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Abstract

Let A be a subring of a commutative ring B. If the natural mapping from the prime spectrum of B
to the prime spectrum of A is injective (respectively bijective) then the pair (A, B) is said to have
the injective (respectively bijective) Spec-map. We give necessary and sufficient conditions for a
pair of rings A and B graded by a free abelian group to have the injective (respectively bijective)
Spec-map. For this we first deal with the polynomial case. Let / be a field and k a subfield. Then
the pair of polynomial rings (k[X], l[X]) has the injective Spec-map if and only if / is a purely
inseparable extension of k.

1991 Mathematics subject classification (Amer. Math. Soc): 13 A 17, 13 B 25, 16 A 03.

Throughout this paper all rings are commutative with identity. For two rings
A c B, with the same unity, the Spec-map <p is the map Spec B —> Spec A : P i->-
P fl A. We say that the pair (A, B) has an injective (respectively surjective,
bijective) Spec-map if <p is injective (respectively surjective, bijective). In
general the Spec-map can be arbitrary, but for example if B is integral over A it
is well-known that this mapping is surjective. Therefore it is a natural question
to study when this mapping is bijective, or injective. A special case of this has
been treated by Anderson and Dobbs [1] who considered pairs of rings (A, B)
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for which Spec A = SpecB, and hence <p is the identity mapping. Incase A ^ B,
the latter only happens when A and B have a common unique maximal ideal.
However, in general, the condition that the Spec-map is bijective does not imply
that A and B are local. For instance, we prove in Proposition 2 that if k c /
are fields, then the polynomial rings k[X] c /[X] have an injective Spec-map if
and only if / is a purely inseparable extension of k. Based on this result we can
give necessary and sufficient conditions for a pair of rings A and B graded by a
free abelian group to have an injective (respectively bijective) Spec-map.

We state the following obvious but useful lemma.

LEMMA 1. Let A C B be rings.
(1) If for every b G B there exists an n > 0 such that b" G A, then the pair

(A, B) has a bijective Spec-map.
(2) Let S be a multiplicatively closed subset of elements of A which are

regular in B. If (A, B) has an injective Spec-map, then so has the pair of
localizations (As, Bs).

(3) If (A, B) has an injective Spec-map and P is an ideal of B, then
(A/(P (~l A), B/P) has an injective Spec-map.

For a ring A we denote by A[X] the polynomial ring in the set of variables
X = {X,|/ G / } . In case X is a singleton, this ring is simply denoted A[X].
Similarly A[X, X"1] denotes the ring of Laurent polynomials. The first and
crucial step in our investigations deals with polynomial rings over fields.

PROPOSITION 2. Let k c / be fields. The following conditions are equivalent:
(1) (k[X], l[X]) has an injective Spec-map;
(2) (k[X, X~l], l[X, X"1]) has an injective Spec-map;
(3) / is a purely inseparable extension ofk. Hence, in each of these cases,

the Spec-map is bijective.

PROOF. That (1) is equivalent to (2) is obvious. We now prove that (1) is
equivalent to (3). If / over k is purely inseparable then Lemma 1 yields that
(k[X],l[X]) has a bijective Spec-map. For the converse let A — k[X] and
B = l[X], For any a G / \ k the nonzero ideal B(x — a) of B is prime.
Hence the intersection is a nonzero prime ideal of A by the injectiveness of
the Spec-map. And thus B(X — a) n A — Af, for some irreducible monic
polynomial / e A. Factorizing / G B in irreducible polynomials, we write
f — {X — a)gi • • • #„_]. Clearly, Bgt DA — Af. Since the pair (A, B) has an
injective Spec-map each g, = M,(X — a), for some w, e /. Therefore, since /
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is monic, f — (X — a)n. Note that n > 1 since a £ k. Hence we have shown
that for every a e I \k the minimal polynomial over k has multiple roots. The
result follows.

Let G be a group and A = ® »eG Ag a G-graded ring. Recall that an ideal /
of A is called graded if / = 0 g e G ( / H Ag). The largest graded ideal contained
in an arbitrary ideal / is denoted IG. By GrSpecA we denote the set of all
graded prime ideals of A (for the terminology we refer to [4]). Note that if G
is torsion-free abelian, then, for any prime ideal P of A, the graded ideal PG

is again a prime ideal, and Gr Spec A c Spec A In this case, if A is a graded
subring of the graded ring B, that is, Ag C Bg for all g e G, we say that the
pair (A, B) has an injective GrSpec-map if the restriction of the Spec-map to
GrSpec is injective.

Further, for a G-graded ring A, the ring QG(A) is the localization of A with
respect to the multiplicatively closed set of homogeneous regular elements. In
case A is a domain then QG(A) is a graded field, in the sense that every nonzero
homogeneous element is invertible. It is readily seen that every graded field is
a twisted group algebra k'[H] for some group H and field k. In case A is a
domain which is trivially graded, then QG(A) equals the field of fractions of A,
which we simply denote by Q(A).

Before stating the main theorem we need two more lemmas.

LEMMA 3. Let A C B c C be rings.
(1) If(A,C) has the injective Spec-map, then so has (B,C).
(2) If C is integral over B, then (A, C) has an injective Spec-map if and

only if both (A, B) and (B, C) have an injective Spec-map.

PROOF. (1) is trivial. Because of the integrality condition (2) follows from the
fact that for every prime p of B there exists a prime P of C such that PHB = p.

LEMMA 4. Let R = A'[G] be a twisted group ring of an arbitrary abelian
group G over a ring A.If(A,R) has an injective Spec-map, then G is a torsion
group.

PROOF. Let T be the torsion subgroup of G, H = G/T and B = A'[T].
Then R — B'[H] a twisted group ring of H over B. Because of Lemma 3.(1)
and the assumption, (B, R) has an injective Spec-map. Let M be a maximal
ideal of B. Since R — A'[G] = B'[H] and H is torsion-free, it follows that
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M'[H] = RM is a prime ideal of R. Hence B c B'[H] = B'[/ /] /M'[/ /] has
an injective Spec-map, where B — B/M. Since B is a field and B'[H] is a
domain, the injective Spec-map property implies that B[H] is a field. However,
since H is torsion-free, this is only possible if H is trivial, that is, G = T.
Hence G is torsion.

THEOREM 5. Let G be a free abelian group, and A and B G-graded rings. If
A is a graded subring of B, then the following conditions are equivalent:

(1) the pair (A, B) has an injective (respectively, a bijective) Spec-map;
(2) (a) (A, B) has injective (respectively bijective) GrSpec-map, and

(b) for every homogeneous prime ideal P of B, the pair (QG(A/p),
QG(B/P)) has an injective Spec-map, where p = P D A;

(3) (a) (A, B) has an injective (respectively bijective) GrSpec-map;
(b)for every homogeneous prime ideal P of B, if B/P is non-trivially

graded, then Q(B/P) is purely inseparable over Q(A/p), where p — P Pi A.

PROOF. Using well-known standard arguments one easily verifies that (1)
and (2) are equivalent. Essential is that PG is prime in case P is a prime ideal.
Actually for (1) -o- (2) it is sufficient for G to be a torsion-free abelian group.

So to prove the result we only have to show that (2)(b) is equivalent with
(3)(b), under the assumption that (2)(a) holds. Note that if (3)(b) holds, then
the injective mapping in (2)(b) is automatically bijective. Further, to prove the
equivalence, we may assume that A and B are graded fields, that is A — k'[H] c
B — l'[G], where H is a subgroup of G. Now if H is a trivial group, that is A
is trivially graded, then also G has to be trivial, because otherwise A would be
a field and B a non-local domain (since G is free abelian); in contradiction with
(A, B) having an injective Spec-map, or Q(B) being purely inseparable over
Q(A). On the other hand ifboth// and G are trivial, then clearly (A, B) — (k,l)
has an injective Spec-map. So it is sufficient to show that if H is non-trivial,
then (A, B) has an injective Spec-map if and only if/ is purely inseparable over
k and G/H is p-torsion, where p — char(&) (in case p = 0, this means k — I
and G = H). The result then follows.

Clearly / over k purely inseparable over k and G/H being p-torsion implies
that for every b e B there exists a n > 0 such that bp" € A. Hence Lemma 1.(1)
yields that (A, B) has an injective Spec-map. Conversely assume that (A, B) has
an injective Spec-map and H is nontrivial. Since A — k'[H] c / '[//] c l'[G],
Lemma 3 implies that (/'[//], l'[G]) has an injective Spec-map. And hence
by Lemma 3, G/H is a torsion group. Therefore, again by Lemma 3, also
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(k'[H], / '[//]) has an injective Spec-map.
We now show that (k'[H],l'[H]) having an injective Spec-map implies

that / is purely inseparable over k. Since H is free abelian, it is well-known
(cf. [4, Exercise 6, page 10]) that k'[H] = k[H] c / '[//] = / [ / / ] , that
is, the twisted group algebras are actually group algebras. Let X be a basis
for H, and pick y G X (this is possible since H is non-trivial). Let P be
the ideal in /[//] generated by all x — 1, where x e X and x ^ y. Then
k[y, y~'] ^ k[H]/P n £[//] and / [ j , >>"'] = /[//]//>. So (k[y, y~l], l[y, y'1])
has an injective Spec-map. Hence Proposition 2 yields that / is purely inseparable
over k.

Next we show that (/ '[//], l'[G~\) having an injective Spec-map implies that
G/H is a p-torsion group, where p = char(&). Let T be the subgroup of G
containing H such that T/H is a p-group and G/T is a p'-group (that is, not
containing elements of order a power of p). We have to show that G — T.
Assume this not the case and let g e G \ T. Since / '[//] c l'[T] c l'[G],
Lemma 3 implies that (l'[T], l'[G]) has an injective Spec-map too. Let A =
l'[T] and B = l'[G]. Clearly B = A'[G/T], a twisted group ring. Let M be
a maximal ideal of A. Then BM = M'[G/T], B/BM = (A/M)'[G/T] and
(A/M, B/BM) has an injective Spec-map. Since A/M is a field, B/BM is a
local ring. On the other hand A/M has characteristic p and G/ T is a //-group.
By Maschke's Theorem (cf. [4, Theorem 4.2]) it follows that (A/M)'[G/ T] has
trivial Jacobson radical. The fact that B/BM is local therefore means that BM
is a maximal ideal, and hence a prime ideal. As before we may assume that
B = l'[G] = l[G]. Now let n be the smallest number n, not divisible by p, such
that g" e T. Since {1, g , . . . , g"'1} can be chosen as part of a transversal of T
in G, it follows that g - 1 $ BM and g""1 + gn~2 H + g + 1 £ fiM. As flM
is a prime ideal, g" - 1 = (g - l)(g""' + g"'1 H h g + 1) £ fiM. Because
fiM n A = M and g" - 1 e A we obtain that g" - 1 £ M. Since this holds for
any maximal ideal M of A, g" — I is invertible in A, and hence in B = /[G].
However this is impossible as G is torsion-free abelian. Hence G = T. This
finishes the proof.

As an application of the theorem, we give some more examples of pairs with
an injective Spec-map.

EXAMPLE 6. Let X = {X,-|/ e /} denote an arbitrary set of commuting
variables. If A c B are rings, then the following conditions are equivalent:

(1) 04[X], B[X]) has an injective (respectively, a bijective) Spec-map;
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(2) (A [X, X"' ], B [X, X~' ]) has an injective (respectively, a bijective) Spec-
map;

(3) (A, B) has an injective (respectively, a bijective) Spec-map and, for
every prime ideal P of B, the field Q(B/P) is purely inseparable over Q(A/PC\
A).

PROOF. Because of Lemma 1.(2) and Theorem 5 we only have to prove
(3) =>• (1). Assume (3) holds; we check the conditions of Theorem 5.(3). Let
R — A[X] and T — B[X], One easily verifies that a graded prime ideal P of T
is of the form

ieJ

where p = P C\ B and J = {i e /|X, e P}. Hence it is readily seen that
(R, T) has an injective GrSpec-map. Further, T/P = (B/p)[Xi\i e I\J] and
R/(P HR) = (A/(p n A))[Xt\i e I\J]. Since Q(B/p) is purely inseparable
over Q(A/(p n A)), so is Q(T/P) over Q(R/P D R).

Note that the condition in Example 6.(3) that Q(B/P) is purely inseparable
over Q(A/(P n A)) has to be checked for all prime ideals of B and cannot be
weakened to the minimal prime ideals of B (in particular if B is a domain, one is
tempted to think that this condition only has to be checked on the zero ideal). For
example, let k be a field and / an arbitrary subfield of k. Put A = I + Xk[[X]] c
B = k[[X]]. Clearly, A and B are local domains with the same maximal ideal
Xk[[X]]. It follows by Proposition 3.8 in [1] that Spec (A) = Spec(fi). If P = 0,
then Q(B/P) = Q(B) = Q(A) = Q(A/(P n A)). But if P = Xk[[X]], then
Q(B/P) = k need not be purely inseparable over Q(A/(P n A)) = I.

The following example is proved in [2].

EXAMPLE 7. Let {An \n e N} be an ascending chain of commutative rings and
A = I L N A"- Let R = © n e N AnX" c A[X] and T = Ao + XA[X] c A[X].
Then (R, T) has a bijective Spec-map.

PROOF. This is an easy consequence of Theorem 5. Let P be a graded prime
ideal of R. If X e P, then P = p + ( 0 n > , AnX"), where p = P n Ao; this
follows directly because, if n > 1, then (AnX

n)2 = (AnX
2n~l)X c RX c />,

hence AnZ" c /». If X £ / \ then P = RmP n # = A[X, X"1]/1 n /? =
p[X, X"1] n R, and p e Spec(A). Since the construction of T is a special
example of R, we have that graded prime ideals of T are of the form p + X A[X]
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with p G Spec(,4o), or p[X, X~l] D T with p e Spec(A). To check the
conditions of Theorem 5 is now straightforward.

In [3] the latter example is extended to polynomial rings in a finite number of
variables. The reasoning mentioned above can be extended in a straightforward
way to this case.

Theorem 5 does not hold any more for G -graded rings where G contains
nontrivial torsion elements. This is shown by the following classical example.
Let k(X) be the rational function field in one variable over an arbitrary field k.
Let n be a nonzero positive integer. One easily verifies that k(X) = k(X")l +
k(Xn)X + •••+ k{Xn)X"-1 = k(X")'[Cn], a twisted group ring of the cyclic
group Cn of order n over the field k(X"). Hence k(X) is a Cn-graded ring. Note
that k can also be considered as a Cn-graded ring for the trivial gradation. Clearly,
(k, k(X)) has an bijective Spec-map, while k(X) is not purely inseparable over
k.

On the other hand, we have the following.

PROPOSITION 8. Let A be a ring and G an abelian group. Let A[G] be the
group ring of A over G. Then (A, A[G]) has an injective Spec-map if and only
if either char(;4) = 0 and G is trivial, or char(;4) = p" for some prime number
p, n > 0 and G is a p-group.

PROOF. If char(A) — p" and G is a p-group, then for every a e A[G],
there exists m > 0 such that am e A. Lemma 1.(1) yields the result. For the
converse, suppose that (A, A[G]) has an injective Spec-map. By Lemma 4,
G is a torsion group. Let P be a prime ideal of A, and put A = A/P. By
Lemma 1.(3), (A, A[G]) has an injective Spec-map, and hence, by Lemma 1.(2),
(2(^)> Q(A)[G]) has an injective Spec-map. Since Q(A) is a field, this just
means that Q(A)[G] has a unique proper prime ideal. But this only happens
(cf. [5]) if either char«2(A)) = 0 and G is trivial, or char(Q(A)) = p > 0 and
G is a p-group. Hence, if G is nontrivial, then each quotient A/P has the same
prime characteristic p. Hence A has characteristic p" for some n > 0.

COROLLARY 9. With notation as in Proposition 8, (A, A[G]) has an injective
Spec-map if and only if (A, A[G]) has a bijective Spec-map.

COROLLARY 10. Let k be afield and H a proper subgroup of an abelian group
G. Then (&[//], k[G]) has an injective Spec-map if and only ifchar(k) = p > 0
and G/H is a p-group.
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PROOF. Let W be the ideal of k[G] generated by all group algebra elements
h - 1, h € H, and let V — W n k[H], the augmentation ideal of k[H].

If (k[H],k[G]) has an injective Spec-map, then, by Lemma 1.(3), so does
(k[H]/V,k[G]/W). Since k[H]/V = k and k[G]/W = k[G/H], Proposi-
tion 8 yields that char(A:) — p > 0 and G/H is a p-group. Conversely, if the
latter conditions are satisfied, then Lemma 1.(1) yields that (k[H], k[G]) has
indeed an injective Spec-map.

The condition that (A, B) has a bijective Spec-map does not imply that
dim(A) = dim(B). Here is an example. Let p be a prime number and put
A — Z(p), the localization of Z at the prime ideal pZ, B = Zp[[t]] x Q
and C — Zp((0) x Q, where Zp((0) is the ring of Laurent power series.
Consider A as a subring of B via the embedding a i->- (a, a), where a =
a{ modp); and B as a subring of C via the natural embedding. Now, Spec(A) =
{0,pZ(p)}, Spec(B) = {(0,Q), (tZp[[t]],Q), (Z,[[f]],O)} and Spec(C) =
{(0, Q), (Zp((t)),O}. Clearly, (A, C) has an injective Spec-map (and hence
also (B, C)), while dim(A) = 1 and dim(C) = 0, but (A, B) does not have an
injective Spec-map. The latter shows that Lemma 3.(2) does not hold in general.
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