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ON ASYMPTOTIC VALUES OF SLOWLY GROWING

ALGEBROID FUNCTIONS

JUN]JI SUZUKI

1. Let f(z) be a k-valued algebroid function in [z| < oo and
1) F(z, /)= A2 f*+ Az) f&1 + -+« Alz) = 0

be its defining equation such that the coefficients A,(z) (i =0, 1, - - «,k) are
entire functions without any common zero and the left hand side is irredu-
cible. We denote by ¥ the k-sheeted covering surface over |z| < co generated
by f(z) and by X(») and I'(r) the part of X over |[z| <7 and the curves on
% over |z| =7, respectively. We use the standard notations of the Nevanlinna-
Selberg theory [4]:

_ 1 + 1 _ 1 + 16
m(r, a) = 7’67}—‘ S[‘(r)log —J;(‘m dﬁ, m(f’, f) = —2-76‘;“ Sl‘(r)log lf(re )|d0
Nira) = 4| a2 208 | 288 160y, Nir,e0) = N, f)

= ; =1 —Tim Na
T, /) = mir, )+ N ), ola, )= 1 T N0

where #n(r,a) is the number of zeros of f(z) —a on %(r) and #n(r, )= n(r, f).
From now on, we consider the functions with the slow growth:

(2) T(r, f) = Ol(log r)?].

For such functions both of the number of deficient values and that of
asymptotic values are at most k¥ (Valiron [7], [9] and Tumura [5]). Especially,
when k=1 i.e. the function is single-valued and meromorphic, it can prossess
no deficient value without that value being an asymptotic value (Valiron
[9] and Anderson-Clunie [1]).

For an algebroid function f(z), a value « is an asymptotic value, if
there exists a path Ly on ¥ stretching to the point at infinity such that f(z)
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tends to « along Ly, in other words, if there exists a path L on the z-plane
stretching to the point at infinity such that at least one branch of f(z) can
be continued analytically along L and the value taken by the branch tends
to « along L.

Our main aim in this note is to give an extension of the above result
of Anderson-Clunie to the case of an algebroid function:

TrEOREM 1. Let f(z) be a k-valued algebroid function in |z| << oo satisfying
(2). If f(2) has k deficient values a; (i=1,2, - - -,k), then each of a; (=1,2, -+ +,k)
is an asymptotic value of f(z).

This theorem will be obtained as an immediate corollary of Theorem
2 stated in §5. In the last section, we shall give a condition for a deficient
value to be an asymptotic value without the restriction that f(z) has %
deficient values.

2. First we shall give some lemmas. To prove them, we use the following
results.

1. (Valiron [61) If f(z) is a k-valued algebroid function in |z| < co, then

@) |T(r 1) + - log1Cil — ilr, )] < log 2,
27 R . .
where p(r,A) = —Wi—ﬂs logA(rei®)de with A(z) = ozzlgzsxk |Ai(z)| and Cz* is the first

non-zero term of the Taylor development of Ao(z) at the origin.

II.  (Valiron [9]) If f(2) is a k-valued algebroid function in |z| < oo satisfying
(2), and if a; (i =1,2,+++,k+1) are k+1 distinct complex numbers (may be
infinity), then we have

5 N(r’alyab M 9ak+1) —
lim BT 1

here N(r,ay, a, - - -, = 1 .
where N(r,a,,a, Gyt Igfzgzglﬁ_ 1N (r, FG. ) ) Sor each r >0

III. (Valiron [8]) If g(2) is an entire function of order zero with g(0) = 1V,
then

log M(r,9) = N(r,——;——) + 6w (r, %) 0< 6(r) < 1),

1) This condition is not essential to obtain (4).
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_ 1\ _ = 1\ dt
where M(r,q) = Irizlazxrlg(z)[ and W(r,~g—> = rgo n(z’,—g-) ik
In particular, if log M(r,g) = Ol(log )?], then

log M(r, 9) < K(log 7)? (K: constant)

e e S g R DR R

= K'(log 7)?

w(rL)<kr( 180 at = gr 182 L~ Of1og ),

t2

so that we have
(4) logM(r, g)~N (r, %) (r > o).
IV. (Hayman [3]) If an entire function g(z) satisfies

log M(r,9) = Ol(log 7)1,

then

(5) log M(r,9)~log|9(z)],

uniformly in 0 as z = re’ —co outside an & -set.

Here we call an &-set any countable set of circles not containing the
origin and subtending angles at the origin whose sum s is finite. We note
the following two facts about g -sets.

a) The union of two &-sets in again an & -set.

b) Given any &-set then for almost all fixed # and any # > 74(6), where
7o(0) depends only on 6, z = rei lies outside the g -set.

We consider a system &(z) = (So(z), S1(2), - + +,Sx(z)) of k+ 1 entire func-
tions Sy(z) (i =0,1, - +,k) having no common zero and satisfying

(6) log M(r,S;) = Ol(log 7)?] (1=0,1, -,k
We define p(r,S) by

2r
r,S) = % So log S(rei)do,

where S(z) = gggﬁlsi(z)] for each z and set
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1
N(r )
— 1 __—’; = J. | = o oo
1 llngo T, SE) 9:(S) (i =0,1, Jk).

N (r, Sl )
. . ; .
Particularly, when }Ln;mkp(r, S) exists, we set

N(r, 1. ) _
L= lim S

Then we have 0<4,(&)<1 (i =0,1, - - +,k), since by Jensen’s formula

N(r, Sl

o
)= -1 " loglSitre) 40 — 1ogl 01
é_..—zzn_ Sleog S(re*)d6 + O(1) = kp(r,S) + O(1).

Lemma 1. For a system S(z) = (Se(2),S1(2), +  +, Sul2)), if 6;(8) >0 for
some jO<j=<<k), then

— log ISZ(z)]z

k
) ISi(2)
R TICAS) =3,(©) >0,

uniformly in 0 as z = rei® — oo oulside an g -set.

Proof. From our hypothesis, we have

N(r, ~§_) < (1= 5,(8) + o(1)kelr, S).

Since &(z) satisfies (6), we can apply (4) and (5) to S;(z) and have

(7) log|Si(2)] < (1 — 6;(&) + o(1)ku(r,S),

uniformly in 6 as z = rei? — oo outside an &-set.

By Cauchy’s inequality, we have for all » (» =0,1, -+ -,k)

k k k
log (3] 154(2)1%) = log {1 (2] 1S(2)1)*] = 2log (31 [Su(2)]) + log 5 L1
= 2log |S.(2)] + log 7= -

2) We assume that S;(0)==0, co.
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Applying (5) to S,(z), we have for all v(v =0,1, -+ -,k

3 1
log (23 1S:(2)|%) = 2(1 + o(W)logM (7, S,) + log =7 »
=0
and hence
3 1
log (2 1Si(2)|?) =2(1 + o(1)) max logM (. S,) + log 371 »
1=0 o<y <k

uniformly in @ as z = rei? - o outside an & -set.
On the other hand, by definition of S(z),

S(z) < max M(r, S,) (lz] =)
o<v<k
=_1 (= i 1
so that p((r,S) = 2—107;80 log S(ret?) do < 2 grslii;(klog M(r,S,). Thus we have
k
(8) log (ig [S:(2)]%) = 2k(1 + o(1)) (7, S),

uniformly in 6 as z = re? - o outside the g -set.
We combine (7) and (8) and have from the property a) of &-sets,
[S;(=)[?

log -
2Usdale

= 2log S.(2)] — 10g( 2 S.(2)1%)
< %% (— 5,(®) + o(L))r, )

uniformly in § as z = re*? - co outside an g-set. Thus we obtain the desired
result.

By using the property b) of &-sets and the fact that the function g(r,S)
of 7 is unbounded, we have that

|Sy(2)12
k
pENOIE

-0

as z = re!? - oo for almost all fixed 6 (0=<60 < 2z).

3. Before giving the next lemma, we shall state some about the distance
between two systems, which was introduced by Dufresnoy [2].

We consider only the systems consisting of k£ + 1 complex numbers, all
of which are not zero simultaneously. Here if two systems

w® = (wﬁ,“, w(ll)’ « .. ,wg)) and w® = (w(oz)’ w(12), P ,wgcz))
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are proportional i.e. w$® = cw(?® (i =0,1,---,k) for some constant c(c = 0),

we identify w® with w®.
We set

Elw(il)wf’?) —_— wgl)w§2)l2 i
i>j 2

M, @7 = 7[
@ feherd 3 w2 33 |
l i=0 =0
Then this satisfies three axioms for distances. According to Dufresnoy [2]
we call [[w®, w®]] the distance between two systems w® and w®., We can
easily see that an inequality

=

i lw(il) _ w(i‘z)[z

1
k k
(3 1012 23 |y
= 1=

I

(10) [Tw®, w®]P <

holds. This shows how our distance relates to the distance in ordinary
sense between w® and w®.

Now we consider a non-degenerate, linear and homogeneous substitution
of the elements of the system w = (wo, Wi, * + *, )3

k
(11) W.,, = 20 a;;W; (i = 0, 1, L] ,k).
j=

Then we have a new system W = (Wo, Wy, « -+, W,). Let
WO = WP,W, .-, W) and WO = (WP, WP, - - -, W)

be the systems obtained by the substitution (11) of the elements of systems
w® and w®, respectively. Then, using the inequality (10) we have an im-
portant property about the distance (9) which is stated as follows;

Lemma 2.  (Dufresnoy [2]) Under such a substitution, two systems being close
to each other correspond to two systems also being close to each other i.c. there exisis
a constant ¢, 0<<c<<1, depending only on a;; (i,j=0,1,+ k) such that

[lw®, w® )< [WD, WO < e [[ow®, w>]].
Let P(2) =@ +az*t + oo +a,=0
p¥2) = @i+ atz 4 - oo taf =

be two algebraic equations whose coefficients make systems a = (ag,a;, * * +,a)
and &* = (af,a}, « - +,a}), respectively. By means of distance (9), the well
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known theorem on continuity of roots of algebraic equations is described as
follows;

LemMa 3. (Dufresnoy [2]) Let zy,20, + « +, 2, and z%,z3%,
of the equations p(z) = 0 and p*(z) = 0, respectively
then we can associate each z;(i = 0,1

<, zF be the roots
2%, such that

If a,a*1] is sufficiently small,
k) with some 2% (1< j<k), say z; with

[z;, &1 < 8ella, a*]] i
where [

’

1 denotes the chordal distance

The next lemma is an immediate consequence of Lemma 3
LemMa 4.  (Dufresnoy [2]) If

s sufficiently small, then an algebraic equation

(2) = ap2® + a;2** +

. + a = 0
than

has at least p + 1 roots whose chordal distances jfrom the point at infinity are less

1
4 2k
p3PAE
8e{ —°
Zlajlz

For the sake of the later discussion, we shall give a proof following
Dufresnoy [2].

Proof. We consider one more equation

p*(2) = a¥z* + a*z* Yt at =
with a¥=0 (i =0,1

,p) and @§ =a(j = p+1

«,k). Then we have
1

M's

la;|?

[la,a*]] = :

It
o

IIM::-

i lay]®
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We may consider that the equation p*(z) =0 has k roots, p +1 of them
lying at the point at infinity. Thus our Lemma is obtained from Lemma
3. Here we note that each of the other ¥ —p—1 roots z(i =1,2,+- -,
E—p—1) of p(z) =0 is associated with one of the £ — p —1 roots zi(i =1,
2,++,k—p—1) of p*z) =0, say z, with z%, in such a way that

1
2k

B3

la;|®

1

]
=3

[ZL,Z:Z]<83 (l:l,z’...,k—p_l).

la;|?

It

OM?.-

J

4. LemMA 5. Let S(z) = (So(2), Si(z), * * +,Si(2)) be a system such that Si(z)
(j=0,1,+++,k) have no common zero and satisfy (6). If 8(S)=0 for only one
A0=<21=k) and 6,(8) >0 for other all v+ 2 (0=Lv=<Fk), then

[S(z1), S(z2)]1—>0
uniformly in 0, as 2y = rnpet'n—> oo outside an F-set (m=1,2).

PTOQf: For any Pair (l,]) (l 7&]; i, j=0911 ¢ "k)’

ISi(zl)Sj(z2) - Sj(zl)si(z2>l - lsi(zl)sj(zz)l
(S11Su@ D ISl T [ 3 ISu@lt B Suel)T
= h\R1 = h\%2 = h\%1 = h\AR2
+ — ISj(Z;)fi(Zz)l -+ = ?,:1?;{< . lSz(Zl)l2>J— + ( . ISL(Zz)I2>~L}
|2 ISula12 23 [Salz0) 122 Sisu@lr)7  (Zlsa@1)7

By Lemma 1 and our hypotheses, we have for all »(+ 2)

_15.(2) |
(BIs@1e)7

—0

uniformly in ¢ as z = rei* > o outside an &-set, and hence

Isi(zl)sj(z2) — Sj(zx)Si(Zz)l
% r 1

(2 1Su@012 23 Sulz)12)
=0 h=0

—0.

uniformly in 6, as z, = rmei=—co outside an &-set (m=1,2). Thus our
lemma is obtained.
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CoROLLARY. Let f(z) be a k-valued algebroid function in |z| < oo satisfying
(2).  Suppose that f(z) has k deficient values a; (i =1,2, -+ «,k). Then for the
system N(z) = (Ao(z), Ailz), + + +, Az)), we have the same assertion as that in the

above lemma.

Proof. We take a value @, which is different from «; (i =1,2, .- +,k)
and set

(12) F(z,a;) = Ay2)at + Ai(z)af™ 4 -+ - + Ayz) = B;(2)
(Z = 091y29 A '1k)-
Now we shall prove that for the system 9B(z) = (By(z), Bi(z), - * ,Bi(2)), all
the conditions of Lemma 5 are satisfied. At first, entire functions By(z)
(i =0,1, - - +,k) have no common zero. In fact, suppose that B;(z) (i = 0,1,
-,k) have a common zero a. We solve the equation (12) with respect
to A;(z) (4 =0,1, - - +,k) and have
(13) Ai(z) = BioBo(z) + BiiBi(z) + « + + + BuBil2)
(i =0,1, - - -,k B;; constants)

so that @ is also a common zero of A,(z) (i =0,1, - -,k), which is absurd.
Further, we have from (12) and (13),

(14) ulr, A) = p(r, B) + 0(1)
so that By(z) (i =0,1, - - -,k) satisfy (6) by (2) and (3).

Next, since N(r, 1 ‘)= -li— N(r, é) (i =0,1,+ -,k and a;(i =1,

f_ «;
2, + ++,k) are deficient values of f(z), we have by (3)

N<r —1—>
I ’ B
(15) 0,(8) = 1~ lim —pe—

(j=1,2, .o .,k).

= 5(aj’f) >0

On the other hand, the value a, is normal by II in §2, i.e.

N(r,—-)
= _ . * B,
o WO =L R, )

= d(ao, f) = 0.

Now Lemma 5 applied to the system %B(z) = (Bu(z), Bi(z), * * +, Blz))
shows that
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[[B(z1), B(z2)11—0

uniformly in 6, as z, = 7,e"»—> o outside an &-set (m = 1,2).

Since we can take (12) as a non-degenerate, linear and homogeneous
substitution of the elements A;(z) of the system A(z) = (Ay(z), Ai(2), * « +, A2)),
we obtain the desired result by Lemma 2.

5. THEOREM 2. Let f(z) be a k-valued algebroed function |z| < co of arbitrary
order. Suppose that there exists a path L on the plane streiching to the point at
wnfinity such that

a7 _1A@L
(214
=0
(18) [[(z,), A(z)T] 0

as z,z, and z, tend to infinity along L. Then the infinity is an asymplotic value
of f(2).

Proof. We denote by K(3) the spherical disk with center at the point
at infinity and with chordal radius 6 >0, and denote by f(z) (i=1,2, - - -,k)
k roots of F(z,f)=0 for any z counting with their proper multiplicities.
We express the curve L by

L:z=2() 0<t<<); z(t)—>00 as t oo,

Given a sufficiently small ¢ >0, we can find from (17) and (18) ¢
(n=1,2,---) depending on ¢ such that for any ¢ =1,

1
[Ao2)® |2 &, _ )
(19) e { ié’ | A:(2)]? ] 2k + 1)

and for any pair ¢, and &,; £, t,=t{",
A

(200 8ell(z), Wa* < gt (2=

First we take whole branches f; (i = 1,2, .- -,k) as our candidates and

let z go to infinity along L. Then we drop from the list of candidates

branches f;, if any, with f; (z(¢$V)) & K(¢). The disk K (ﬁ) contains
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at lesat one root of the equation F(z(¢§”),f) =0 because of Lemma 4 and
(19) and so there remains at least one f; in our list. Next we drop f;, if
any, with f,(z(t®))&K <ﬁT> from our 2nd list and still have a list con-
taining at least one f; by the same reason as above. Then we see that,
for any f; in the list, the curve f;(z(#), #¥<t=<#?, is contained in K(e).
In fact, if not, the curve f;(z(¢)), t*=<¢=< ¢, can not be covered by any
%k disks with radii —-&  and so there exists at least one point z*¥ = z(t¥),

20k + 1)
0 < t* <+, such that

329, FeO) > gy (=120 ,h),

which coutradicts Lemma 3 and (20). We repeat the above procedures and,
at the n-th step, we drop f;, if any, with f,(z2(#)&EK [W] from
our n-th list, and have the (u + 1)-th list containing at least one f;. For
any f; in this list, the curve f;(z(¢)), 9P P<t=<¢®, 1is contained in
K [09—4—61)7‘2_] Since we have only a finite number of branches f;, there
is at least one fj, say f;, which belongs to the n-th list for »=1,2,.. ..
Thus f, satisfies

FleNek [ riper] =15,

so that fy(z) tends to infinity as z goes to infinity along L. The proof is
now complete.

Proof of Theorem 1. When a;#+ o, we consider instead of f.

S
=
Then f—la. is an algebroid function satisfying (2) and has £ deficient

values, one of which is the infinity, so that we may assume that «; = .
From Lemma 1 and Corollary of Lemma 5, the coeflicients Aq(z), 4i(2),
-+ +,Ayz) of the defining equation of f(z) satisfying the conditions (17) and
(18) outside an &-set, consequently on any half-line L = re¥(r >0) for almost
every 6. Applying Theorem 2, we conclude that ; is an asymptotic value
of f along L.

Remark. As we saw in the above proof, we can take any half-line L
for almost every 6 as an asymptotic path of «; and hence an L commonly
to all ;5 i =1,2,+ - -,k
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6. Lemma 6. (Dufresnoy [2]) Let 2(z) = awz* + a2+ -+ - +a,= 0 be an
algebraic equation with

lao|?

. (M >0).
2 lae

v
1+ M?

Then p(z) =0 has no root of modulus larger than M.
From this, we can see that if

__Jllo—lz =ud®  (d>0),
Sae

every root of p(z) =0 lies outside a spherical disk K(d) with center at the
point at infinity and with chordal radius 4. Using this lemma, we can
prove

TureoreM 3. Let f(z) be a k-valued algebroid function in |z| < oo which is
defined by (1) and satisfies (2). Suppose that, for some n(0<n<k), the system
Az) = (Ao(2), Ail2), = + -, Axlz)) satisfies

5;(A) >0 (7=0,1, -+ -,m—1), 5,(A)=0.

Then the infinity is an asymptotic value of f(2).

_ N )
Prooof. From our hypothesis §,(%)=0 and (3), we have lim Ay

Sy A
Hencd we have by (4) and (5)

log|An(2)[? = (1 + 0(1))2kT(r, f),

uniformly in 6 as z = re* - o outside an &-set. Further, we have

k k
log (21 [A4(2)]%) < log (g(l) | Ai(2)]?) < 2log A(z) + log (k + 1)

i=

< 2 max logM(r,A,) + log(k + 1) = 2(1 4+ o(1)) max N(r, 1 )
o<y <k o<v<k A,

< (1 + o(1)2kT (7, f).

Thus

3) As for notations used in this theorem, see § 2.
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14.(2)1*
2144z

log

= o[T(r, f)]

and hence for any small ¢ >0,

I2

o

1
2
< @tTU )
2

uniformly in 6 as z = rei* > co outside the g-set. Since §;%) >0 (f =0,1,
«+,n—1), we see from Lemma 1,

log B (500 4 oW)2T(r, ) (G=0,1, - yn—1)
214!
and hence
1
n—-1 ok
120 | Aj(2)|* < g
(22) gol e ore.

>
2141

uniformly in 6 as z = rei - co outside an £-set, where § = min §,(%) > 0.
0<j<n—1
We take €< §/3 and a path L: z = z2(r) = rei (r,< 7 < o) such that (21)

and (22) hold on L%, and set

dy(r) = e-3+oTC.D)

dy(r) = e~ T,
We onsider on L the following equation
A" + Apea(@) 4 e 4 A2) =0

Recall (21). Then we see from Lemma 6 that the roots f¥z) (i=1,2, - - -,
k— n) lie outside K(dy(r)). The equation F(z,f) =0 has k— n roots, say
fidz) (i =1,2,+++,k—mn), such that

[ff(z)y fz(z)] < dl(r)y

because of the comment given just after Lemma 4 and (22). Thus the
values f;(2) (i =1,2,+ -,k —n) lie outside K(dy(7) — di(r)). On the other

4) We can find such a path L because (21) and (22) hold as z—>co outside an & -set.
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hand, we see from Lemma 4 that the remainder f;(z) (j=k—n+1,+ - ,k)
satisfies

[fi(z), oo]<dy(r).

Since dy(r)/dy(r) = e-#+29T) 0 as 7 -+ oo, we see that K(dy(r)) is disjoint
with the complement of K(dy(r) — dy(r)) for every sufficiently large r =7,
whence we can conclude that the brancehs fj(z) (j=k—mn-+1,.-+,k) with
fiz(r))eK(d\(ry) draw a curve f;(z(2)), t=r=r;, in K(d\(r)). In fact, if
the curve f;(z(2)), ¢t =r (=r,), invades the zone; {w; d.(r)—d,(r) < [w, 0]<d,(r)},
we have at least one point z* = z(¢*), t* >, on the curve such that

fi(z*) & K(dy(tY)),
fi(z*)&complement of K(d,(t¥) — d,(t¥)),

which contradicts the fact that any root of the equation F(z* f) =0 must
be contained in K(d,(¢*)) or the complement of K(d(t*) — d\(¢#*). Since
di(r) >0 (r =), we see that the branches f;(z) tend to infinity as z->o
along L. Thus our theorem has been established.
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