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NUMBER SEQUENCES AND PHYLLOTAXIS

ToNY VAN RAVENSTEIN

This thesis is largely concerned with the study of phyllotaxis
(leaf arrangement) of plants. Most higher order plants exhibit a re-
markable degree of regularity in the positioning of their leaves. 1In a
sunflower, for instance, one can perceive two sets of opposed spirals which
each partition the set of florets. Intriguingly, the numbers of spirals
are almost certainly consecutive members of the Fibonacci sequence

(Fn =F, ;+F o nz22 Fp=10,F = 1) . This pattern manifests itself

in 95% of those plants which produce their leaves sequentially.

We begin our study by considering the distribution of N points
placed around the circle by a constant angle a . We might view this as a
simplistic model of plant growth with each point representing a leaf
appearing on a meristematic ring. The theory of continued fractions is
used in offering a new proof of the Steinhaus Conjecture, a result which
states that for any a and any N , the circle is partitioned into arcs or

gaps of at most three, and at least two, different lengths.

Various means of measuring the degree of uniformity of this sequence

of points are examined, providing evidence of the supremacy of the golden

number, 1t = (/5 - 1)/2 . One such measure which we analyse is the
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"discrepancy" of sequences, a quantity studied in the theory of uniform
distribution of sequences modulo one (see Kuipers and Neiderreiter [41]).
Two forms of this measure are actually considered, a relationship discover-
ed between them, and some values of the two discrepancies are obtained

using the theory of continued fractions (and the Steinhaus Conjecture).

We investigate further the manner in which the circle is divided by
examining the transition from a sequence of gaps of two different lengths
to another two~gap sequence. The problem is approached by labelling a gap
according to its length (either large or small) - the sequence of strings
thus obtained is analysed and, for the particular case where a has
identical terms in its continued fraction expansion, a curious relationship
is found between this sequence and the Bernoulli sequence. This latter

sequence is dl,dg,dg,... where di = [(7i + 1)al - [Zal, first studied

by Johann Bernoulli [3]. Particular attention is focused on the strings

produced by a =1 .

Higher dimensional models of phyllotaxis are considered. 1In
particular, we study a phyllotaxis system arranged on the surface of a
cylinder, with points lying at equal angular intervals on a regular helix.
We determine the phyllotaxis system which ensures that the distance
between neighbouring points is maximal, while the pitch of the spiral
decreases during the process of growth. This is the contact pressure model
considered by Adler []1], [2], & quantitative formulation of an hypothesis
proposed by Schwenender [5] in 1878 to be the mechanism of Fibonacci
phyllotaxis. We verify the consequences of his model by considering the
analogous situation of contact pressure on the circle and extending the

analysis to the cylinder.

In closing, we offer a model of phyllotaxis applicable to a general
class of surfaces. We replace the condition that successive divergence
angles be constant by the less restrictive assumption that the phyllotaxis
system be “regular". The model simulates the emergence of Fibonacci
phyllotaxis and has the advantage of being simple as well as biologically
plausible.
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