
EMBEDDING ^-LIKE COMPACTA IN MANIFOLDS 

MICHAEL C. McCORD 

1. Introduction. A compactum is a compact, metrizable space. A continuum 
is a connected compactum. All polyhedra will be finitely triangulable spaces. 
If a is an open cover of a compactum X, a map of X onto a compactum Y is 
called an a-map provided that the inverse image of each point in Y is contained 
in some member of a. 

If & is a class of polyhedra, then, following Mardesic and Segal (10), we say 
a compactum X is S^-like provided that for each open cover aoiX there exists 
an a-map of X onto some member of &. If the members of ^ a r e connected, 
each of the following two conditions is necessary and sufficient for X to be 
^- l ike: I. Each open cover of X can be refined by an open cover whose nerve 
is homeomorphic to a member of &\ see (12). II. X is homeomorphic to the 
limit of an inverse sequence of members of -^, with bonding maps onto; see 
(10). 

Some previous results on embedding ^-like compacta in manifolds are the 
following. (Let Rn be Euclidean ^-space.) 

(1) If & is the class of all polyhedra of dimension < ^ , a compactum X is 
^-l ike if and only if dim X < n. Then there is the classical result of Menger 
and Nobeling that every such X can be embedded in R2n+1. 

(2) R. H. Bing (2) showed that every arc-like continuum embeds in R2. 
Also in (2) there was given a simple example of a tree-like continuum not 
embeddable in R2. 

(3) J. R. Isbell (7) generalized Bing's result by showing that every limit of 
an inverse sequence of compact subsets of Rn embeds in R2n. 

(4) Bing (3) (see also 2) obtained necessary and sufficient conditions for a 
circle-like continuum to embed in R2. Also in (3) it was shown that every 
circle-like continuum embeddable in a 2-manifold is embeddable in R2. 

The use of Cech cohomology (with integer coefficients) provides the follow­
ing convenient reformulation of part of Bing's results: A circle-like continuum 
X can be embedded in R2 if and only if H1 (X) is zero or infinite cyclic. Theorem 1 
(stated in §3) gives necessary conditions on the n-dimensional Cech coho­
mology of certain ^-like compacta embeddable in (n + 1)-manifolds, so that 
one may obtain non-embedding results. Using this theorem, we show that for 
each n > 1, there exists an ^-sphere-like continuum that cannot be embedded 
in any (n + 1)-manifold, but can be embedded in Rn+2. 
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Theorem 2, which depends on a lemma of Isbell (7), provides positive 
results on embedding inverse limits. We shall show in §3 how Theorems 1 and 2 
combine to give different proofs of some of the results of Bing in (3), and we 
shall point out some other applications of these theorems. 

Some of the results of this paper were announced in (11) and were part of 
my dissertation at Yale University, 1963. I am grateful for helpful suggestions 
from F. E. Browder, W. S. Massey, P. M. Rice, and the late M. K. Fort, Jr. 

2. Terminology and notation. We shall use the notation of (4, Chapter 
VIII) for inverse and direct limit systems. We deal only with inverse limit 
sequences, which have the positive integers as index set. Thus if (X,f) is an 
inverse sequence, we have the bonding maps fm

n:Xn —> Xm(m < n) and the 
projection maps fn:Xœ —> Xn. If x is a point of the limit Xœ, we often write 
xn iorfn(x). 

For each space X and each integral domain D, Hn(X;D) denotes the 
?z-dimensional Cech cohomology ^-module of X, and rank Hn(X;D) denotes 
its rank over D; see (4, p. 52). If & is a class of spaces, we define the class of 
D-modules 

Hn(^;D) = {Hn(P;D):P € &}. 

If ^ # is a class of 22-modules, we let 

rank Je = sup{rank M:M 6 Jt). 

We say the class ^ # is free, if each M in ^ is free, etc. The integral domains of 
interest here are the integers, Z, and the integers mod 2, Z2. We write 
Hn(X) = Hn(X;Z) and Hn{^) = Hn(^;Z). 

Let Rn = Euclidean n-space, Sn = standard w-sphere in Rn+l, In = standard 
w-cube, Tn = standard ^-torus (the iz-fold product of Sl). All manifolds will 
be closed and connected. 

3. Statements of theorems. Some applications. 

THEOREM 1. Let & be a class of polyhedra and let X be a &J-like compactant 
embedded in an (n + 1)-manifold N. If d = rank Hn(&\ Z2) is finite, then the 
following statements hold, (i) Hn(X) is a finitely generated group of rank no more 
than rank Hn(^). (ii) IfHn{3?) is free, then Hn(X) is free, (hi) N - X has at 
most d + 1 components. 

Remark 1. The condition d < œ of course holds when the class & is finite. 

Remark 2. Without the assumption that X is embedded in an (n + 1)-
manifold, Hn(X) need not be finitely generated or free, even when & consists 
of a single polyhedron K with Hn{K) free. The simplest example occurs when 
K is a circle and X is the dyadic solenoid. Then Hl(X) is isomorphic to the 
dyadic rationals. 
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COROLLARY 1. Let M be an orientable, triangulable n-manifold, and let X be 
an M-like continuum embedded in an (n + 1)-manifold N. Then (i) Hn(X) = 0 
or Hn(X) ~ Z ; (ii) N — X has at most two components. 

T h e proofs are given in §4. 
For each finite-dimensional, separable, metrizable space X, let the embedding 

number, emb X, be the least integer p such t ha t X can be embedded in Rv. 
T h e following corollary of Theorem 1 (more directly, of Corollary 1) implies 
t h a t for each n there exists an Sn-like cont inuum Y with emb Y = n + 2. 

COROLLARY 2. Let X be any circle-like continuum that cannot be embedded in 
the plane. Then for each n > 1, the (n — l)-fold suspension Sn~x(X) is an 
Sn-like continuum that cannot be embedded in any (n + 1)-manifold but can be 
embedded in Rn+2. 

T h e proof is given in §5. 

Definition 1. Let (E, d) be a locally compact metric space and l e t / : X —» Y 
be a map where X and Y are compact subsets of E. Then / can be approximated 
by embeddings in E provided t h a t for each e > 0 there exist an open set U 
with X C U C E and a 1-1 map \x\U' —> E such t ha t d(ij,(x),f(x)) < e for all 
x in X. 

T H E O R E M 2. Le/ (E, d) be a locally compact metric space and let (X,f) be an 
inverse limit sequence of compact subsets of E such that each bonding map 
fn

n+1:Xn+i —> Xn can be approximated by embeddings in E. Then the limit X œ 

can be embedded in E. 

T h e proof, given in §6, uses a lemma of J. R. Isbell (7). I t has common 
ground with the proof of Theorem 1 of (7). 

Note t ha t in Definition 1 if E = R2 and X = Y = S1, the map f-.S1 -> S1 

can be approximated by embeddings if and only if for each e > 0 there exists 
an embedding /r. S1 —> R2 such tha t d(fj,,f) < e. This follows from the Schoen-
flies theorem. 

PROPOSITION 1. A map f-.S1 —* S1 C. R2 can be approximated by embeddings 

if and only if | d e g / | < 1. 

T h e proof is given in §7. T h e proof of the par t " d e g / = 1 i m p l i e s / can be 
approximated" is related to the discussion of (3, p . 119). 

Let us now showT how Corollary 1, Theorem 2, and Proposition 1 can be 
used to obtain some of the results of Bing. T h e main result is the following 
reformulated characterization of planar circle-like continua. (See Theorems 
3 and 4 of 3 and Theorem 4 of 2.) 

PROPOSITION 2. A circle-like continuum X can be embedded in the plane if 
and only if H1 (X) = 0 or H1 (X) - Z. 
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Proof. Tak ing M = S1, N = S2 in Corollary 1, we obtain the necessity of 
the condition. T h e sufficiency follows from the fact t h a t every circle-like 
cont inuum is an inverse limit of circles, from the continui ty theorem for Cech 
cohomology, from Proposition 1, and from Theorem 2. 

Remark 1. When the circle-like cont inuum X is non-planar, Hl(X) is iso­
morphic to the group of P-adic rationals, for some prime sequence P . 

Remark 2. A circle-like cont inuum X is arc-like if and only if Hl{X) = 0. 

Two other results in (3) are (1) each circle-like continuum that can be embedded 
in a 2-manifold can be embedded in the plane, and (2) the complement of a circle­
like continuum in an orientable, connected 2-manifold has at most two components. 
(1) follows immediately from Corollary 1 and Proposition 2; and (2) (without 
the assumption t ha t the 2-manifold be orientable) follows from Corollary 1. 
Note: We have required t ha t our manifolds be closed and connected; however, 
the general case can be easily reduced to this. 

Using Theorem 2, R. Bennet t (1) has shown t h a t the product of n arc-like 
continua can be embedded in Rn+1. One has the following more general proposi­
tion, which also generalizes Theorem 1 of Isbell (7): 

PROPOSITION 3. The product of n spaces, each of which is the limit of an inverse 
sequence of compact subsets of Rk, can be embedded in R^+v. 

T h e proof requires a slight modification of t h a t of Bennet t ' s . (See also the 
proof of Isbell's Theorem 1.) I t suffices to construct , for each sequence of n 
maps ff.Xi —> Rk, where Xt is a compact subset of Rk (1 < i < n), a 1-1 m a p 
/x of the product (Rk)n+1 into itself, whose restriction to ( I I î L i X , ) X 0 is 
close to the map (11?= i/*) X 0. For this, extend e a c h / * to a map Ft:R

k —* Rk 

and, for small e > 0, let 

M(XI, . . . , xn+i) = (Pi(xi) + ex2, . . . , Fn(xn) + exn+i, exi). 

Added in proof. L. Fearnley obtained essentially the same result indepen­
dent ly in Amer. J . Math . , 88 (1966), 347-356. 

L. Fearnley (5) has announced the following two results: (1) The product 
of n circle-like continua can be embedded in Rn+2. (2) The product of n planar 
circle-like continua can be embedded in Rn+l. Fearnley also s ta ted in (5) t h a t these 
are best possible results. J . R. Isbell obtained independently a proof of (1) 
using Theorem 2, which he communicated to the author . Also, using Theorem 2 
and Propositions 1 and 2, one may similarly prove (2). T h a t (1) is the best 
possible result follows from Corollary 1 (or, more directly, from the Alexander-
Pontryagin dual i ty theorem) ; in fact, it can be seen t h a t if X is the product of 
n circle-like continua, no one of which is arc-like, but some one of which is non-
planar, then X cannot be embedded in any (n + I)-manifold. 

Fearnley has informed the au thor t h a t he has generalized (1) to (1) ' the 
product of n Sk-like continua embeds in Pfc(w+1)+1. By extending Isbell 's proof 
of (1), one can establish the following more general s t a tement : 

https://doi.org/10.4153/CJM-1967-023-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1967-023-8


EMBEDDING COMPACTA IN MANIFOLDS 325 

PROPOSITION 4. Let Mk be a (closed, connected) differentiable k-manifold that 
can be differentiably embedded in Rk+1. Then the product of n Mk-like continua 
can be embedded in Rk+1 X (Mk)n. 

(Here (Mk)n is the w-fold product of Mk.) It is easy to see that R1 X (Sk)n 

embeds in Rkn+1 so that Rk+1 X (Sk)n embeds in i^+D+i . Thus Proposition 4 
implies Fearnley's result (1)'. It also implies that the product of n Tk-like 
continua embeds in i£*<n+1)+i. 

Products of n circle-like continua are special cases of jTw-like continua. 
I have some reasons to believe that if X is a rw-like continuum and Hl(X) 
is finitely generated, then Theorem 2 can be used to show that emb X < 2n. 
Lemma 2, given in the next section, implies that for such an X, Hl(X) is a 
free abelian group with rank between 0 and n. (It is easy to give examples to 
show that all such values of the rank can occur.) The case Hl(X) = 0 is 
taken care of by 

THEOREM 3. If X is a Tn-like continuum and Hl(X) = 0, then X can be 
represented as the limit of an inverse sequence of n-cells. Hence by a theorem of 
J. R. I shell (7), X can be embedded in R2n. 

The proof is given in §8. The first part of the theorem generalizes the fact 
that every circle-like continuum X with Hl(X) = 0 is also arc-like. 

4. Proof of Theorem 1 and Corollary 1. 
The following lemma (for the case of groups) was used in (12). Let D be an 

integral domain. 

LEMMA 1. Let {G, <j>) be a direct system of D-modules with limit Gœ. Then (i) 
rank Gœ < rank G. (ii) If G is torsion-free, then G°° is torsion-free. 

Here, of course, if M is the index set for the system, rank G = sup {rank Gm: 
m G M} ; and to say G is torsion-free means each Gm is torsion-free. The proof 
of the lemma is a straightforward application of the definitions. 

LEMMA 2. Let & be a class of polyhedra and let Xbea &-like compactum. Then 
for each n, (i) rank Hn(X; D) < rank Rn{f^\ D). (ii) IfHn(^;D) is torsion-
free, then Hn(X\ D) is torsion-free. 

Proof. This follows from Lemma 1, Remark 3 of (10, p. 154), and the con­
tinuity theorem for Cech cohomology (4, p. 261). Alternatively, one may use 
Lemma 1, the fact that X is weakly ^-like (12), and the definition of Cech 
cohomology. 

Now let SP, X, N, and d < °° be as in the statement of Theorem 1. The case 
X = N is trivial ; in the following we assume that X is a proper subset of N. 
Let U be the open set N — X, and write U = U\ Ç A U\, as the union of its 
connected components (there being exactly one index X for each component). 
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Since N is locally connected, each U\ is open. Hence by (4, p. 294), we have for 
each coefficient domain D a direct sum decomposition 

(4.1) Hn^{N,X-D) - Z^Hn+i(N,N - UX;D). 

Consider the following part of the mod 2 exact sequence of the pair (TV, X) : 

Ô 

Hn(X; Z2) -» Hn+1(N, X; Z2) -> Hn+1(N; Z2) -* 0. 

(Hn+1(X; Z2) = 0 since X is a proper subset of N). Exactness and the iso­
morphism Hn+1(N; Z2) ~ Z2 show that 

rank Hn+1(N1X;Z2) = r<mkôHn(X)Z2) + 1 < rank Hn (X ; Z2) + 1. 

But by Lemma 2(i), with D = Z2, rank Hn(X; Z2) < d; hence 

(4.2) rank i^+^iV, X; Z2) < d + 1. 

Now each pair (TV, N — U\) is a relative (n + 1)-manifold in the sense of 
(4, p. 311), with N — (N — U\) = U\ being connected. Hence by Theorem 
6.8, parts (iv) and (v), of (4, p. 314), we see that 

(4.3) H*+i(N,N- Ux;Z2) - Z2, 

(4.4) Hn+1 (N, N - Ux) « Z or Z2. 

From (4.1) with D = Z2, (4.3), and (4.2), we see that N - X has at most 
d + 1 components. This establishes part (iii) of the theorem. The importance 
of this for the rest of the proof is that we have shown that N — X has only a 
finite number of components. From this, from (4.1) with D = Z, and from 
(4.4), we see that 

(4.5) Hn+1 (N, X) is a finitely generated group. 

Now exactness of the sequence 

Hn(N) -> Hn(X) -> H^1 (N,X), 

the fact that Hn(N) is finitely generated (since N is a compact ANR), and 
(4.5) show us that Hn(X) is finitely generated. Lemma 2 (i) with D = Z 
implies that rank Hn(X) < rank Hn(^). This completes part (i) of the theorem. 
If Hn(2P) is free, then Lemma 2 (ii) says that Hn(X) is torsion-free. But every 
finitely generated, torsion-free (abelian) group is free. This completes the 
proof of Theorem 4. 

For Corollary 1, we take & = {M}. The proof is immediate from the iso­
morphisms Hn(M; Z2) « Z2 and Hn(M) « Z. 

5. Proof of Corollary 2. 

Definition 2. For each space X let S(X) denote the suspension of X, and let 
vx:X X I-^S(X) be the quotient map. We let S"(X) denote the w-fold 
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suspension of X (S°(X) = X, Sn(X) = SÇS^^X))). If . ^ is a class of spaces, 
we define the suspension S{^) to be the class {S(X):X G ^ } . 

LEMMA 3. Let & be a class of polyhedra, and let X be a &-like compactant. Then 
S(X) is an S (é^)-like continuum. 

Proof. Let a be an open cover of S(X). Clearly there exists an open cover 
j(3 of X such that for each U in /3 and each tin I = [0,1], there is a F in a with 
ux(î7 X {*}) C V. Choose a 0-map / of X onto a polyhedron K in ^ . Let 
g\S(X) —•> S(K) be the suspension of / , defined by gu^fe 0 = vK(f(x),t). 
For each point s = 1^(3/, t) of S(2£)> clearly g - 1 ^) = vx(f~

l(y) X {*}). By 
choice of ]8, therefore g is an a-map. This completes the proof. 

Now let X be a circle-like continuum that cannot be embedded in the plane, 
for example, the dyadic solenoid. Thus by Proposition 2, Hl(X) is neither 0 
nor isomorphic to Z. If n > 1, then by Lemma 3 and induction, Snr~1(X) is 
SMike. By iteration of the suspension isomorphism, Hn(Sn~1(X)) ~ H1^). 
Hence, by Corollary 1, Sn~1(X) cannot be embedded in any (n + l)-manifold. 
Since X is 1-dimensional, X can be embedded in Rz. Therefore, Sn~1(X) can 
be embedded in i^+^-D = Rn+2. This completes the proof of Corollary 2. 

Remark. Lemma 3 can be replaced by an argument using inverse limits and 
Theorem 1* of (10). 

6. Proof of Theorem 2. 

Definition 3. If (X, d) and (Xr, d') are compact metric spaces and / :X —> X' 
is a map, then for each e > 0, let 

M(f, e) = supf<5 :x,y £ X and d(x,y) < 8 imply d'(f{x)J{y)) < e}. 

Note that M(f, e) > 0 since/ is uniformly continuous. 

The following lemma is a slight modification of a lemma of J. R. Isbell. 
See (7, Lemma 2) or (8, p. 73) for an improved version. 

LEMMA 4 (Isbell). Let (X,f) be an inverse limit sequence of compact metric 
spaces, Xn having metric dn. Then there exists a sequence (en) of positive numbers 
for which the following is true. Suppose (E, d) is a complete metric space and 
suppose that for each n there is an embedding hn\Xn —* E satisfying the condition 

(6.1) If m < n, then d(hmfm
n, hn) < 8m, where 

bm = min{M(hm-\ ew)/3, 1/m}. 

Then the sequence of maps hnfn:Xœ —» E converges to an embedding Xœ —> E. 

Now let (£, d) and (X,f) be as in the statement of Theorem 2. The metric 
used on Xn is the restriction of d. Let the sequence (en) be chosen for (X,f) as 
in Lemma 4. We shall construct recursively sequences (hn), (Un), (Hn), and 
(8n) such that for each n > 1, the following conditions An, Bw, Cn, and Dn hold, 
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and for each n > 2, the condition En holds. (An) hn: Xn —* E is an embedding. 
(Bn) Un is an open set such t h a t Xn C Un C £• (Cw) iTw: Z7 —> £ is a 1-1 and 
uniformly continuous m a p extending An. (Dn) 8n = min{ikf(/iw

-1, e„)/3, 1/n}. 
(En) d(hn, hn-ifn-i

n) < min{2m_1<5w:l < m < n}. I t should be remarked t h a t 
condition Dn is merely the definition of 5n. 

For the first s tep we let h\.X\ --> £ be the inclusion m a p ; we let C/i = E, 
and Hi'.Ui-^ E is the identi ty map . Obviously, conditions Ai, Bi, and Ci 
hold (and Di defines ôi). Let n > 2 and suppse we have constructed hk, Uk, 
Hk, 5k for 1 < k < n so t h a t AA, B^, Ck, Dk hold for 1 < k < n and Ek holds 
for 2 < k < n. Since the m3.pfn-i

n:Xn —» Xw_i can be approximated by embed -
dings in E, there exists a sequence (/z*) of 1-1 maps £/* —> £ , where [/* is open 
and Xn C Ul C -E, such t h a t the sequence (/z*| Xw) converges uniformly to 
/w_iw . Since Xw_i is compact , some e-neighbourhood of Xw_i is contained in 
Un-i- Then for i large enough ^(Xn) will lie in £/w_i. We can assume t h a t this 
holds for all i. T h u s the composition Hn-i \xl is defined for all i. Since Hn-\ 
is uniformly continuous on its domain, the sequence (Hn-.i y*] Xn) converges 
uniformly to Hn-ifn-i

n. Therefore, there exists an i such t h a t for all x £ Xn: 

(6.2) d(Hn-! ^(x), Hn-Jn-fix)) < min{2— »ôm : 1 < m < n}. 

Since Xn is compact and E is locally compact , there exists an open set Un, 
such t h a t Xn C Un C Ui and the map Hn = Hn-i ii*\ Un is uniformly con­
tinuous. This defines Un and Hn. Since Hn-i and ix* are 1-1, so is Hn. Of course 
we let hn:Xn —> Ebe defined as the restriction Hn\ Xn. Now hn is an embedding 
since it is 1-1 and its domain is compact . Thus , conditions An, Bn, Cn hold. 
Condition Dn defines 8n. Finally, inequality (6.2) implies condition E/?, since 
w h e n x £ Xn, Hn-\ /**(#) = hn(x) and J ïw_i / n_i n (x) = K-x fn-f (x). 

T h e proof will be complete after we use condition En to show t h a t (6.1) in 
Lemma 4 holds. First , let us observe t h a t if m and j are arb i t rary integers with 
1 < m < j , then condition E J + i implies 

(6.3) d(hjfj^\ hJ+1) < 2m~^ôm. 

Now suppose 1 < m < n. T h e n 

ra-l 

d(hmfm
n, hn) < 2^ dihjf", hj+ifj+1

n) 

<l£d(hifi
i+1,hi+1). 

By (6.3), this is 

j=m j—m 

This completes the proof of Theorem 2. 
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7. Proof of Proposition 1. The proof of the necessity of the condition 
|deg/| < 1 can be given in a straightforward way using the Schoenflies theorem. 
However, let us give the following curious proof. Suppose tha t / iS 1 —> S1 can be 
approximated by embeddings in R2, but |deg/| > 1. By Theorem 2, the limit 
X of the inverse sequence 

can be embedded in R\ Hence by Corollary 1, Hl(X) = 0 or IP(X) « Z. 
However, by the continuity theorem, H1 (X) is isomorphic to the group of 
d-adic rationals, where d = deg/. 

Conversely, suppose f:S1—^S1 and |deg/| < 1. To show that / can be 
approximated by embeddings in R\ it clearly suffices to show that the map 
f'.S1 —> S1 X R1 defined by f (z) = (/(z), 0) can be approximated by embedd­
ings p: S1 —> S1 X R1. Let piR1 —> S1 be the universal covering map pit) = 
exp(2Trit). Choose a lifting f-.R1 —> R1 of/: a map such that pf = fp. For each 
teR\f(t + l) -f(t) = d e g / . 

Take first the case deg / = ± 1 . For each e > 0 define //6: 5
1 —» S1 X i^ 1 as 

follows. If / € R\ 

n*(p(t)) = a(^(0),€(/(o=FO). 
Since the map t—>f(t) T / is periodic (of period 1), ne is well-defined and 
continuous. It is easy to see that /zc is 1-1, and approaches/' as e approaches 0. 

Now take the case deg / = 0. Then / is periodic. Let a = min/, and let 
to G [0, 1] be such that /( /0) = a. We may assume the additional condition: 

(7.1) If h < t < to + 1, then / (0 > a. 

In other words, it is clear t h a t / can be approximated by maps with liftings 
having this property. Now choose a positive number 77 such that 

7,1/(0 - a\ < TT/2 

for all t. For each e > 0 we define ye'.S1 —* S1 X R1 as follows. If z Ç S1 let 
s = p(t), where t0 < t < £0 + 1. Then let 

(7.2) /,,(*) = (f(z), e(rjtCf(t) - a) + f(t))). 

First, jLte is well-defined and continuous, since f(t0 + 1) = f(t0) = a. To show 
that He is 1-1, suppose JU€(Z) = /xE(z')- Let z = p(t), z' = p(t'), where 

(7.3) h < t} t' < to + 1. 

From (7.2) we see that 

(7.4) f(z)=f(z'), 

(7.5) f(t) - f(t') = ¥(f(t') - a ) - „*(?(*) - a). 
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Now (7.4) gives p(j(t)) = pQ{tf)). Hence, the left-hand side of (7.5) is of 
the form 2irn, where n is an integer. B u t by choice of rj and the fact t h a t 
0 < / , / ' < 2, the r ight-hand side of (7.5) has absolute value less than 2T. 
T h u s n = 0, and we have f(t) = ](t') and t(f(t) - a) = t'(f(?) - a). Hence 
(7.1) and (7.3) imply t = t'. I t is clear t h a t juc a p p r o a c h e s / ' as e approaches 0. 

8. Proof of T h e o r e m 3. Suppose we are given a commuta t ive diagram 

/ 
(X, xo) > (Y,y0) 

f 
(X,x0) > (Y,yQ) 

where p and q are covering maps and X and Y are simply connected. ( I t will 
be assumed t h a t all base spaces of covering maps are 0-connected and locally 
0-connected.) I f / is given, there is exactly o n e / making the diagram com­
muta t ive , by (6, p . 257). Le t G and H be the covering transformation groups 
of p and q, respectively. Let <l>:wi(X, Xo) —> G and \l/:wi(Y, y0) —» H be the 
s tandard isomorphisms (6, p . 260). For instance, <j> is defined as follows. Let 
a = [a] £ 7ri(X, Xo). Lift the pa th a to the pa th â beginning a t x0. Then <t>(a) 
is the unique g in G such t h a t g(x0) = à(l). Under these assumptions, the 
verification of the following lemma is straightforward. 

L E M M A 5. For each a Ç 7ri(X, X 0 ) , / ©0(a) = (\pf*(a)) °f. 

COROLLARY. Suppose f induces the trivial homomorphism on fundamental 
groups. Then fis periodic in the sense that for each g G G,fg = / . 

L E M M A 6. Let (X,f) and (X,f) be inverse limit sequences with each Xn simply 
connected. Suppose each fn

n+} : Xn+1 —> Xn induces the trivial homomorphism on 
fundamental groups. Suppose that for each n we have a covering map pn:Xn —» Xn 

such thatfn pn+i = pnfn- Then the induced map pœ:Xœ —̂  Xœ is 1-1 and onto. 

Proof. Let Gn denote the covering transformation group of pn. T o show tha t 
£ œ is 1-1, suppose x, y G Xœ and pœ(x) = pœ(y). T h e n since pn(xn) = p„(yn), 
there is gn Ç Gn such t ha t % = gn{xn), for each n. B u t 

% = fnn+Hyn+l) = J/*1 gn+l(Xn+l), 

which by the preceding corollary equals fn
n+1(xn+1) = xn. T h u s y = x. T o 

show t h a t pœ is onto, consider x G Xœ. Let xn = fn
n+1(pn+r~1(xn+i)). This is 

indeed a single point by the preceding corollary. Now for each n, 

Pn(Xn) = Pnfnn+1pn+r1(xn+1) = fn
n+1pn+1 pn+l"1 (xn+1) = fn

n+1 (xn+1) = Xn. 

From this (with n replaced by n + 1) we have 

Xn =fnn+1pn+r1(Xn+l) = / / + 1 f e + l ) . 
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Thus the point x = (xi, £2, . . .) is in Xœ. Then from pn(xn) = xn, we have 
P<x>(%) = x. This completes the proof of the lemma. 

Now let X be as in the statement of Theorem 3. By (10, Theorem 1*) we 
may assume that X is the limit of an inverse limit sequence of tori: 

(8.1) fl> / t , 
T" < T" < . . . < X. 

Since Hl(X) = 0, the limit of the induced direct sequence is zero: 

(8.2) 
(A2)* (ft8)* 

H1 (T1) > Hl (Tn) > 0. 

This does not imply that each (/V+1)* is zero, but it is easy to see that, since 
Hl(Tn) is finitely generated, there is for each i a j > i such that (/V)* = 0. 
Hence, by cofinality, we may assume that the original sequence (8.1) is such 
that in (8.2) every homomorphism is zero. 

Let p:Rn —> Tn be the standard universal covering: 

p(h, . . . , tj,) = (exp(27r^i), . . . , exp(27ri/n)). 

Lifting the maps (8.1), we obtain the commutative diagram 

~ 2 ÎJ h 

(8.3) 

•X 

X 

where X is defined as the limit of the top row, and pœ is the induced map. Now 
the natural homomorphisms p\iri{Tn) —> H\(Tn) and 

ailPiT") -» Horn (Hi (P1), Z) 

are isomorphisms ; see (6, p. 348 ; 9, p. 77). Hence, by the above and the natural-
ity of p and a, the homomorphisms (//+1)* : iri(Tn) —* iri(Tn) are trivial. Thus 
Lemma 6 applies to give that pœ in (8.3) is 1-1 and onto. 

By the Corollary to Lemma 5, the m a p s / / + 1 are periodic (invariant under 
translation by lattice points in Rn). For each positive integer a let Ia be the 
n-cell 

(8.4) Ia = {te Rn:\tj\ <aj = 1 , . . . , » } . 

By the periodicity of fti+1, 

(8.5) fii+l(Rn) =fi
i+1(h). 

In particular, each set fii+1(R") is compact. For each i let It be an «-cell of the 
form (8.4) such that 

(8.6) JV+1CR") CO1. 
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By (8.5) and (8.6), the restricted inverse sequence 

? 2| T n ? 31 T n 

7" n y 7" n , 
i l < i 2 < . . . 

of w-cells has the same limit, X, as the top row of (8.3). Since X is compact, 
pœ is a homeomorphism. Thus X can also be represented as an inverse limit of 
w-cells. This completes the proof. 
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