0

(−1)#I(bv+1I
− bv+1).

This implies that the coefficient at the monomial tv in the series
(∑

χ(PFv) · tv
)

· (t1 · · · · · tr − 1)

is equal to
∑
I⊂I0

(−1)#I(bv+1I−1 − bv) −
∑
I⊂I0

(−1)#I(bv+1I
− bv+1)

and, since
∑

I⊂I0
(−1)#I = 0, also to∑

I⊂I0

(−1)#I(bv−1+1I
− bv+1I

) =
∑
I⊂I0

(−1)#Id(v − 1 + 1I).

The coefficient at the monomial tv in the series

P ′(t) =
(∑

d(v)tv
)

·
( r∏

i=1

(ti − 1)
)

is also equal to
∑

I⊂I0
(−1)#Id(v − 1 + 1I). �

In what follows we shall use the notion of the integral with respect to the Euler
characteristic over the projectivization POCn,0 of the space OCn,0 of germs of functions
of n variables. This notion was introduced in [3] and was inspired by the notion of motivic
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integration (see, for example, [7]). The ‘usual’ notion of the integral with respect to the
Euler characteristic (over a finite-dimensional space) can be found in [9].

Let Jk
Cn,0 be the space of k-jets of functions at the origin in (Cn, 0):

(Jk
Cn,0 = OCn,0/m

k+1 ∼= C(n+k
k ), where m is the maximal ideal in the ring OCn,0).

For a complex vector space L (finite or infinite dimensional) let PL = (L \ {0})/C
∗ be

its projectivization, let P
∗L be the disjoint union of PL with a point (in some sense,

P
∗L = L/C

∗). One has natural maps

πk : POCn,0 → P
∗Jk

Cn,0 and πk,� : P
∗Jk

Cn,0 → P
∗J�

Cn,0

for k � �. Over PJ�
Cn,0 ⊂ P

∗J�
Cn,0 the map πk,� is a locally trivial fibration, the fibre of

which is a complex affine space of dimension(
n + k

k

)
−

(
n + �

�

)
.

Definition 4. A subset X ⊂ POCn,0 is said to be cylindrical if X = π−1
k (Y ) for a

constructible subset Y ⊂ PJk
Cn,0 ⊂ P

∗Jk
Cn,0.

This definition means that the condition for a function g ∈ OCn,0 to belong to the set
X is a constructible (and C

∗-invariant) condition on the k-jet jkg of the germ g.

Definition 5. For a cylindrical subset X ⊂ POCn,0 (X = π−1
k (Y ), Y ⊂ PJk

Cn,0), its
Euler characteristic χ(X) is defined as the Euler characteristic χ(Y ) of the set Y .

Let ψ : POCn,0 → A be a function with values in an abelian group A.

Definition 6. We say that the function ψ is cylindrical if, for each a �= 0, the set
ψ−1(a) ⊂ POCn,0 is cylindrical.

Definition 7. The integral of a cylindrical function ψ over the space POCn,0 with
respect to the Euler characteristic is∫

POCn,0

ψ dχ :=
∑

a∈A,a�=0

χ(ψ−1(a)) · a

if this sum makes sense in A. If the integral exists (makes sense), the function ψ is said
to be integrable.

Let Z[[t]] = Z[[t1, . . . , tr]] be the group (with respect to the addition) of formal power
series in the variables t1, . . . , tr. We have the map v : POC2,0 → Z

r
�0 and also the map

v : PŜV → Z
r
�0. Let tv be the corresponding function(s) with values in Z[[t]]. One has

that ∫
PŜV

tv dχ =
∑

v∈Zr
�0

χ(PFv)tv. (2)

For a topological space X, let SnX = Xn/Sn (n � 0) be the nth symmetric power of
the space X. Here Sn is the symmetric group of permutations on n elements which acts
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on the Cartesian power Xn of the space X by permuting the factors. The symmetric
power SnX is the space of unordered n-tuples of points of the space X; S0X is a point.
One has the following formula (see, for example, [5]):

∞∑
n=0

χ(SnX)tn = (1 − t)−χ(X). (3)

Let

Y =
∏
σ∈G

( ∞⋃
n=0

SnE̊σ

)
=

⋃
{nσ}

( ∏
σ∈G

Snσ E̊σ

)
,

where the union is over all sets {nσ} of non-negative integers nσ, σ ∈ G.
Consider the map v : Y → Z

r
�0 which has the value

∑
σ∈G nσmσ on the connected

component
∏

σ∈G Snσ E̊σ of the space Y . One has
∫

Y

tv dχ =
∏
σ∈G

( ∞∑
n=0

χ(SnE̊σ)tnmσ

)
=

∏
σ∈G

(1 − tm
σ

)−χ(E̊σ). (4)

Lemma 8. For each v ∈ Z
r
�0, the subset {g ∈ POC2,0 : v(g) = v} of POC2,0 is cylin-

drical. Therefore, the function tv(g) on POC2,0 with values in Z[[t1, . . . , tr]] is cylindrical.

Proof. This follows from the fact that, for g ∈ ms, vi(g) � s, i.e. the multiplicity of
the lifting g ◦ π of the function g along the component Ei is at least s. �

Therefore, the function tv = tv(g) on POC2,0 is integrable (since
∑

v∈Zr
�0

�(v) · tv ∈
Z[[t1, . . . , tr]] for any integers �(v)).

Proposition 9. ∫
PO

C2,0

tv dχ =
∫

PŜV

tv dχ. (5)

Proof. The natural map VA = (v, a) : OC2,0 \ {0} → ŜV is C
∗-invariant and thus

can be considered as a map VA : POC2,0 → PŜV . For v = (v1, . . . , vr) ∈ Z
r
�0, let

N = 1 + max1�i�r vi and let Zv = {jNg ∈ PJN
C2,0 : v(g) = v} ⊂ PJN

C2,0 (recall that
the condition v(g) = v is determined by the N -jet jNg of the germ g). Therefore, {g ∈
POC2,0 : v(g) = v} = π−1

N (Zv). The natural map Zv → PFv (the restriction of the map
VA : POC2,0 → PŜV ) is a locally trivial fibration whose fibre is a complex affine space.
Therefore, χ(Zv) = χ(PFv) and thus∫

PO
C2,0

tv dχ =
∑

v∈Zr
�0

χ(Zv) · tv =
∑

v∈Zr
�0

χ(PFv) · tv =
∫

PŜV

tv dχ.

�

Proposition 10. ∫
PO

C2,0

tv dχ =
∫

Y

tv dχ. (6)
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Proof. Let us fix V ∈ Z
r
�0 and suppose that the modification π : (X ,D) → (C2, 0) is

such that, for any g ∈ OC2,0 with v(g) � V , the strict transform of the curve {g = 0}
intersects the exceptional divisor D of the modification π only at smooth points of D.
Such a modification can be obtained, say, from the initial one by a sequence of additional
blow-ups at intersection points of components of the exceptional divisor. Though the
space Y depends on the modification, it is obvious that, for the space Y constructed for
the new modification, the integral

∫
Y

tv dχ is the same (since the Euler characteristics of
the smooth parts of the additional divisors are equal to zero).

Let POC2,0(V ) be the set {g ∈ POC2,0 : v(g) � V }. From Lemma 8 it follows that
the set POC2,0(V ) is cylindrical, i.e. for N big enough, POC2,0(V ) = π−1

N (PJN (V )) for a
constructible subset PJN (V ) ⊂ PJN

C2,0.
Define a map I : POC2,0(V ) → Y in the following way. For a function g ∈ OC2,0(V ) with

v(g) � V , the strict transform of the curve {g = 0} intersects the exceptional divisor
D at ‘the smooth part’ Ḋ =

⋃
σ∈G E̊σ of it. The intersection points with the component

Eσ counted with the corresponding multiplicities (the intersection numbers) represent
an element of the appropriate symmetric power of the space E̊σ. The collection of these
sets for all σ ∈ G is an element, I(g), of Y .

One can see that v(I(g)) = v(g) (here v are the corresponding maps from Y and from
POC2,0(V ) to Z

r
�0, respectively). Moreover, the image of the map I contains the union

Y V of all the components of Y with v � V .

Lemma 11. For g and g′ from OC2,0(V ), I(g) = I(g′) if and only if g′ = αg + h,
where α ∈ C

∗ and vσ(h) > vσ(g) (= vσ(g′)) for any σ ∈ G.

Proof. Consider the liftings g̃ = g ◦ π and g̃′ = g′ ◦ π of the functions g and g′ to
the space X of the modification and let ψ = g̃′/g̃ be a meromorphic function on X . If
g′ = αg + h with α ∈ C

∗ and vσ(h) > vσ(g) for any σ ∈ Γ , then ψ|D ≡ α. Therefore,
zeros and poles of ψ cancel each other on the exceptional divisor D and thus I(g) = I(g′).
In the other direction, if I(g) = I(g′), then zeros and poles of ψ cancel each other on
the exceptional divisor D and thus ψ is constant (say, equal to α) on D. In this case
vσ(g′ − αg) > vσ(g) = vσ(g′). �

Lemma 11 implies that the preimage of a point of the space Y under the map I is a
complex affine space. Since the Euler characteristic of a complex affine space is equal to
1, the Fubini formula (applied to the map I : POC2,0(V ) → Y V ) implies that∫

Y V

tv dχ =
∫

PO
C2,0(V )

tv dχ.

Since this equation holds for any V ∈ Z
r
�0, one has∫

Y

tv dχ =
∫

PO
C2,0

tv dχ.

�

Theorem 2 is a direct consequence of formulae (1), (2), (4), (5) and (6).
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Remark 12. Let C ⊂ (C2, 0) be a curve singularity with r irreducible components
such that its strict transform under the modification π consists of germs of smooth curves
transversal to the divisors Eσ1 , . . . , Eσr

. For this curve, there is defined the Poincaré series
PC(t1, . . . , tr) which appears to be a polynomial (for r > 1) and which coincides with
the Alexander polynomial of the link C ∩ S3

ε ⊂ S3
ε (see [5]). The formula for PC(t)

from [5] (which coincides with the A’Campo type formula of Eisenbud and Neumann for
the Alexander polynomial) and Theorem 2 imply the equation

PV (t1, . . . , tr) =
PC(t1, . . . , tr)∏r

i=1(1 − tm
σi )

.

Remark 13. It is more usual to consider the Hilbert function h(v) = dimOC2,0/J(v)
of the filtration instead of d(v). For convenience suppose that it is defined for all v ∈ Z

r

(evidently h(v) = 0 if v � 0, i.e. if vi � 0 for all i = 1, . . . , r). Let

H(t) :=
∑
v∈Zr

h(v) · tv ∈ L.

One has H(t) = L(t)(1 + t1 + t2 + · · · ), where the right-hand side makes sense since
d(v) = 0 for v � 0. From the definition it is not clear that one can directly restore
the Laurent series L(t) ∈ L from the Poincaré series PV (t) since, in L, there are elements
which become equal to zero after multiplication by

∏r
i=1(ti − 1) (e.g.

∑+∞
k=−∞ tk1) and

L(t) is not a power series but contains (infinitely many) terms with negative exponents.
However, this can be done as follows. Let

L̃(t) =
∑

v∈Zr
�0

d(v) · tv ∈ Z[[t1, . . . , tr]],

P̃ ′(t) = L̃(t) ·
r∏

i=1

(ti − 1), P̃ (t) = P̃ ′(t)/(t1 · · · tr − 1).

Since L̃(t), P̃ ′(t) and P̃ (t) are power series, they can be restored one from another, e.g.

L̃(t) =
P̃ (t) · (t1 · · · tr − 1)∏r

i=1(ti − 1)
.

Moreover, the power series L̃(t) evidently determines the Laurent series L(t) (since, for
v �� −1, d(v) = d(max(v1, 0), . . . ,max(vr, 0)); for v � −1, d(v) = 0). On the other hand,
the formula

P̃ (t) =
∑
I⊂I0

(−1)#I [PV (t)(t1 · · · tr − 1)]|{ti=1 for i∈I}
t1 · · · tr − 1

(I0 = {1, . . . , r}) allows us to determine the series P̃ (t) (and thus the series L̃(t)) from
the series PV (t).
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