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Abstract Given the full shift over a countable state space on a countable amenable group, we develop
its thermodynamic formalism. First, we introduce the concept of pressure and, using tiling techniques,
prove its existence and further properties, such as an infimum rule. Next, we extend the definitions of
different notions of Gibbs measures and prove their existence and equivalence, given some regularity
and normalization criteria on the potential. Finally, we provide a family of potentials that nontrivially
satisfy the conditions for having this equivalence and a nonempty range of inverse temperatures where
uniqueness holds.
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1. Introduction

There are two general ways to describe a system composed of many particles: micro-
scopically and macroscopically. The first one makes use of the exact positions of the
particles, as well as their local interactions. The second one, in turn, is usually outlined
by thermodynamic quantities, such as energy and entropy. One could say that statistical
mechanics — originated from the works of Boltzmann [10] and Gibbs [32] — is the bridge
between the microscopic and the macroscopic descriptions of these kinds of systems.
In this connection, Gibbs measures are a central object. It is fair to say that Gibbs
measures are at the core of the ‘conceptual basis of equilibrium statistical mechanics’ [52].
Relevant examples are the Ising model, which tries to capture the magnetic properties of
certain materials; the hard-core model, that describes the distribution of gas particles in
a given environment; among many others [29, 30, 31]. In these cases, it is customary to
consider that the many particles interacting are infinite, take a value from a state space
A (also called alphabet when A is countable), and they are disposed in a crystalline
structure. This structure and its symmetries are usually represented by a countable
group G, possibly with some Cayley graph associated with it. A particular case is the
hypercubic d-dimensional lattice, which can be understood as the Cayley graph of the
finitely generated Abelian group G = Z? according to its canonical generators. Then,
it is natural to represent an arrangement of particles as an element of the space of
configurations X = A%, the G-full shift. Considering this, one is interested in certain
measures 4 in the space M(X) of Borel probability measures supported on X. More
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specifically, the measures of interest are the ones that describe these kinds of systems
when they are in thermal equilibrium, where the energy of configurations is given by
some potential ¢ : X — R. However, there are many mathematically consistent ways to
represent that situation by choosing an appropriate measure p € M(X). As the theory
evolved, it drew the attention from different areas of expertise, such as probability [27,
51] and ergodic theory [14, 56]. Consequently, the very concept of Gibbs measure started
to develop in more abstract and not always equivalent directions.

We focus mainly on four conceptualizations of the idea of thermal equilibrium, namely,
Dobrushin-Lanford-Ruelle (DLR), conformal, Bowen-Gibbs, and equilibrium measures.
We now proceed to briefly describe each of them.

Dating back to the 1960s, Dobrushin [22, 23] and, independently, Lanford and
Ruelle [41] proposed a concept of Gibbs measure that extended the usual Boltzmann-
Gibbs formalism to the infinite particles setting. Roughly, the idea involved looking
for probability distributions compatible with a family of maps — sometimes called
specification — that prescribe conditional distributions inside finite subsets of G given
some fixed configuration outside. More specifically, given a collection v = (vx)ker () of
probability kernels yx : Bx X — [0,1], with F(G) the set of finite subsets of G and B the
Borel o-algebra, one is interested in finding measures p € M(X), such that pyx = p for
every K € F(G), where pyi is a new measure (a priori, different from p) obtained from
w via yx. Those distributions are called DLR measures after the above cited authors,
and they have received considerable attention from both mathematical physicists and
probabilists (see, for example [30, 31, 38, 52]).

Another rather classical way to define a Gibbs measure, which does not involve
conditional distributions, was introduced by Capocaccia in [17]. Given a class £ of local
homeomorphisms 7: X — X and a potential ¢ : X — R, one is interested in measures p,
such that d(%;_l) =exp(¢L) for every 7 € £, where ¢7 : X — R is a function representing
the energy difference between a configuration z and 7(x) (e.g. see [38, Definition 5.2.1]).
This kind of measures fits in the more general context of (¥,R)-conformal measures
explored in [1], where R is a Borel equivalence relation and ¥: R — R, is a measurable
function. Then, Capocaccia’s measures, that we simply call conformal measures, can be
recovered by taking a function ¥ related to the given potential and R the tail relation
in the space of configurations. By considering other particular Borel relations R and
measurable functions ¥, one can recover other relevant notions of conformal measures,
such as the ones presented in [20, 49, 53], that are mainly adapted to the one-dimensional
setting, that is, when G =Z or, considering also semigroups, when G = N.

A third possibility, introduced by Rufus Bowen in a one-dimensional and ergodic
theoretical context [14], is to define Gibbs measures by specifying bounds for the
probability of cylindrical events. More concretely, one is interested in the measures
€ M(X) for which there exists constants C' > 0 and p € R, such that

p(laoas -+ an—1])
n—1 ;
exp(d_i—g ¢(T"x) —pn)
As in [7], we call those measures Bowen-Gibbs measures to avoid confusion. This definition
has been considered in the literature [18, 36, 38, 52] and also relaxed versions of it, such as

1< <C for z € X.
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the so-called weak Gibbs measures [58, 60], where the constant C is replaced by a function
that grows sublinearly in n. This and further relaxations have also played a relevant role
in the multidimensional case, this is to say, when G = Z¢ and d > 1, for finite state spaces
(e.g. see [38, Theorem 5.2.4]).

The last important definition considered in this work is the one of equilibrium measure.
When X is a finite configuration space, equilibrium measures are simply probability
vectors that maximize the sum (or difference) of an entropy- and an energy-like quantity,
that is, a quantity like

k k
H(p)+p-(¢(x1),...,0(xx)) = —Zpi logp; + ZP@(%),

where k= |X|, z; € X, ¢: X — R is a potential, p = (p1,...,pr) is a probability vector
with p; the probability associated with z;, and H(p) is the Shannon entropy of p. These
measures were considered, for example, in [31, 38, 52]. On the other hand, when X is
an infinite configuration space and there is a robust notion of specific entropy, let’s say
h(w), we are interested in studying measures p € M(X) that maximize the quantity
h(p) + [ ¢dp for a continuous potential ¢ : X — R. This notion tries to capture the
macroscopic behaviour of the system without making any assumption of the microscopic
structure.

The problem of proving equivalences among these and other related notions has already
been studied in different settings. We mention some relevant results that can be found in
the literature.

In the one-dimensional case, for finite state spaces, Meyerovitch [44] proved the
equivalence between conformal measures and DLR measures for some families of proper
subshifts. Also, Sarig [54, Theorem 3.6] proved that any DLR measure on a mixing
subshift of finite type is a conformal measure, for a different but related notion of
conformal, restricted to the one-dimensional setting. In the same work, for one-sided
and countably infinite state spaces, Sarig [54, Proposition 2.2] proved that conformal
measures — according to his definition — are DLR measures for topological Markov
shifts. In this same setting, Mauldin and Urbariski [43] proved the existence of equilibrium
measures and that any equilibrium measure satisfies a Bowen-Gibbs equation. Moreover,
if the topological Markov shift satisfies the big images and preimages (BIP) property
and the potential has summable variation, Beltrdn et al. [6] proved that DLR measures
and conformal measures — in the same sense as Sarig — are equivalent. Finally, for
potentials with summable variation on sofic subshifts, Borsato and MacDonald [12] proved
the equivalence between DLR and equilibrium measures. There are also other classes of
measures in the one-dimensional case which we do not treat here, such as g-measures
[37, 59] and eigenmeasures associated with the Ruelle operator [14, 52]. When the state
space is finite, it is known that the set of DLR measures and g-measures do not contain
each other [9, 28], but there is a characterization for when a g-measure is a DLR measure
[7]. In addition, eigenmeasures coincide with DLR measures for continuous potentials
in the one-sided setting, as proven by Cioletti et al. in [19]. Pioneering works in the
one-dimensional countably infinite state space setting can be found in [33, 34]. In the
multidimensional case, some results regarding the equivalences among the four notions
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of Gibbs measures have been proved for finite state spaces. A first important reference is
Keller [38, Theorems 5.2.4 and 5.3.1], where it is proven that when ¢ : X — R is regular
(which includes the case of local and Holder potentials, and well-behaved interactions),
then the four definitions are equivalent. Here, by regular, we mean that

Z ndildn(gzﬁ) < 00,
n=1

where §,,(¢) is the oscillation of ¢ when considering configurations that coincide in a
specific finite box, namely, [—n,n]¢NZ%. Other classical references in this setting are due
to Dobrushin [21] and Lanford and Ruelle [41], which, combined, establish the equivalence
between DLR measures and equilibrium measures for a general class of subshifts of finite
type. Kimura [40] generalized the equivalence between DLR and conformal measures
for subshifts of finite type, and some of the implications are true for more general
proper subshifts. In the countably infinite state space setting, Muir [45, 46] obtained
all equivalences for the G-full shift when G = Z¢. In order to do this, it was required
that the potential ¢ : X — R is regular and satisfies a normalization criterion, namely,
exp-summability:

> exp (supg([a))) < 0.

a€N

This last condition is automatically satisfied when A is finite.

Results proving equivalences between different kinds of Gibbs measures go beyond the
amenable [2, 5, 15, 55] and even the symbolic setting to general topological dynamical
systems [3, 36].

One of our main contributions is to exhibit conditions to guarantee that the four notions
of Gibbs measures presented above are equivalent, when considering the state space A =N
and an arbitrary countable amenable group G, thus extending Muir’s methods to the more
general amenable case. Countable amenable groups play a fundamental role in ergodic
theory [48] and include many relevant classes of groups, such as Abelian (so, in particular,
G = 74), nilpotent, and solvable groups and are closed under many natural operations,
namely, products, extensions, etc. (e.g. see [42]). In the more general group and finite
state space setting, the equivalence between DLR and conformal measures was extended
to general subshifts over a countable discrete group G with a special growth property by
Borsato-MacDonald [13, Theorems 5 and 6]. Recently, a different proof for the equivalence
between DLR and conformal measures for any proper subshift was given by Pfister in
[50]. Also, in [4], a Dobrushin-Lanford-Ruelle type theorem is proven in the case that
the group is amenable and a topological Markov property holds, which is satisfied, in
particular, by subshifts of finite type. Here, as Muir, we focus on the G-full shift case.
We consider the configuration space X = N¢, for G an arbitrary countable amenable
group, and an exp-summable potential ¢ : X — R with summable variation (according to
some exhausting sequence). The concept of summable variation extends the one of regular
potential presented before. More precisely, a potential ¢ has summable variation if
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ST BN\ ELY 68, () < oo,

m=1

where {E,, }n, is an exhausting sequence for G and 0g, (¢) is a standard generalization
of §,,(9).

The paper is organized as follows. First, in Section 2, we present some preliminary
notions about amenable groups G, the corresponding symbolic space N&, and potentials.
Later, in Section 3, we introduce the concept of pressure in our framework, and we prove
its existence. Also, we prove that it satisfies an infimum rule and that it can be obtained
as the supremum of the pressures associated with finite alphabet subsystems. In order
to achieve this, we use relatively new techniques for tilings of amenable groups [26] and,
inspired by ideas for entropy from [25], we develop a generalization of Shearer’s inequality
for pressure. In Section 4, we introduce spaces of permutations and Gibbsian specifications
in order to pave the way for the definitions of conformal and DLR measures, respectively.
Next, in Section 5, we prove the equivalence between the four notions of Gibbs measures
mentioned above given some conditions on the potential, such as exp-summability and
summable variation. We also prove related results involving equilibrium measures. In
order to prove the equivalence between DLR and conformal measures, we rely on the
strategies presented in [45] for the G' = Z? case, which already considers an infinite state
space. Moreover, using Prokhorov’s theorem and relying on the existence of conformal
measures in the compact setting [20], we prove the existence of a conformal (and DLR)
measure in our context. We also prove that DLR measures are Bowen-Gibbs. If it is also
the case that the measure is invariant under shift actions of the group, we prove that any
Bowen-Gibbs measure is an equilibrium measure and that any equilibrium measure is a
DLR measure. At last, in Section 6, we show how to recover previous results from ours
and, inspired by the Potts model and considering a version of it with countably many
states, we exhibit a family of examples for which all our results apply nontrivially and,
in addition, a version of Dobrushin’s uniqueness theorem adapted to our setting holds,
thus providing a regime where the uniqueness of a Gibbs measure is satisfied.

2. Preliminaries

2.1. Amenable groups and the space N¢

Let G be a countable discrete group with identity element 14 and N be the set of
nonnegative integers. Consider the G-full shift over N, that is, the set N = {z : G — N}
of N-colourings of G, endowed with the product topology. We abbreviate the set N
simply by X. Given a set A, denote by F(A) the set of nonempty finite subsets of A.

Consider a sequence {E,, }., of finite sets of G, such that Ey =0, 1g € E1, Ep C Epyr
for all m € N, and (J,,,cy B = G. We will call such a sequence an exhaustion of G or
an exhausting sequence for G. Throughout this paper, we will consider a particular
type of exhausting sequences: we will assume further that £y = {1¢} and {E,, }, strictly
increasing.

Given a fixed exhaustion {Ey, }., the topology of X is metrizable by the metric d: X x
X — R given by d(xz,y) = 2~ »H{meN:@e,,#ypn} where xr denotes the restriction of a
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configuration z to a set F'C G. Denote by Xp = {zp : 2 € X} the set of restrictions of
x € X to F. The sets of the form [w] ={z € X: xp =w}, for w € Xp, F € F(G), are called
cylinder sets. The family of such sets is the standard basis for the product topology
of N&.

Let B be the o-algebra generated by the cylinder sets, and let M(X) be the space of
probability measures on X. Consider also M (X) the subspace of G-invariant probability
on X.

The group G acts by translations on X as follows: for every x € X and every g,h € G,

(g-2)(h) = z(hg).

This action is also referred, in the literature, as the shift action. Moreover, it can be
verified that g- [zr] = [(g- %) pg-1], for every 2 € X, g€ G, and F C G.

Given K,F € F(G) and 6 > 0, we say that F is (K,d)-invariant if |KFAF| < §|F|,
where KF ={kf:ke K,f € F}. A group G is called amenable if for every K € F(G)
and ¢ > 0, there exists a (K,d)-invariant set F.

For K,F € F(G), define:

i) the K-interior of F as Intx(F)={g€ G: Kg C F'},
ii) the K-exterior of F as Extg(F)={ge G: Kg C G\ F}, and
iii) the K-boundary of F as Ok (F)={g€G: KgNF # (), KgNF°¢+#0}.

2.2. Potentials and variations

A function ¢: X — R is called a potential. Given E C G, the variation of ¢ on E is
given by

05(¢) = sup{|¢(z) — d(y)|: v& = yr}-

Notice that if E C E’, then 0p/(¢) < dp(¢). If E = {lg}, we denote dg(¢) simply by
0(¢). We say that ¢ has finite oscillation if §(¢) < oc.

Let {E,,}, be an exhausting sequence for G. Given a potential ¢: X — R, it is not
difficult to see that ¢ is uniformly continuous if, and only if, lim,, ,~ dg,, (¢) = 0. In
this context, given F' € F(G), we define the F-sum of variations of ¢ (according to

{Em}m) as
Ve(¢) =Y |E,\\F\E,'F| -6, (¢).

m>1

If F={1g}, we denote Vr(¢) simply by V(¢). We say that ¢: X — R has summable
variation (according to {E,,}.,) if V(¢) < oc.

Remark 2.1. For any exhausting sequence {E,,},, and any F € F(G), the sequence
{E,.\ \F\ E;'F},, is a partition of G. Moreover, E,.} \F\E;'F C (E} \ E;;))F, so

| B FNER F| < [ B B F,

and Vp(¢) < V(¢)|F|. In particular, if ¢ has summable variation, Vp(¢) < oo for all
F e F(G).
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Proposition 2.2. Let ¢: X — R be a potential such that the F-sum of variation of ¢ is
finite for some F € F(G). Then ¢ is a uniformly continuous potential.

Proof. Let {E,,},, be an exhausting sequence for G. Since, in particular, E,, C E,, 41
for every m > 1, we have that 0 < g, ., (¢) < g, (¢) for every m > 1. Then, for every
M>1,

M
> |E W F\E,'F| 65, ()

m=1

M
>§EZ\/I( ) Z|E 1F\E 1F‘

m=1

= 5Em( )|EM+1F\Ef1F|7

where the last line follows from Remark 2.1. Therefore,

%
0< lim dp,, (¢) < lim —— r(9) T
Moo M—oo |Ey  F\EY F|

and the result follows. O

Definition 2.1. Let ¢: F(G) — R be a function. Given L € R, we say that ¢(F)
converges to L as F' becomes more and more invariant if for every € > 0, there exist
K € F(G) and ¢ > 0, such that |p(F)— L| < € for every (K,d)-invariant set F' € F(G).
We will abbreviate such a fact as }llj}nGgo(F) =L

A sequence {F,}, in F(G) is (left) Fglner for G if

F,\F,
L lgE B

n—00 |Fn|

=0, for any g € G.

For example, if G =Z¢ and F,, = [-n,n]9NZ%, then {F,}, is a Fglner sequence for Z.
It is not difficult to see that if limp_, ¢ @(F) = L, then lim,,_, o, ¢(F,) = L for every Fglner
sequence {F,},. In particular, when G = Z¢, convergence as F' becomes more and more
invariant implies convergence along d-dimensional boxes, which is a common condition
in the multidimensional framework. It is not difficult to see that a group is amenable if,
and only if, it has Fglner sequence. Moreover, for every amenable group G, there exists
a Fglner sequence that is also an exhaustion.

Proposition 2.3. Let ¢: X — R be a potential with summable variation according to an
exhausting sequence {Em }m. Then,

lim Vi(9)

F—G ‘F‘ =0
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Proof. Let € > 0. Since ¢: X — R has summable variation, there exists mgo > 1, such
that

3B N\E 65, (6) <e.

m>mgo

Then, for every F € F(G),

mo
Ve(¢) <> B W F\E, Fl-0p, () + > |E, 4 \ELIF|-08, (¢)
m=1 m>mg

mo
<Y B F\E,'F|-0p, (¢)+|F|-c
m=1

Due to the amenability of G, for any given mg > 1, we have that, for all m < my,

|F| < By FI < By 1 FI < (14 €)|F]

for every (En,+1,€)-invariant set F. Therefore, for every e > 0, there exists mo > 1 and
K € F(G), such that for every (K,e)-invariant set F,

mo mo
Vi(9) < Y (L+e)lF| = |F|) -0, (¢) +e-|[Fl =€ |F| Y 85, (d) +e-|F],

m=1 m=1

SO
Vr(¢)
< G’C,
|F|

where C'=1+V(¢). Since € was arbitrary, we conclude. O

Given a potential ¢: X — R, for each F € F(G), define ¢p: X — R as ¢p(x) =
> ger @(g-x) and Ap(¢) = dp(¢r). Notice that Apy(¢) = Ap(e) for every g€ G.

Lemma 2.4. Let {E,,}, be an exhausting sequence for G, ¢: X — R be a potential that
has finite oscillation and such that liminf,, . dg, (¢) =0. Then,

. Arp(9)
A TTE

=0. (2.1)

In particular, if ¢ has summable variation according to an exhausting sequence {Epm }m,
then equation (2.1) holds.

Proof. Let e > 0. Since liminf,;, o 0F,, (¢) =0, there exists mg > 1, such that dp,, (¢) <e.
Denote E,,, by K. Due to amenability, we can find K’ O K and 0 < ¢’ <¢, such that if F’
is (K’ ¢’)-invariant, we have that

Intg (F)AF| <e-|F|.
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Considering this, if z,y € X are such that xp = yr, we have that

() —or(y)] <D 16lg-2) —d(g-y)|

geF

= > elgr)—dlgwl+ Y. lelgrz)—d(g-y)l
g€lnti (F)NF geF\Intk (F)

< Y dk@+ Y 69

g€EIntg (F)NF geF\Int g (F)

< |Int g (F)|- e+ |F\Intg (F)]-6(¢)
S|F[-(1+€)-e+[F|-€-5())
=|F|-e-(1+e+5(0)),

and the result follows. O

3. Pressure

We dedicate this section to introduce the pressure of a potential. We define and work
on the setting of exp-summable potentials with summable variation on a countable
alphabet. The pressure — basically equivalent to the specific Gibbs free energy — is a very
relevant thermodynamic quantity that helps to capture the concept of Gibbs measure in
a quantitative way.

First, we prove that the pressure, which we define through a limit over sets that are
becoming more and more invariant, exists in the finite alphabet case. The definition of
the pressure is often done in terms of a particular Fglner sequence, which is a, a priori,
less robust and less overarching approach. Existence of the limit for a particular Fglner
sequence {F,}, and the fact that it is independent on the choice of such sequence is well-
known (see, for example [16, 35, 57], in the context of absolutely summable interactions).
Here, we prove something stronger: that our definition of pressure obeys the infimum
rule — which is a refinement of the Ornstein-Weiss lemma (see, for example [39, Section
4.5]) — this is to say, it can be expressed as an infimum over all finite sets of G. In order
to conclude this, we extend the results about Shearer’s inequality in [25] for topological
entropy to pressure.

Now, in the countable alphabet context, we take a similar approach. First, we consider
again a definition of pressure in terms of sets that are becoming more and more invariant.
Next, we prove that the infimum rule still holds, and, finally, we prove that the pressure
can be obtained as the supremum of the pressures associated with finite alphabet
subsystems. A related result was obtained by Muir in [45] for the Z? group case, where
the pressure was defined as a limit over a particular type of Fglner sequence, namely, open
boxes centred at the origin of radius n. The existence of this limit was proven through
a subadditivity argument that exploits the property that large boxes can be partitioned
into many equally sized ones, which might not be valid in more general groups. In order
to generalize this idea of partitioning sets, we make use of tiling techniques introduced
in [26], which, together to what is done in the finite alphabet case, allow us to prove the
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infimum rule for infinite alphabets over a countable amenable group. This type of result
was not considered in [45].

We begin by introducing some definitions. Given a potential ¢: X — R and F € F(G),
define the partition function for ¢ on F as

Ze(@)= 3 explsupér([ul)),
weXF

where sup ¢ ([w]) =sup{dr(x): z € [w]}. We define the pressure of ¢, which we denote
by p(¢), as

whenever such limit as F' becomes more and more invariant exists. In addition, given a
finite subset A € F(N), we define Zr(A,¢) as the partition function associated with the
restriction of ¢ to A. More precisely,

Zp(A Q) := Z expsup(ngF ([w]ﬂAG)).

wEXFNAF
Similarly, we define p(A4,¢) as
. 1
p(A,¢) i },gnGmlogZF(Avgﬁ),

whenever such limit exists.

3.1. Infimum rule for finite alphabet pressure

The main goal of this subsection is to prove the following theorem.

Theorem 3.1. Let ¢: X — R be a continuous potential. Then, for any finite alphabet
ACN, p(A,¢) exists and

p(A,¢)= inf =

log Zg(A, o).
EEF(G) ‘E| 0og E( 7¢)

In order to prove this result, we require some definitions. A function ¢: F(G) — R is

e G-invariant if ¢(Fg) = ¢(F) for every F' € F(G) and g € G,

e monotone if p(F) < o(F) for every E,F € F(G), such that E C F'; and

o subadditive if o(EUF) < @(E)+@(F) for any E,F € F(G).
A k-cover K of a set F € F(G) is a family {K;,Ks,...,K,} C F(G) (with possible
repetitions), such that each element of F' belongs to K; for at least k indices i € {1,...,r}.
We say that ¢ satisfies Shearer’s inequality if for any F € F(G) and any k-cover K of
F', it holds that

p(F) < % > p(K).

Kek

Notice that Shearer’s inequality implies subadditivity. Considering this, we have the
following key lemma.
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Lemma 3.2 [39, Section 4]. Let ¢: F(G) — R be a nonnegative monotone G-invariant
subadditive function. Then there exists a € [0,00), such that

. p(F)
A TF

Moreover, if ¢ satisfies Shearer’s inequality, then

p(E)
EEF(@) |E|

In this last case, we say that ¢ satisfies the infimum rule.

Now, fix a finite alphabet A € F(N). For a continuous potential ¢: X — R, we
denote by |#|la the supremum norm of ¢ over the compact set X N A% that is,
¢lla = sup,cxnac |¢(x)]. Next, given a set EC G, F € F(G), and up € XpNAF, we

define
VAT Z exp (sup ¢r ([wp\ pug])),
wF\EEAF\E
where the supremum is over x € X N A% and, if [v] = 0, then sup¢([v]) = —co and

exp(—o0) = 0. Notice that Zp = Z;* for E = (.

Now, suppose that ¢| xnac is nonnegative. Then, it is easy to check that for any £ C G
and ug € A¥, the function ¢: F(G) — R given by @(F) = Z;¥ satisfies that

i) ¢(F)>1 for every F € F(G) and

i) ¢ is monotone, that is, if Fy C Fy, then ¢(F}) < @(F3).

Next, consider the function ¢: F(G) — R defined as ¢(F') =log Zr. From the properties
above and properties of the log(-) function, it follows that ¢ is nonnegative and monotone.
Moreover, ¢ is G-invariant. The following lemma is a generalization of [25, Lemma 6.1]

designed to address the pressure case instead of just the topological entropy and, in
particular, it claims that ¢ satisfies Shearer’s inequality.

Lemma 3.3. Let ¢: X — R be a potential and A € F(N), such that ¢|xnac is
nonnegative. Then, for every EC G, ug € XpNAF, F € F(G), and any k-cover K of F,
it holds that

zye < [] @)™
Kek

In particular, ¢ satisfies Shearer’s inequality.

Proof. Given a k-cover K of F, notice that, since ¢| xnac is nonnegative,

=Y olg )< 3 S slgn =1 Y ox)

geF KEKgGK KGIC
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for any 2 € X N AY. We proceed by induction on the size of F'\ E. First, suppose that
|F\ E|=0. Then, F\ E =0 and

Z3E =exp (supor([ug)))

< exp <sup,1€ )3 ¢K<[uED>

KeKk

<exp (Z —sup dx ( uE})>

KeKk

- H (expsup¢K([uE]))1/k
KekKk
1/k

IN

H Z expsup ¢k ([wi\ pur])

KeKk \wk\e

= [T ze'”

KeK
Now, suppose that Z;7 < HKGK(Z}QE)I/’“ for every E C Goup € XpNAP, F € F(Q)

with |F\ E| <n, and every k-cover K of F. We will show that the same holds for E,F
with |[F'\ E| =n+1. Fix g € F'\ E, and notice that |F'\ (EU{g})| = n. Then,

Zye =" zgme

a€A
g 1/k
<> I (zi)
acAKeK
9 1/k g 1/k
ST () T ()
a€AKeK:g¢ K KekK:ge K
g 1/k
< II @y 11 (z)
KeK:g¢K acAKeK:geK
1/k
< I @ 11 (ZZ;?’“E)
KeK:g¢K KeK:geK \acA
= II @ 11 @'
KeK:g¢K KekK:geK
= I @z=)"*
Kek

Notice that the first inequality follows from the induction hypothesis and the third
inequality follows from the generalized Holder inequality. Indeed, consider p < 1, such
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9. N1/k
that > pcx.gex % = 5 and the functions fr: A — R given by fx(a) = (Z?( “E) . By
the generalized Holder inequality,

IT 7| < II Wxl

KekK:geK » KeK:geK

where

1/k
M = 10 (z«zgsuw)k)

KeK:geK KeK:geK \a€A

- 1 (zae)

KeK:ge K \a€A

= I @™

KeK:geK

and, since || - ||, is monotonically decreasing in p for any fixed |A|-dimensional vector,

[T ol 2| II &) =2 I (z)"

KekK:geK p KeK:geK 1 a€EAKeK:geK
Therefore, Z5" <[]xcx (Z}‘(E)l/k. In particular, if E=0, Zr <[]xcx (Z)*E. O

Proof (of Theorem 3.1). As a consequence of Lemma 3.3, we have that if ¢|xnac is
nonnegative, then ¢ satisfies Shearer’s inequality. Thus, by the Ornstein-Weiss lemma,
p(A,¢) exists, and it satisfies the infimum rule, that is,

1
Ap)= inf —logZg(A, ).
p(A¢) = inf b £(4,0)
Finally, in order to deal with the general case, it suffices to apply the previous result
to ¢+ ||¢|| and then observe that p(A,¢+C) =p(A,¢)+ C for any constant C. O

Remark 3.4. Notice that the previous results (namely, Lemma 3.3 and Theorem 3.1)
also hold for G-subshifts, this is to say, any closed and G-invariant subset X of N&.

3.2. Tilings

Pressure is one of the most important notions in thermodynamic formalism. One key
technique to properly define pressure is subadditivity, which is based on our ability to
partition a system in smaller and representative pieces. In the context of countable
amenable groups, it appears to be necessary to generalize tools that are classically
used in the Z? case (e.g. [45, 52]). In order to do this, we will begin by exploring
the concept of (exact) tilings of amenable groups and the relatively recent techniques
introduced in [26].
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Definition 3.1. Given

1. a finite collection S(7") of finite subsets of G containing the identity 1g, called the
shapes, and

2. a finite collection C(7) ={C(S):S € S(T)} of disjoint subsets of G, called centre
sets (for the shapes),

the family 7 = {(S,c) : S € S(T),c € C(S)} is called a tiling if the map (S,c) — Sc is
injective and {Sc}ses(T),ccc(s) is a partition of G. In addition, by the tiles of 7~ (usually
denoted by the letter T'), we will mean either the sets Sc or the pairs (S,c), depending
on the context.

We say that a sequence {7}, of tilings is congruent if, for each n > 1, every tile of
Trn+1 is equal to a (disjoint) union of tiles of 7,,. The following theorem is the main result
in [26], which gives sufficient conditions so that we can guarantee the existence of such
sequence with extra invariance properties.

Theorem 3.5 [26, Theorem 5.2]. Let {e,}, be a sequence of positive real numbers
converging to zero and {K,}, be a sequence of finite subsets of G. Then, there exists
a congruent sequence {Tn}n of tilings of G, such that the shapes of T, are (Kn,en)-
moariant.

Given a tiling 7, we define S = USeS(T) SS~1. Notice that S contains every shape

S € 8(T), S7' = S7, and 1 € S7. Given a tiling, the next lemma provides a way to
approximate any sufficiently invariant shape by a union of tiles.

Lemma 3.6. Given K € F(G) and § > 0, consider a tiling T with (K,d)-invariant
shapes. Then, for any ¢ >0 and any (St,¢)-invariant set F € F(G), there exist centre
sets Cp(S) CC(S) for S € S(T), such that

F2 || SCr(S) and |F\ || SCp(S)|<elF|
SeS(T) SeS(T)

Proof. Consider a tiling 7 made of (K,d)-invariant shapes and € > 0. Suppose that F' is
(S7,€)-invariant. Consider the sets Cr(S) = C(S)NIntg(F) and Cp(S)=C(S)NS~IF
for S € S(T). Notice that, since T induces a partition, |SCr(S)| =|S||Cr(S)], |SCr(S)| =

|S[|Cr(S)], and
|| scrs)ycFc || SCr(S).
SES(T) Ses(T)
Therefore,
F\ || scr$)C || SCrS\ | ] SCr(S)
SeS(T) SeS(T) Ses(T)
= || S@r(S)\Cr(S)) C 05, (F).
SeS(T)
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Indeed, to check the last inclusion, notice that if g € | |gcs(r) S(Cr(S)\Cr(S)), then
g=sc, where s € S and c € Cp(S)\ Cp(S) for some S € S(T). Therefore, since ¢ € Cp(S),

STgNF D88 tseNF D SenF # 0.
Similarly, since ¢ ¢ Cr(S),
SrgNF¢ D SS tseNFCD SenFe 0,
so that g € 0g, (F'). Then,

F\ || SCr(S)|<10s,(F)|<|STFAF|<e-|F|,

SeS(T)
where we have used that |9k (F)| < (KUK 'U{lg})FAF| for any K € F(G) and that
S7'=Sr and 1¢ € St O

3.3. Infimum rule for countable alphabet pressure

We say that ¢: X — R is exp-summable if Z;,(¢) < co. Notice that Zp(¢) is
submultiplicative, that is, if E,F € F(G) are disjoint, then Zrup(P) < Zg(d) - Zr(9).
Also, notice that Zp(¢) is G-invariant, namely, for any g € G, Zp(¢) = Zry(¢). Then,
in particular, Zr(¢) < Z1,(¢)!F!, so ¢ is exp-summable if, and only if, Zx(¢) < oo for
every F € F(@). Finally, observe that if ¢ is exp-summable, then it must be bounded
from above.

Before stating the main result of this section, we begin by the next lemma, that
guarantees that given a finite shape F, one can approximate the partition function on F
using a finite alphabet.

Lemma 3.7. Let ¢: X — R be an exp-summable and uniformly continuous potential.
Then, for every e >0 and every F € F(G), such that |F| > —%log(1 —¢), there exists
Ap € F(N), such that
Zp(Ap,¢) 2 (1—€)Zp(9).
Proof. Let e >0 and F € F(G) be such that |F| > —1log(1 —¢). For every such F, there
exists a finite set of words Wr € X, such that
Z exp (sup¢r) > Zr(¢)V1—e.
weWr

On the other hand, since ¢ is uniformly continuous, there must be an index m > 1 for
which

1 1
5E,,,L(¢) < mbg (m> .

For each w € Wg, pick a word w’ € NF»¥ such that w} =w and

sup ¢r [w’] > sup ¢p[w] — %log (\/11—6) .
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In addition, for each such w’, pick a configuration z,, € [w'], such that
O () > supbpluf] 3 log (=
Ty) > SU w']— = _ .
Define Ap to be U, ey, W' (EnF), where w'(EpnF) =, cp, p{w'(g9)}. It is direct that

Ap is a finite subset of N. Pick y € [w']N A%, and notice that (¢-2)E,, = (9-¥)g,, for
all g € F. Then, for every w € W,

sup or[[w'] N AF] > ¢r(y)
> pr(xw) = Y |6(g-2w) — $(g-)]
geF
> ¢p(zw) = |F|0g,, (4)

> drtea) 3108 =)

> sup ppw'] — glog <\/%)

> sup ¢r[w] —log (\/%) :

Hence,

Zp(Ap,¢)= Y exp(supdp[w]n AZ])

weAL

> Y exp(supgr[[w] NAF])

weWp

> Y exp(supgr[[w'|NAZ))

weWp

> Y exp (sup¢F[W]10g< 11_6>)

weWp

=VI—e¢ Y exp(supgrluw])

weWr
> (1-€)Zp(0). =

The next proposition establishes a fundamental connection between the partition
function for sufficiently invariant sets F' € F(G) and the pressure for a sufficiently large
finite alphabet A.

Proposition 3.8. Let ¢: X — R be an exp-summable and uniformly continuous potential
with finite oscillation. Then, for every 3 > € >0, there exist A€ F(N), K € F(G), and
0 >0, such that for every (K,d)-invariant set F' € F(G), it holds that
1 1
—logZp(¢) < inf —

log Zg(A . 3.1
|F| EE]—-(G)|E| og E( 7¢)+6 ( )
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Proof. Fix 1/2 > ¢ > 0 and an exhausting sequence {Ey, },, for G. Since ¢ is uniformly
continuous, we have that limp_,o A‘FF([’S ) — 0, by Lemma 2.4. Therefore, there exist
K’ € F(G) and ¢’ > 0, such that Ap(¢) < €|F| for every finite (K’,d’)-invariant set F.

By Theorem 3.5, there exists a tiling 7", such that its shapes are (K',d’)-invariant. With-
out loss of generality, by possibly readjusting K’ and §’, assume that |S"| > —Llog(1—e)
for every S’ € S(T”). Therefore, by Lemma 3.7, for every S’ € §(T"), there exists Ag: €N,
such that Zg/(As,¢) > (1—€)Zs/(¢). Define A to be Jg cg(7)As- Then, 4 is a finite
subset of N. Moreover, since Ag: C A, for each S’ € S(T"), we have that

ZS'(A’¢) > (1_6)ZS’(¢)a (32>

for every S’ € S(T").
Now, by Theorem 3.1, p(A,¢) =limp_,¢ ﬁ log Zr (A, ) exists, so we can pick K € F(G)
and § > 0, such that K D K’, § < §’, and

log Zr(A,¢) < |F|(p(A ¢) +e€) (3-3)

for every (K,¢)-invariant set F' € F(G).

Next, by Theorem 3.5, we can obtain a tiling 7 of (K,d)-invariant sets, such that every
tile in 7 is a union of tiles in 77, that is, S = Usresr Ueecssn S’c’. Furthermore,
by Lemma 3.6, for every (St,€)-invariant set F' € F(G), there exist centre sets Cp(S) C
C(S) eC(T) for S € S(T), such that

FQTF and |F\TF|§€‘F|,

where T = | |gc5(7) SCF ().
Furthermore, for every S € S(T), we have that

Zs(A,0) = Z exp(sup(bs([ws]ﬂAG))

wsEAS

> Y exp(infos ([ws]NAY))

'wsEAS

>[I II X oolofse(wsenad)

S'€S(T") ' €Cs (8" w1 € AS'e!

= ]I 11 > exp(supose ((wse]NAY) — Age(0))

S/ES T’)CIGCS(S )ws/ /EAS/ 4

= I ep-as@icss)) [[ Zseo(Ag)
S'eS(T") ¢'eCs(8")

= ] ew(-As(@)ICs(S)]) Zs (A,0)\5S,
S'eS(T")

where we used that, for every g € G, Zrp(A,¢) = Zpy(A,¢) and that Ap(¢) = Apg(p).
Thus,

[I Zs(A9)EN<z5A0)- [[ exp(ICs(S)|As(9)). (3.4)

S7eS(TY) S€S(TY)
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Now, given a (S7,¢)-invariant set F' € F(G), we have that

Zro(@)< [ TI Zse(¢)

SeS(T)ceCr(S)
= I zs(e)or®™
SeS(T)

|Cr(S)]

< I I Il %se@

SeS(T) \S'eS(T") e’eCs(8")

(Zs ()/C5N)ICr ()]
= II 1II @s )

SeS(T)S'eS(T")

Therefore, from equation (3.2), we obtain that

I TI Zs(@)cEhicrs

SeS(T)S'eS(T")

] Cs(S)IICx (S)]
<1 I (Hzew)
)

SeS(T)s'esS(T’
|Cr(S)]

[Tr|
1
< (1) 1 [zsasen| 3 (0s8)As )
SeS(T) S'eS(T")
ICr(S)]
1\ 7! )
(%) I eo(sleator ¥ ics@lase)
SeS(T) S'eS(T")
where the second inequality follows from equation (3.4) and the third from equation (3.3).
Hence, if 0 < € < , we have that log( ) < 2e¢, s0

<tor( 1)+ 10RO S0 +9+ T 10s()IAw(0)

SeS(T) S'eS(T")

10g<1 )*lTF'( A +a+ S Y ICr(9)[|ICs(S)]|S'| Asi(9)

|F| SeS(T)S'eS(T") |F| ‘S/‘

et (o LYy s,

SES(T)S'eS(T") |F|

|Tr|
=p(A et}
(A, ¢)+ 3¢ 7 €

< p(A,¢) +4e.
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In addition,

Zr(¢) < Zrp(9) Z\1y (9) < Zrp (8) Z16 (9) FNTFN < Z () Z1 ()17,

so, considering that p(A,¢) = infpcr(q) |—]{3‘ log Zr(A,¢) by Theorem 3.1, we have that

1
—_log Zp(¢) < inf log Z5(A 4 log Z
T r(0) < EegG) ‘E| 0g Zp(A,¢) +4e+e-log Z1.(9).

We conclude that, for every 0 < e < 5, there exist A € F(N), K € F(G), and 6 > 0, such
that for every (K,é)—invariant set F'e F(G),

1
logZF((b) Eégf(lc)ﬁlogZE(Aa¢)+€C7

where C'=4+1log Z1,(¢). Since € was arbitrary, we conclude the result. O

Now we can prove the following generalization of Theorem 3.1.

Theorem 3.9. Let ¢: X — R be an exp-summable and uniformly continuous potential
with finite oscillation. Then, p(¢) exists and p(¢) = inf pe 7() ﬁlogZE(qS). Moreover,

p(¢) = SUPae F(N (A ).

Proof. By Proposition 3.8, for every % > e > 0, there exist A € F(N), K € F(G), and
4 > 0, such that for every (K,d)-invariant set F' € F(G),

1
10% Zp(¢) < Eelng) Iz logZg(A,¢)+e

Therefore, for every such F,

inf log Z log Z
EE}- (@) ‘E| 0og E(¢) ‘F‘ 0og F(d))
inf logZp(A
Eelf(a)|E\ og Zp(A,0)+
f log Z
< bt los (o) +e

Thus, limp_, g ﬁ log Zp(¢) = inf pe r(c) 1t a7 log Zg(9), p(¢) exists, and there exists A €
F(N), such that

p(¢) <p(A,¢0)+e<p(d)+e,

80 p(¢) = sup ac rv) P(A,9)- [

4. Permutations and specifications

In order to define conformal and DLR measures, it will be crucial to introduce coordinate-
wise permutations and specifications. We begin by describing and exploring some
properties of coordinate-wise permutations.
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4.1. Coordinate-wise permutations

Let Sy be the set of all permutations of N. Following [38, 45], we now introduce a class
of local maps on X. Given an exhausting sequence {E,,},, this class will allow us to
understand how ¢g, (z) behaves if z is changed at finitely many sites, and it will be
central when defining conformal measures in §5.

Definition 4.1. Given K € F(G), denote by Ex the set of all maps 7: X — X, such that
(2)y = Tq(24), %f g€ K;
ZLg, if g K;
where 7, € Sy. We usually denote 7 by 7x to emphasize the set K.

Let £ =Ugkc F(G) €k, and notice that there is a natural action of G on £ given by

(9-7)(2) =g 7K (97" @),
where ge G, v € X, K € F(G), 7k € £k, and g- Tk € Ek4-1. In order to avoid ambiguity,
we will denote g-Tx by Tk -1 and that will be enough for our purposes.

We can also restrict ourselves to permutations over a finite alphabet. More explicitly,
for A e F(N) and K € F(G), define

Ex,a={T € Ex :Vh € K, 7p|ac =Idu|ac}.

Notice that £ is a group with the composition generated by single-site permutations 7,
where £ and £k 4 are subgroups. Moreover, observe that if g # h, then 747, = 7,7,. We
will also consider particular types of permutations, which are defined below.

Definition 4.2. Given K € F(G) and w,w’ € Xk, let 7,41 X — X be the map

defined as
W, if xg=w';
Tww () = wrge, if 1 =w;
x, otherwise.

It is clear that 7y, . € £k, Tw,w = Tw,w and that 7, . is an involution, that is, it is
its own inverse. Moreover, there exists A € F(N), namely, A = w(K)Uw'(K), such that
Tww' € €k, a. For 7 € £ and F' € F(G), define ¢%: X - R as

¢r(x) = ppoT ' (x) — dp(z). (41)
Notice that, for 7 € £k,
or(x)=> o9 75 () — (g )

geF
=30l (g 2) (g @)
geF
=3 (il (g 2)) — dlg- ).
geF
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Lemma 4.1. Let K € F(G) and ¢: X — R be a potential. Then, for every 7 € Ex and
every E)F € F(G) with F CE,

I =67 lloe < Y [[é0rihs =6 -

geEG\F

Proof. Let K,E.F € F(G) and 7k € £k be as in the statement of the lemma. Then, it is

easy to verify that, for any z € X, (95 —¢7)(2) =X e p\r [(b (TI;;,I (g- x)) —é(g- a:)]
Thus,

65 — &% lloo = sup [¢F () — ¢7< (z)|
zeX

sup| > [6(rh 1 (9-2)) — olg-a)]

reX gEE\F

sup > 6(rga(g-2)) —olg-a)|

weXgeE\F

> sup o (rieloi(g-0) —olg-)|

gEE\FIeX

> [[eomic- o]~

gEEN\F

< Y |oorria 9|~ O

geEG\F

IN

IN

Given a potential ¢: X — R with summable variation according to an exhausting
sequence {E,,}m, the next theorem tells us that the asymptotic behaviour of ¢pg, ()
is essentially independent of the value of the configuration z at finite sets K € F(G). The
reader can compare the next result with [38, Lemma 5.1.6].

Theorem 4.2. Let ¢: X — R be a potential with summable variation according to an
ezhausting sequence {Em}tm. Then, given any (possibly different) exhausting sequence
{Em}m, for all K € F(G) and for all 7 € Ek, the limit

QIK := lim ¢°F
m—r oo m
ezists uniformly on X and on Ex. Moreover, such limit does not depend on the exhausting
sequence.

Proof. First, suppose that K is a singleton {h} for some h € G, and let € > 0. Since ¢ has

summable variation according to { E, }.,, there exists mg € N, such that > B,

E;10g,, (¢) < e. Now, consider {E,, },, another (possibly different) exhausting sequence.

Then, there exists my > mg, such that E;L(l)h C E,,, for all m > my. On the other hand,

m>mg
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since { E;, }on 18 an exhausting sequence, for every m > my, there exists k,, € N, such that
for all k > k,,,, Ey, C E). Therefore, by Lemma 4.1, for every m > m, and every k > k,,,

|

Moreover, since E; 1h C E,,, we obtain that G\ E,, C G\ E;;'h, so that

2 ferii—tfws 3 foorii—of-

gEG\E,, gEG\E;LO

- > ool

—1
9gEG\E,,

> Jeeraef-

m2mogeE, \ \Exy!

o> m,.(9)

m2mo ge B, Ly \En'

S ELNE  65,.(6) <e

m>mo

%~ %,

as 3 foeri-el

gEG\E,,

IN

Therefore, for every € > 0, there exists mj > mg, such that for every m > my, there
exists k,,, such that for every k > k,,,

Th

‘oo<e

Notice that, in the particular case that {E,,}, is the same as {E,, };m, one just needs to
take k,, =m and the same inequality would follow. This proves that {gbg‘ }m is a Cauchy
sequence for any 7, € £(4), which implies that the uniform limit ¢I* = limp, 0 ¢7'
exists. On the other hand, if {Em}m is another exhausting sequence, this proves that
o7 =limy, 0 d)E”m, that is, the limit is independent of the exhausting sequence, provided
¢ has summable variation according to some exhausting sequence.

Now, let’s consider a general K € F(G) and write K = {hy,...,hk|}. Then, for each
meN,

|K[-1

—1 o j : -1 -1
P, Tk — OB, = (¢Em T hiyshiga} PE,, OT{hh---7hi})
=0

|K|-1

T"‘L+1 -1
Z PEr ©T{hyshi}

where we regard 7y as the identity, so the first equality follows from the fact that
the considered sum is telescopic. Therefore, by considering the uniform convergence for
singletons,
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|K|-1
: TK . h1+1 —1
Jim ¢ = lm Y dp ol
|K|—-1
= > lim ¢yt ory)
m=—soo ' Em {h1,...shi}
i=0
|K|—1
Z ¢ {hh Hhi}?
which concludes the result. O

Corollary 4.3. Let ¢: X — R be a potential with summable variation according to an
exhausting sequence {Ep }m. Then, for all K € F(G) and for all Ti € &k,

¢ (g-x) = ¢ (2),
forallge G and x € X.

Proof. Notice that, given g € G and x € X, we have that lel(g ‘x)=g- T]}; (z), so that

97 (g-x) = lim ¢ (g-x)= lim ¢y’ (2) = ¢ (),
since {E,,g}m is also an exhausting sequence. O

Proposition 4.4. Let ¢: X — R be a potential with summable variation according to an
exhausting sequence {Ep}m. Then, for every F € F(G) and T in &,

167 — ¢ lloc < V().
Proof. Let F' € F(G). From Lemma 4.1, we know that

l6%, =0 < X [¢0mmg =6

geEG\F

for every m € N, such that F' C E,,. Therefore, by Theorem 4.2,

1677 = 6% oo = lim 67, 6% [l < 3 [|60rias— 6]

geEG\F

Now, given m € N, notice that g € (E,'F)¢ +<= Fg 'NE, =0, so that
Hd)orF_gl_l — QSH 0o < g, (¢). Considering this, we have that

S perada=X X [eeriae]-

gEG\F m=lger, ! F\E,'F
<Y B F\E, F|-65,,(6)
m=1

=Vr(9). O
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4.2. Specifications

This section tackles results about specifications, a concept related to DLR measures. More
precisely, DLR measures can be defined using a special kind of specification, but here, we
begin by presenting some more general results.

Let B be the Borel o-algebra, that is, the o-algebra generated by the cylinder sets,
and, for each K € F(G), let Bk be the o-algebra generated by cylinder sets [w], with
w € Xg. Now, a specification in our context, will mean a family v = (vx)xer(a) of
maps yi: Bx X — [0,1], such that

i) for each z € X, the map B — vk (B,z) is a probability measure on M(X);

ii) for each B € B, the map z — vy (B,x) is Bi.-measurable;

i)

iii) (proper) for every B € B and C € Bge, vk (BNC,-) = vk (B,")1l¢c; and

iv) if F C K, then vxyr =7k, where yxvr(B,z) = [ vk (dy,x)vr(B,y), for B € B and
reX.

In other words, v is a particular family of proper probability kernels that satisfies
consistency condition (iv). An element yx in the specification maps each p € M(X) to
wyx € M(X), where

i (B) = /WK(va)du(w),

and each B-measurable function h: X — R to a Bgc-measurable function yxh: X - R
given by

() = [ b ric(dpo)dn(o).
It can be checked that (uyx)(h) = u(yxh). The probability measures on the set
G(v)={peM(X): u(B|Bre) =7k (B,-) u-a.s. (almost surely), for all B € B and K € F(G)}

are said to be admitted by the specification 7.

Lemma 4.5 [30, Remark 1.24]. Let v be a specification and € M(X). Then, p € 9 (7)
if, and only if, pyx = p, for all K € F(G).

Now, we restrict ourselves to a particular kind of specification. Namely, given an
exhausting sequence of finite sets {E,,}m,m and ¢: X — R an exp-summable potential
with summable variation according to { Ey, }.,, consider v = (k) ke 7(c) the specification
coming from ¢, where each yx: Bx X — [0,1] is given by

ex WTEKe)) Liww e
e (B) = lim 2wXe P08, (02k) Lurecp)
m—oo ZUGXK exp ((bEm (’U$Kc))

, (4.2)

for each B € B and = € X. The collection v is a (Gibbsian) specification. The expression
in equation (4.2) is well-defined due to the following proposition.
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Proposition 4.6. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ey,}m. If K € F(G), the limit

B exp(dg,, (Wrke))
/YK([wLx) - 7r}E>noo ZvEXK exrp (¢E7n (/UIKL))

exists for each w € X, uniformly on X. Furthermore, for every B € B and every x € X,
it holds that

K(Bﬂx) = Z ’YK([wLx)l{szcEB}' (4'3)

weEX g

In order to prove Proposition 4.6, we require two lemmas, which we state and prove
next.

Lemma 4.7. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ey,}m. Then, for any K € F(G) and for any m €N,
such that K C E,,,

05" (wake) — (sup @i [v] —sup i [w])| < A (¢) + Vi (¢)

for every v,w € Xk and x € X.

Proof. Let K € F(G) and z,y € X be such that z¢\ x = ye\ k- Notice that for any g € G,
(9-7)a\kg—1 = (9-Y)e\Kkg-1- In addition, given m € N, we have that g € (E;fK)c =
Kg~'NE,, =0. In particular, if g € (E,,'K)°, we have that |¢(g-2) — ¢(g-y)| < 65, (¢).
Considering this, we obtain that

> lelg-z)—olg- yl—z S elgrz)—olg-y)l

1
gEG\K lger, " | K\E,'K

<> > 05, ()

=loeE, L K\E,' K
*Z\ B K\EL K] 6g,,(¢)

= VK(¢)~
Now, let mp € N be the smallest index, such that K C E,,,. Then, for every m > my,
every x € X, and every v,w € Xk, we have that

Tw,v

g (WrKke) = ¢p,, (VrKe) — ¢F,, (WTK)

< dr(vere) = dx(were) + Y |69 (vrxe)) —d(g- (wake))]

gEG\K
< or(vrRe) — dr (wrKe)+ Vi (9)
<sup ¢ [v] —sup g [w] + A (@) + Vi (¢),
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and, similarly,

) (W) > sup ¢ [v] —sup o [w] — Agc(¢) = Vi (9),

so we conclude that

(65" (wake) — (sup b [v] —sup i [w])] < Axc(¢) + Vi (9)- 0

Lemma 4.8. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E,,}y,. Then, for any K € F(G) and w € Xk,

Tw,v ERT Tw,v
0< Z exp(¢« (wac))_mlgnoo Z exp(¢p " (wxKe)),
vEX K veEXK

uniformly on X.

Proof. Given K € F(G), w € Xk, and = € X, consider the sequence of functions
fm: Xk — R given by fp,(v) :=exp( E’;’Lv (wzge)). By Theorem 4.2, we have that {f,}m
converges pointwise (in v) to exp(¢i”" (wzk-)), uniformly on X. In addition, by Lemma
4.7, there exist mp € N and a constant C = exp(A g (¢) + Vi (¢)) > 0, such that for every
m > mg and for every v € Xk,

C™1 h(v) < fru(v) < C-h(v),
where h(v) := exp(—sup ¢ i [w]) -exp(sup ¢k [v]). Notice that
S h(v) = exp(—supic[u]) - Zxc(9),
veEXK

so h (and, therefore, C'-h) is integrable with respect to the counting measure in Xg.
Therefore, by the Dominated Convergence Theorem, if follows that

Z exp (3" (wake)) = Z ligln exp ((;S;l:n” (wrKe))

veEXK veEXK

= ligl Z exp (qb'g:n” (W ce))

veEXK

> lim Z C~th(v)

veEXK
=C ! exp(—suppgw]) - Zx(¢) > 0. O

Proof (of Proposition 4.6). First, note that for any given K € F(G),

Z exp (¢g,, (vrge)) >0,

veEX K

for all m € N and, due to Lemma 4.8, the left-hand side is bounded away from zero
uniformly in m. Furthermore, for each w € Xk,
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exp (¢g,, (Wrke)) _ 1
> vexy &P (¢p,, (viKke)) X ,cx, exp(¢p,, (vike) = dp, (WTK-)))
1

Yvex, P05, (wrKe))

Therefore, uniformly on X,

i P (9B, (woke)) 1
m—sco ZUEXK exp (Pg,, (VTke))  limy,_eo ZUEXK exp(qﬁgwn’q’” (wxge))
1
e O (W)

again, due to Lemma 4.8. Now, let B € B and x € X. Then, uniformly on X,

Z v ([w],z) LiwaeeBy

weX K

_ Z i P (DB, (WTKe)) Lwe e cfw]} Lwa e B}

= 1m 7
vy T Y vexy &P (¢m,, (VTKe))

~ > wexs €XP (98, (WTKe)) L e efw]} L{wz e e BY
m—ro0 Z'U/EXK exp (¢Em (’U/.’L'Kc))

~ m Y wexy &P (98, (WrKe)) LiveccB)
m— o0 ZU'EX}( exp (¢E1‘n, ('L)’ch))

:'YK(B’I)v

where the exchange of the limit and the sum follows from Lemma 4.8. O

Proposition 4.9. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E.,}rm. Then, for every K € F(GQ), w € Xk, and
x € X, the equation

eap (67" (v c-))
Surexy @ (677 (i)

vk ([w],2) =

holds for every v € Xg.
Proof. Let K € F(G), w € Xk, and x € X. Then, for any v € Xk,

lim exp (¢, (WTKe)) ~ lim exp (@, 0Ty s — 0B, ) (VTKe)

m—00 Zw’eXK exp (¢, (WrKe)) m—oo Zw’EXK exp (d)Em o 7—1;’11) — ¢Em) (vrge)

lim;;, o0 €Xp ((bEm © 7—1;,11) - ¢Em) (vch)

S wesse i exp (65, 07k, = 61, ) (vaic)
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exp (limm_>Oo (ngm o TJ%} — ¢)Em) (vac))
D wrexy €XP (hmm%oo (¢E 0Tty — </>E) (USUKC)>
e (e (weke)
DXy OXD (qﬁ:””v (vﬂcKc))

where the last equality follows from Theorem 4.2. Also, if my € N is such that K C E,,,
the exchange of limit and sum in the denominator from the first to the second line follows
from Lemma 4.8. O

3

Corollary 4.10. Let ¢: X — R be an exp-summable potential with summable variation
according to an ezhausting sequence {E,,}m,. Then, for every K € F(G), vk is G-
invariant, that is, for every w € Xg, x € X, and g € G, it holds that

Yrg-1(g-[w],g-x) = vk ([w],z).

Proof. Let K € F(G). Given v € Xk, let y” € X be arbitrary and such that y} = v.
Then,

Vig-1(9- [w].g-7) = Vg1 ([(9- 9" ) kg—1].9- )
exp (qﬁ““ ((g-y") g (gw)(Kg*l)c))
DXy OXP ((bl’“’*l (94" )rg-1(g- r)(Kg*l)c))
exp (677 (g (ykoce)) )
I e R )
_ exp(9F (yRwKe))

Zw’EXK €xp (¢IK (y}‘é’ch))
= 'YK([wLx)v

where we have used the property of ¢ from Corollary 4.3. O

Definition 4.3. A potential h: X — R is local if h is Bg-measurable for some K €
F(QG). For each K € F(G), denote by L the linear space of all bounded Bg-measurable
potentials and £ = UKE}-(G) L.

A potential h: X — R is quasilocal if there exists a sequence {¢,, },, of local potentials,
such that lim, ,o0||/h — hnllec = 0. Note that £ is the linear space of all bounded
quasilocal potentials, where £ is the uniform closure of £ on the linear space of bounded
B-measurable potentials.

Remark 4.11 [30, Remark 2.21]. A potential h: X — R is quasilocal if, and only if, for all

exhausting sequences of finite subsets { Ep, b, of G, limy, sooSup z.yex  |h(z)—h(y)| =0.
LTEm =YEm
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Definition 4.4. A specification v = (k) g e 7(q) is quasilocal if, for each K € F(G) and
h € L, it holds that vxh € £, where

vih(x) = Z Vi (w,x)h(wx ke ).

weX K

Remark 4.12. In order to verify that a specification is quasilocal, it suffices to prove
that yxh € L, for K € F(G) and h € L (see [30], page 32).

Theorem 4.13. Let ¢: X — R be an exp-summable potential with summable variation
according to an evhausting sequence { Em }om. If v ={VK } keF(a) is defined as in equation
(4.2), then 7 is quasilocal.

Proof. Let h € £, and let € > 0. Given any K € F(G), first notice that

hrh@)| < Y v (wa)h(were)| < s Y vx(w,2) = [|h]o,

weXk weXk

determined, we have that

50 |7k h|loo < [|A|lco- In addition, if x,y € X are such that xzp, = yg, for n to be

v h(z) — v h(y)]

< Y hr(wa)h(weke) =i (wy)h(wyxe)]
weX K

= w,T WT e —M WYKe

—wez);KVK( @) |hM(wa ) W(ww)h( YKe)

< Z ’yK(w,m)|h(wau)—ei26h(wch)

< > (wa) [h(wrke) = h(wyre) [+ Y i (w,a) (1= e2) [h(wysce )|
weXk weXk

< > vk (w) [Mwrke) —h(wyke) |+ D v (w,z)(1—e*) |7,
weXk weX K

< osup (@) —h(y)+(1- e (|7

O
LY Ty =Yg,

To justify the second inequality, first observe that, for every w,v € Xg, ¢1”" is uniformly
continuous, since it is a uniform limit of uniformly continuous potentials, namely, ¢g,, .
Then, there exists ng € N, such that for every n > ng, every w,v € X, and every z,y € X
with TE, =YE,;

|27 (wagce) — 27" (wykce)| <€,
S0

exp (¢x"" (wyke)) o e (o (wake) +€)
Z’UEXK exp (gb:v,w (wch)) - Z’UEXK exp ((bl’vww (w‘TKC) - 6)

i (w,y) = = e* vk (w,).
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Now, since h is local, we have that lim, ,.osup g yex |h(z) —h(y)] =0, so that
TEp=YEn

there exists m1 € N, such that for all n > ny, sup »yex |h(x) — h(y)| < e. Taking
TEn=YEn

n = max{ng,n1 }, we obtain that

ich(z) = vch(y)] < e+ (1 - =) [[All

and since € was arbitrary, we conclude. O

5. Equivalences of different notions of Gibbs measures

In this section, we introduce the four notions of Gibbs measures to be considered, namely,
DLR, conformal, Bowen-Gibbs, and equilibrium measures, and prove the equivalence
among them provided extra conditions. We mainly assume that G is a countable amenable
group, the configuration space is X = N¢, and ¢ : X — R is an exp-summable potential
with summable variation according to an exhausting sequence {E,, } .

We proceed to describe the content of each subsection: in Section 5.1, we provide a
rigorous definition of each kind of measure and results about entropy and pressure; in
Section 5.2, we establish that the set of DLR measures and the set of conformal measures
coincide; in Section 5.3, we prove that every DLR measure is a Bowen-Gibbs measure; in
Section 5.4, we show the existence of a conformal measure; in Section 5.5, we prove that
a G-invariant Bowen-Gibbs measure with finite entropy is an equilibrium measure; and
finally, in Section 5.6, we prove that if a measure is an equilibrium measure, then it is
also a DLR measure.

Below, we provide a diagram of the main results of this section, including extra
assumptions needed.

Theorem 5.8

DLR measure Conformal measure

Th 5.22
Theorem 5.10 +G_iex§)$ae1£lilaric

Theorem 5.16

Bowen-Gibbs measure Equilibrium measure

+G-invariance and H (pu)<oo

Remark 5.1. We are not aware whether it is possible to prove that a Bowen-Gibbs
measure is necessarily a DLR measure without the finite entropy assumption. In fact, we
do not know if G-invariance is a necessary assumption for that implication.

5.1. Definitions of Gibbs measures

We start by giving the definitions of DLR, conformal, and Bowen-Gibbs measures.

Definition 5.1. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E,; },. A measure u € M(X) is a DLR measure
(for ¢) if

1(B|Bke) (x) = vk (Bx)  p(x)-as.,
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for every K € F(G), B € B, and = € X, where i is defined as in equation (4.2). We
denote the set of DLR measures for ¢ by G(¢).

Definition 5.2. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E,,},,. A measure p € M(X) is a conformal
measure (for ¢) if

ML) exp(eT)  ula)as, (5.1)

for every A€ F(N), K € F(G), and 7 € €k 4.

Definition 5.3. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E,, },. A measure p € M(X) is a Bowen-Gibbs
measure (for ¢) if there exists p € R, such that, for every e > 0, there exist K € F(G)
and ¢ > 0, such that, for every (K,d)-invariant set F € F(G) and z € X,

w([zr])
exp (¢r(z) —plF|)

Remark 5.2. Notice that, in Definition 5.3, we can replace ¢p(x) by supdrp([zr]) in an
equivalent way, so that we have

exp(—e-|F|) < <exp(e-|F|). (5.2)

i [z r])
exp(—e- |F]) < exp (supor([zr]) —p|F|)

< expe-|F).

Proposition 5.3. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ep }m. Then, if i is a Bowen-Gibbs measure for ¢,
the constant p is necessarily p(¢).

Proof. Indeed, given € > 0, there exist K € F(G) and ¢ > 0 so that

exp (=€ |F|)exp(¢r(z)) < p([rr]) exp (p|F|) < exp(e- |F|) exp (¢r(2))

for every (K,d)-invariant set F' € F(G) and every x € X. Since z is arbitrary, we have
that

exp (=€ |F|)exp (sup ¢r[zr]) < p(lzp]) exp (p|F|) < exp(e-|F|) exp (supdr[zr]),
and, since p is a probability measure, adding over all xrp € X, we get
exp(—€-|F|) Zrp(¢) <exp(p|F|) <exp(e-[F|) Zr(9).
Then, if we take logarithms and divide by |F'|, we obtain that

log Zr(¢) log Zp (o)
—e+ 7] <p< 7|

s0, taking the limit as F' becomes more and more invariant, we obtain that

—e+p(¢) <p<p(d)+e,

and since ¢ was arbitrary, we conclude that p = p(¢). O

+e,
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Consider the canonical partition of X given by {[a]}4en. This is a countable partition
that generates the Borel o-algebra B under the shift dynamic. Given a measure v € M(X),
the Shannon entropy of the canonical partition associated with v is given by

H(v) == v([a]) log([a)).
aeN

Now, for each F € F(QG), let {[w]}wex, be the F-refinement of the canonical partition,
and consider its corresponding Shannon entropy, which is given by

Hp(v):=— Y v([w])logr([w]).
weXp

We have the following proposition.

Proposition 5.4. Let ¢: X — R be an exp-summable and continuous potential with finite
oscillation. If v € M(X) is such that [ ¢dv > —oo, then H(v) < co. Furthermore, if v is
G-invariant, then, for every F € F(G), Hp(v) < co.

Proof. Let {4, }, be an exhausting sequence of finite alphabets and F' € F(G). Consider
XFn={ye X :xp e A} € Br. Since ¢ is exp-summable, then it is bounded from above.
Without loss of generality, suppose that it is bounded from above by 0. Thus, so is ¢p.
Define

¢F,n($){¢F($), xGXFv";

0, otherwise.

Notice that, for every z € X, ¢p(x) = lim, 00 ¢F,n(x) and, for every n € N, ¢p(z) <
T+ (x) < ¢F'"(z). Therefore, by the Monotone Convergence Theorem, we can conclude
that

/ ppdv = lim [ ¢T"(z)dv.
n—oo

For eachn €N, let Hr »(v) =—>_, car v([w])logr([w]). Then, lim, ;oo Hp,n(v) = Hp(v).
Also, for each n € N and F € F(G), notice that ¢*" <> r 11, sup ¢ ([w]). Therefore,
for every n € N and F € F(G),

Hpon(v) + / oFndy == 3 (] logu([w]) + / oFmdu

weAL

<= > v(whlogr(w)+ > v([w])supep([w])

weAF weAF
_ D iog [ SR Ewor([w])
= 2 vl (=)

<log Z expsup ¢ ([w])

weAF
= ].Og ZF(An7¢)7
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where we assume that all the sums involved are over cylinder sets with positive measure.
The second inequality follows from Jensen’s inequality. In addition, notice that, in the
case that v is G-invariant, it follows that

Hp(v)= lim Hp ,(v)

n—oo

< Jim (108Zp(4n0) ~ [ 6o )
~log Zr(¢) ~ [ Grdv

< |F| (10gzlc(¢) -/ ¢du)7

where we have used that log Zp(¢) < |F|log Z1,(¢) and [¢pdv = |F| [ ¢dv. Therefore,
Hp(v) < oo and, in particular, H(v) = Hyy 4y (v) < 0o. O

Through a standard argument (for example, for the case G = Z, see [24]; the general
case is analogous), it can be justified that if the canonical partition has finite Shannon
entropy, the Kolmogorov-Sinai entropy of v can be written as

Definition 5.4. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E,, }.,. A measure pu € Mg (X) is an equilibrium
measure (for ¢) if [ ¢dp > —oco and

h(u)+/¢d,u—sup{h(u)+/¢)d1/: VGMg(X),/¢dV> oo}. (5.3)

Notice that it is not clear whether the supremum in equation (5.3) is achieved. The
answer to this problem is intimately related to the concept of Gibbs measures in its
various forms and their equivalences, which we address throughout this section.

Remark 5.5. Notice that, in light of Proposition 5.4, any measure v € Mg(X), such that
the f ¢dv > —oo has finite entropy, that is, h(v) < oo, provided that ¢ is exp-summable
and has finite oscillation. Thus, in the particular case that ¢ is an exp-summable potential
with summable variation according to an exhausting sequence {E,,},, we obtain that
h(v) < oo.

5.2. Equivalence between DLR and conformal measures

This section is dedicated to proving that the notions of DLR measure and conformal
measure coincide in the full shift with countable alphabet over a countable amenable
group context. Nevertheless, before proving this major result, notice that for B € B,
KeF(G),and z € X,

w(B|Bge)(@) = > p([w]|Bre) @)L fuaeen)- (5.4)

weX K
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Indeed, it can be checked that 1y, ,.cpy(®) is Bxe-measurable, so u(x)-a.s.,

BKc> ({17)

BKC> (z)

> M([w]|BKC)($)1{MKCGB}($)ZM< > L l{wegeen)

weXk weX Kk

:ﬂ< > Twls

weX K
— 1(B|Bx-) (a).

This observation will allow us to reduce our calculations from arbitrary Borel sets B € B
to cylinder sets of the form [w]. Next, we have the following result.

Corollary 5.6. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ep}m. A measure € M(X) is a DLR measure
for ¢ if, and only if, for every K € F(G), w € Xk and x € X, then it holds that

exp (¢ (vEfce))
Sy e (#1050

(] | Biee) () = u()-a.s. (5.5)

for every v € X

Proof. If i is a DLR measure for ¢, then for every K € F(G), B€ B, and z € X,
1 (B|Bico) (2) = 1k (Ba)  pu()-as.

Thus, in particular, if w € X, it holds that

n((w] | Bie)(@) =y ([wla)  plo)-as.

and the result follows from Proposition 4.9.

On the other hand, if we assume that for every K € F(G), w € Xk, and x € X, equation
(5.5) holds p(x)-almost surely for every v € X, then, from equation (5.4) and Proposition
4.9, p(x)-a.s., it holds that

w(B|Bge)(x) = Z M([w]‘BKC)(m)ﬂ{meCGB}: Z 'VK([w]aw)]l{waceB}:'VK(Bvx)-

weXk weX g

O

In order to relate the functions yx that appear in the definition of DLR measures with
the permutations involved in the definition of conformal measures, we have the following
lemma.

Lemma 5.7. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E,,}p,. Then, for every K € F(G), v,w € Xk and
T € Ek, such that 771([v]) = [w],

v ([w],z) = exp(¢L(vrke)) yi ([v],2).
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Proof. Indeed, by Proposition 4.9, for every z € X,

vie([w),) = exp (¢I(vf{<c))
D wrexy ©XP (d)*“’ v (vch))
- exp (3" (v ke)) exp(¢] (vake))
Zw/eXK exp (gb:“’,’” (vEge )) exp (Qﬂv’v (UZUKC))
=k ([v],2) exp (&7 (vrre) — 9" (vTKce)).
Now, notice that ¢T(vrge) —¢e"" (vrge) = ¢ (vrge), and the result follows. O

Now we can prove the main result of this subsection. The proof is a slight adaptation
of the proof of [46, Theorem 3.3], and we include it here for completeness.

Theorem 5.8. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ey,}m. Then, a measure p € M(X) is a DLR
measure for ¢ if, and only if, p is a conformal measure for ¢.

Proof. Suppose, first, that u € M(X) is a conformal measure for ¢, and let K € F(G).
Begin by noticing that if B € Bg. and, for some w € Xi and x € X, wrg. € B, then
vrge € B, for every v € Xi. As a consequence, we have that, for all 7 € £k and all
BeBge, B= Tﬁl(B).

For w,v € Xk, consider 7, € Ex. Thus, 7,7 ([v]) = [w] and, for every B € Bk,
T (WM B) = 7 ([v]) N7} (B) = [w] N B. Furthermore,

[ bte)dnte) =
B

~—

Ly (2) d(po7y) (@)

11,y (2) exp T (x) dp(x)

Ly () exp i (vasee) dpa(x)

I
s S e e

1 (L) () exp i (v ke ) | Bie) () dp(x)

1 (L | Bre) (2) exp ol (vage) du(x).

On the other hand,

[ 1@ dn() = [ (1| i) (2)duto).
B B
Therefore, for any w,v € Xk, p(z)-almost surely it holds that

1 (1) | Bre) (z)exp ol (vage) = (L | Bre) (2). (5.6)

Now, let A € F(N) be a finite alphabet and v € AX. For any w’ € AX, we have that
Tw'.v € Ex, 4. Summing equation (5.6) over all w’ € AX | we obtain that pu(z)-almost surely
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it holds that

,LL(]IAK x X e BKL) (ZIZ) = Z ILL(l[w/] BKL) ((E) (57)
w' eAK
zu(]l[v}‘BKc)(x) Z exp g (Ve ke ). (5.8)
w' eAK

If {An}, is an exhausting sequence of finite alphabets, then (1,5, (AKX x XKC)C =0.
Moreover, for each n € N,

/(1_IlAffXXKC)2d:u':/‘1_1A7{(><XKc

dMZ/ﬂ(A;foKc)C dp.

Therefore, [ (1 —1ax XXKC)2 du — 0 as n — oo. Since conditional expectation given By
is a continuous linear operator on L?(u), we have (1A{§xxkc Bie) — n(1|Bge), p(x)-
almost surely in L?(u) as n — oo. Therefore, for any fixed v € X, there exists ng € N
such that v € AX and, consequently, v € AKX, for all n > ng. Therefore, p(z)-almost surely
it holds that

1=p(1|Bxe)(z)

= lim g (Lag x| Bre) (2)

nler;oﬂ(l[v] |Bie) (2) Z exp i (v gce)

weAK
:M(]l[v]’BKc) (x)nh_{rgo Z exp " (v e )
w' €AK
= 11 (1) |Bie) (2) Z expéi Y (v gce).
weX g

Moreover, equation (5.6) yields that, for any w € X, pu(x)-almost surely

f (L) | Bre) (@)

L=t (L |Bre) () D expes (vexe) = T2 mmr e

w' eX K

Z exp (;S:‘”/' Y (vxge),

w eX K
so that, for any w € X, u(x)-almost surely it holds that
exp ( Tw,v (Uch))

Zw’EXK €xXp QS:w,,v (U'TKC) .

p([wl|Bre) (z) =

Therefore, due to Corollary 5.6, i is a DLR measure.

Conversely, suppose that p € M(X) is a DLR measure for ¢, and let A € F(N),
K € F(G), and 7 € £k 4. For any v € Xk and w = [7*1([1)])]1(, due to Lemma 5.7,
we obtain
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por(ol) = pllu) = [ n(ollBic) (@) du(o)
— [ expor (v (0)1Bic) (@) da)
— [ n(exp (a1 Bi) (2)du(o)
- / exp ] (vaice) 1y (@) dpu(a)
- /M exp 67 (v ) dia(w),
which concludes the result. O

5.3. DLR measures are Bowen-Gibbs measures

This subsection is dedicated to proving that, provided some conditions, any DLR measure
for a potential ¢ is a Bowen-Gibbs measure for ¢.

Proposition 5.9. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence { Ep }. If n € M(X) is a DLR measure for ¢, then,
for every F € F(G), w € Xr and y € X, it holds p(x)-almost surely that

p([w]| Bpe) (x)
exp(¢pp(wyre) —log Zp(¢))

Proof. Let F € F(G) and 7 € Er. From Proposition 4.4, we have that for every x € X,

exp(—2Vr(¢) —3Ap(9)) <

< exp(2Vp(¢) +3AFr(0)).

|92 (2) — ok (z)| < Vi (), (5.9)
which, in particular, yields that, for every x € X,
0 <exp(—Vp(d))expd;(z) < expdp(z) < exp(Vr(9))exp oy (2). (5.10)

For a fixed v € Xp and for every w’ € Xp, the map 7, , belongs to £g. Thus, inequality
(5.10) holds for any such 7, , and, summing over all those such maps, we obtain that,
for every z € X,

ep(~Ve(@) I expdl (@) < Y expd(2) <exp(Ve(d) 3 expoi’(a).
weXp w'eXp weXp
Therefore, for every F € F(G), v € Xp, and z € X, we have
wexy PO (2)
exp(=Vp(¢)) < Zwexs —
Zw’EXp exp ¢, ()

On the other hand, inequality (5.9) also yields that for every F € F(G), w,v € X, and
reX,

< exp(Vr(9)). (5.11)

)y < SO (@)

eXp(_VF(¢ — exp (ZSTw"v (.'L')
I3

< exp(Vp(9)). (5.12)
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Then, from inequalities (5.11) and (5.12), we obtain that, for every F € F(G), w,v € Xp,
and z € X,

, e Twl v (g T,
exp(~2Vp(4)) < 2wexs SPOF () expor (@)
> ex, DO (@) PO (2)

So, if = € [v], inequality (5.13) can be rewritten as

<exp(2Vp(9)). (5.13)

Swrex, SPOR (Vrre) expplt (vare)

Tw,v

S wex, €XpOL " (vape) expopt (vrpe

exp(—2Vi () < <exp(2Ve(9).  (5.14)

Since p is a DLR measure for ¢, from Corollary 5.6, we obtain that u(x)-almost surely it
holds that

D wexy €XP ¢ (v pe)
Tw. v

expdp’ (vrpe)

exp(=2Vr(9)) < p([w]|Bpe) (x) <exp(2Vr(¢)).  (5.15)

Furthermore, notice that

Zw/EXF exp QS;wl,v (”ULL'Fc) _ Zw'EXF exp ¢F (fw/xpc)

expdp”” (vrpe) exp ¢p(wape)

)

so that inequality (5.15) can be rewritten as

Zw’exp exp op(w' xpe)
exp ¢ (wrpe)

exp(=2Vr () < p([w]|Bre) (x) < exp(2Vr(9)). (5.16)

For F € F(G) and x € X, define the following auxiliary probability measure over Xp:

expdr(wrpe)

, forwe Xp.
Zw'eXF exp g (W' pe)

me(w) ==

Thus, inequality (5.16) yields that p(z)-almost surely it holds that

exp(=2Vr (0)7k(w) < p([w]|Bre) () < exp(2Ve (6)) 7k (w).

Now, given y € X, notice that the tail configuration xz. can be replaced by yp. with a
penalty of 2Ar(¢) as follows

T (w) exp(—2Ap(¢)) < mi(w) < T (w) exp(287(9)),

so that
exp (=2(Vie(0) + Ar() < UL < V() + A0 (0). (517
Moreover, it is easy to verify that
exp(~Ar(¢)) < k(1) < exp(Ar(4)).

~ exp(¢r(wype) —log Zp())
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Therefore, for every w € Xp, y € X, it holds p(z)-almost surely that

p([w]| Bre) (x) > exp (=2 (Vr(¢) + Ar(4))) exp (¢ (wyre) —log Zr(¢) — Ar(e))
= exp (—2Vr(¢) —3Ar(8))exp (¢r(wyre) —log Zr(¢))

and that

p([w]|Bre) (z) < exp(2(Vr(¢) +Ar(d)))exp (dr(wyre) —log Zr(¢) + Ar(¢))
= exp (2Vp(¢) +3AFr(9)) exp (¢r(wyre) —log Zr(¢)) -

Thus,

) - p([w]|Bre) (x)
exp (—2Vr(¢) 3AF(¢))§eXp(d)F(wch)flOgZF(Qb))

concluding the proof. O

< exp(2Vr(9)+3AFr(9)),

We now state the main theorem of this subsection.

Theorem 5.10. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {E,}pm. If p is a DLR measure for ¢, then, for
every € > 0, there exist K € F(G) and 6 > 0, such that for every (K,d)-invariant set F
and x € X, it holds pi(x)-almost surely that

p([w][Bre) (2)
exp(¢r(x) —p(¢) - |F])

In particular, p is a Bowen-Gibbs measure for ¢.

eap(—e-|F|) < < exp(e-|F]).

Proof. Indeed, for every € > 0, we obtain, from Proposition 2.3, Lemma 2.4, and Theorem
3.9, that there exist K € F(G) and 0 > 0, such that, for every (K,d)-invariant set
F e F(G),

Ap(¢) <€ |F|, Vi(¢) <e-|F|, and [log Zp(¢) —p(@)|F| < - |F],

respectively. Considering a sufficiently large K and sufficiently small § so that the three
conditions are satisfied at the same time, we obtain from Proposition 5.9 that

p([w]|Bre) ()
exp (¢ (z) —p(¢) - [F])

Integrating this inequality with respect to du(z), it follows that p is a Bowen-Gibbs
measure for ¢. O

exp(—e-|F]) < <exp(e-|F]).

5.4. Existence of conformal measures

In order to guarantee that the equivalences we prove here are nontrivial, we prove the
existence of a conformal measure for an exp-summable potential with summable variation
in the context of a countably infinite state space over an amenable group. The strategy
is to apply a version of Prokhorov’s theorem.
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Definition 5.5. A sequence of probability measures { i, } in M(X) is tight if for every
€ > 0, there exists a compact set K. C X, such that

pn(Ke)>1—¢€ for all n € N.
We now state a version of Prokhorov’s theorem (see [8, 47]).

Theorem 5.11. Fuvery tight sequence of probability measures in M(X) has a weak
convergent subsequence.

Let ¢: X — R be an exp-summable potential with summable variation according to an
exhausting sequence {E,, },,,. Consider A CN a finite alphabet. Then, ¢|4¢ is also an exp-
summable potential with summable variation according to { Ey, }m, and the specification
defined by equation (4.2) is quasilocal. Moreover, the set of Borel probability measures on
A% is compact. Then, following [30, Comment (4.18)], for all x € A%, any accumulation
point of the sequence {vg,, (-,x)},, will be a DLR measure p. Finally, if we want to obtain
a G-invariant DLR measure, for each g € G, let gu be given by gu(A) = u(g=*t- A), for any
A € B. Notice that, for every g € G, the measure gu is also a DLR measure for ¢|4¢ due to
the G-invariance of v (see Corollary 4.10). Then, it suffices to consider any accumulation

point of the sequence {ﬁ > ger, g,u} , for a Fglner sequence {F,},,.
Now, let {A4,}, in F(N) be a fixed exhaustion of N and, for each n € N, denote the
set of DLR measures and G-invariant DLR measures for ¢" = ¢[4¢ by Gn(¢) and GL(e),

respectively. For each n € N and each j,, € GL (), consider its extension fi,, € M(X) given
by

fin() = (- N AT).

The next result establishes that {f,}, is tight, and the reader can compare this to [45,
Lemma 5.15].

Lemma 5.12. Let ¢: X — R be an exp-summable potential with summable variation
according to some exhausting sequence {Ey,}m. Then, for any sequence {pi, }n with pi, €
GL(¢), for all n €N, the sequence of extensions {fin }n is tight.

Proof. Fix some n € N. Then, for any a € N and any y € A#G}C, Proposition 5.9 yields
that

exp(—C(o")) < eXp(¢"(ay)—IOgZE1 (™))

where ¢" = ¢[4c and C(¢") = 2VE,(¢") + 30(¢"). Furthermore, 0 < Zg, (¢") <
Zp, (") < o0 and {Zg,(¢™)}n converges monotonically to Zg, (¢). In particular,
there exists ¢ = —log Zg, (¢'), such that ¢ > —log Zg, (¢"), for all n € N.

If a ¢ A, then fi,([a]) = 0. On the other hand, if a € A4,,, then for every y € After,

fin([a]) = pn([a]) < exp (C(¢"))exp (¢" (ay) —log ZE, (¢™))
< exp (C(¢) +d(ay) +c),

<exp(C(¢")),

where C(¢) =2VEg, (¢)+35(¢)
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Now, let € > 0. Since ¢ is exp-summable, for each m € N, there must exist a finite
alphabet A, ,, € F(N), such that

Z exp (sup qb(x)) < ¢ exp(=C(¢) 76). (5.18)

bEN\Ac. m z€[b] 2| B \ By

Let
K. .= Afi X Afg\El X Afg\E2 X eee
By Tychonoff’s theorem (see [47]), K. is compact. Moreover, notice that

NN U

m=1 gEEm\E'm—l aeAe,m

where [a9] = {z € X : (g) = a}. Therefore, for each n € N,

fin (X \ K¢) U U M a9

m= 1geE7n\Em 1‘16Ae m

SIS

m=1g€Eyn\Em_1 aeAe

EENL\ENL 1 bEN\AE m

ﬁMSﬁ HM8
M

m \Em—1bEN \ e,
Since all the measures considered here are G-invariant, it follows that, for any y € A;[ng}c’

fin (X \ K.) Z > > i

m= 196E7n\E7n lbeN\Aem

<Y YT @+ otn+o)

m= lgeEm\Enl lbeN\Aem

=3 Y exp(C@)+e) Y. exp(g(by))

m=1g€Eyn\Em_1 beEN\Ac, m

<Y Y () 4o CSREC@

m=1g€E,\Em 1 leEm\Emfl‘

> €
:Z Z 9| By \ E_1]

m=19g€E,,\Em_1

:67
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where the fifth line follows from estimate (5.18). Therefore, for all n € N, fi,, (X \ K¢) <,
so that fi, (K.) =1— fi, (K¢) > 1—¢, which proves the tightness of {fi,}n. O

We have proven that for each sequence {j,}, with u, € GI(¢), the sequence {fin}n
of their extensions is tight. Then, the existence of at least one accumulation point is
guaranteed by Prokhorov’s theorem. Let’s see that an arbitrary accumulation point, which
we will denote by fi, is conformal for ¢ and, moreover, that it is G-invariant.

Theorem 5.13. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence { Ep }m. Then, the set of G-invariant DLR measures
for ¢ is nonempty.

Proof. Let {u,}n be such that, for each n € N, y,, is a G-invariant conformal measure
for ¢" : AG — R (or, equivalently, j, is a G-invariant DLR measure for ¢™). Thus, for
each n € N, any K € 7(G), and any 7 € Ex . a,,,

d(pn 0 (Tn)il)

exp (97)77) = WS ) ) (5.19)
where 7, = 7| 4¢. This yields that
T d(fin OT_l)
exp(¢;) = ———.
(%) i

Indeed, let p: X — R be a bounded continuous potential. Observe that, for 7 € £k 4,,,
(¢™)i" = (¢7)| ac. Moreover, for every B € B, since 7, 1(A) = AT and fi,, (X \ AS) =0,

we have that g, o7, *(B) = fi,(t7'(B)). Then, we obtain
[Jvdnor = [vdiu o)
= / W d(pn o)
= [wrdumor )
— [vresp (@) du
=/w"eXP((¢"|Ag)I) dpin,
— [ wexp(6)diin,
where ¥" = 9| 4q.
Furthermore, Lemma 5.12 guarantees that the sequence of induced measures {fi, }, is

tight, and we can apply Prokhorov’s theorem to guarantee the existence of a limit point
for some subsequence { i, }x, which we denote by fi. Now, we are going to prove that fi is
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a conformal measure for ¢. For that, consider a bounded continuous potential ¢: X — R,
Ae F(N), K € F(G), and 7 € £k, 4. Then,

[wdtior = [vordn

hm YoTdfin,

= lim /wd fin, 0T 1)

k—oco

— lim [ vexpor dii,
k—oco

- / e

where the fourth equality follows from the fact that for & large enough, A C A,,, , and the
last equality follows from weak convergence and the fact that ¢ exp ¢] is a continuous and
bounded function. Indeed, first notice that ¢ is a uniform limit of continuous functions
that are bounded from above, since ¢ is exp-summable. Therefore, the same holds for ¢7,
so that exp(¢%) is continuous and bounded (from above and below). Since A, K, and 7
are arbitrary, this proves that fi is conformal for ¢ and, therefore, DLR for ¢.

It remains to show that fi is G-invariant. For that, notice that, due to the weak
convergence, for any B € B,

la(gB) = khm ﬁnk(gB) = lim lank(B) :N'(B>7
—00 k— o0

where we have used that, for each k € N, fi,,, is G-invariant due to G-invariance of AG
and to the fact that p,, is G-invariant. O

5.5. Finite entropy Bowen-Gibbs measures are equilibrium measures

Thus far, we have proven that if ¢: X — R is an exp-summable potential with summable
variation, then a measure p € M(X) is a DLR measure if, and only if, it is a conformal
measure. Also, if ¢ is a DLR measure, then p is also a Bowen-Gibbs measure. For Bowen-
Gibbs measures, we begin by exploring some equivalent hypothesis to having Hr (1) < oo
for every F € F(G) or, equivalently, to have finite Shannon entropy at the identity element.
This will allow us to assume, indistinctly, that the energy of the potential is finite. The
following lemma generalizes [43, Lemma 3.4].

Proposition 5.14. Let ¢: X — R be an exp-summable potential with summable variation
according to an ezhausting sequence {Ep}m. Then, if p € M(X) is a Bowen-Gibbs
measure for ¢, the following conditions are equivalent:

i) [¢dp > —oo;
i) X, ex sup@([al) exp(supd((a)) > —o0; and
iil) H(p) < oo.
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Proof. Begin by noticing that, since p is a Bowen-Gibbs measure for ¢, we have that,
in particular, for e = 1, there exist K € F(G), § >0, and a (K,d)-invariant set F' € F(G)
with 1g € F, such that, for every x € X, it holds that

exp (<[ F|(L+p(¢)) +supdr ([zr])) < p([zr]) < exp(=[F|(-1 +p(¢))+sup¢F([x?]))~ |
5.20

We now prove that i) = iii) = i) = 7).

[i{) = iii)] Notice that, since ¢ has summable variation according to {E,, }m, then, in
particular, ¢ has finite oscillation. Therefore, the result follows directly from Proposition
5.4, disregarding whether p is a Bowen-Gibbs measure for ¢ or not.

[i1i) = 1ii)] Begin by noticing that, due to standard properties of Shannon entropy,
H(p) < Hp(p) < |F|H(p). Then,

—00 < —Hp(p)
= x;@ p([zr])log ([ r])
< ;{ 1([zr]) (=|F|(=14p(¢)) +sup¢r([zF]))
=—F|F|Z1+P(¢))+ 26; 1([zr])sup or([zF]).
Thus,
—00 < ;( u([zr])sup dr([zr])
< F%;(FGXP(|F|(1+p(¢))+SHP¢F([$F}))'SHP¢F([IF])
=eip(j|F|(—1+p(¢))) ;{ exp (sup @r([zr])) - sup dr([zr]),
s0 that

—o0< Y exp(supr([zr]))supdr([zr)).

rrEXF

Also, for each zp € Xp,

supgp([zp]) > inf op(fzp]) > Y inf (¢ ([zr])) = D inf (¢ ([zg])) -

geFr geF
Now, due to exp-summability, without loss of generality, we can assume that ¢(z) <0,

for all x € X, so sup¢r([zr]) <supdr([z1,]) <sup@([z1,]) < 0. Then, abbreviating ¢,
by ¢4, we obtain that
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—00< Y sup¢p([zr])exp(supdr([zr]))

zp€EXF
< S supor(an)) [] exp(inf oy ((es))
zp€EXp geF
< > supdr(far]) [ ] exp(supdq(fag]) —6(9))
TrEXF geF
=exp(=6()|F|) > supor([zr]) [ ] exp(supdy(fzy])
TrEXF geF
=exp(=8()|F]) > supdr(fzr))exp(supd(fzis]))) [[  explsupdg((a,)))
TpEXp geF\{lc}
<exp(=8(0)|F|) Y supdr([zic])exp(supd(feic])) [ exp(supgy((zg])
zpeXp geF\{lg}
=exp(=8()|F]) Y swpor(wi)expsupd(fzic])) Y [ explsupdg(lzg])
@1, EN Tr\(1g} 9€F\{1a}
<exp(=6()|F|) Y supo([ric])exp(supd(fzig])) D [ exp(supdy((ag)))-
@1, EN Tr\{1g} 9€F\{lc}
Moreover, notice that if m =|F|—1 and g1, +,gm is an enumeration of F'\ {1¢}, then
Z H exp (sup @y ([]) Z ZGXP sup dg, ([4,])) -+ -exp (sup oy, ([24,.]))
Tr\{1g} 9€F\{1lc} Tgy Tgm
—Zexp sup b, ([24,]))--- D _ exp (sup by, ([g,.])

= I ZeXP(Sup%([irg])%

geF\{lg}zg€X,

so that
—oo< Y supd(lmg)expsupd(le))  [[ D2 explsupdy(lzg))
@1, €N geEF\{lg}zy€Xy

= Y swoller)expupolans)) [[ Zo(9)

21, €N geF\{lg}

= > supd(frig)exp(supo(fzig])  [[ Zia(9)

z15€EN geF\{lc}

= 3" supo(lri]) exp (supd([r1,]) Zu () 71

IIGEN

Therefore,

S supé([z]) exp (supd([z1,])) > —cc.

14 €EN
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[i1) = 4)] Indeed,

/¢d# > me

aeN

=Y info(la)) Y wler)

a€eN zrzrp(lg)=a

> infe(la]) > exp(—|F|(1+p(¢)) +supdr([zr]))

a€N zrizr(le)=a

— e (—FlA+p@) Y into(a) Y explsupsr(ar))
a€N gcp:zp(lc):a

> exp(—|FI(1+p(9)) Y infe(fa]) Y exp| Y supdy([er])

aeN zr:zr(lg)=a geF
>exp(—|Fl(1+p(¢) > info(la) > []exp(supglz(g)))
aeN xp'xp(lc)—ageF
=exp(=|F|(1+p(¢)) Y info(la])exp(supgla]) Y ] exp(supglz(g)]).
aeN Tr\{15} 9€F\{1c}

Notice that, due to the same argument as in the proof of [iii) = ii)], we have that

ST exp(supdla(9)]) = Zig ()1

Tr\(1g} 9€F\{1c}
Therefore, since exp (—|F|(1+p(¢)) Z1,(¢)FI=1 > 0, it suffices to prove that
S inf g([a]) exp (supdfa]) > —oc,
a€eN
but this is true since

> inf¢([a]) exp (supgla]) > Y _(sup¢([a]) — () exp (sup $lal)

a€N aeN

_ZsupqS eXp Sup¢ ZQXP SUP¢[ ])

aeN a€N
= " supo([a]) exp (supdla]) — 8(¢) - Z14(¢)
aeN
> —00. O

The next proposition is based on [45, Lemma 4.9] and gives us an upper bound in terms
of the pressure for the sum of the entropy and energy of a potential according to a given
measure. Sometimes this fact is known as the Gibbs inequality.

Proposition 5.15. Let ¢: X — R be an exp-summable and uniformly continuous
potential with finite oscillation. If p € M(X) is G-invariant and [ ¢du > —oo, then

h(p) + [ ddp < p(¢).
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Proof. Since ¢: X — R is an exp-summable and uniformly continuous potential with
finite oscillation, due to Theorem 3.9, the pressure p(¢) exists. Then,

1 1
= lim — dp < lim —log Z = . O
h(u)+/¢du dim, ‘F‘Hp(u)+/¢ ps fim e los F(¢) =p(o)
We now proceed to prove that Bowen-Gibbs measures with finite Shannon entropy at
the identity are equilibrium measures.

Theorem 5.16. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ep}m. If p € M(X) is a G-invariant Bowen-Gibbs
measure for ¢ and H(u) < oo, then u is an equilibrium measure for ¢.

Proof. Since p is a Bowen-Gibbs measure for ¢, for every e > 0, there exist K € F(Q)
and ¢ > 0, such that for every (K,0)-invariant set F' € F(G) and z € X,

1([zr]) .
D) S (@) —p@) 2] = P FD- (5.21)

Moreover, notice that, for every z € X and F € F(G),

supr ([2r]) < r() + Ap(9) =Y ¢(g-2)+Ap(9). (5.22)

geF

exp (—e

Therefore,

Jim |F|/sup¢p o)) dp(2) < lim |F|/ S 6(g-2) + Ar(6) | du()

geF

o1 . Ap(e)
= A Z/“f’(z)d“(x) + T

where the second line follows from the G-invariance of p and the third line follows from
Lemma 2.4.

On the other hand, after taking logarithms in equation (5.21) and dividing by |F|, we
obtain

< logullar) ~ dr(a)
G

Thus, for every x € X and every (K,d)-invariant set F € F(G),

+p(¢) <e.

—log p([zp]) +sup¢p([zF))

—logu([zr]) + ¢r(x)
p(¢) < = T2 e 7]

|F]

IN

+ €.
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Integrating the last equation with respect to u, we get

1
= T e+ o [swor(orhdu+e

Therefore, if we take the limit as F' becomes more and more invariant, we have that

p(0) < hip) + Jimy / sup([er])dt e < hiu / ddjitc,

F—G

where the last inequality follows from inequality (5.22). Since € > 0 is arbitrary, we obtain

that
+ / odp.

The reverse inequality follows from Proposition 5.15, and this concludes the proof. O

Remark 5.17. Notice that Theorem 5.16 together with Proposition 5.15 establish a
variational principle for suitable potentials ¢, that is,

p(¢) Sup{h(u)+/¢)d1/: VEMG(X),/¢dV> oo}

for any exp-summable potential ¢ with summable variation that satisfies condition ii)
from Proposition 5.14. This can be checked by invoking Theorem 5.13 (which provides
the existence of a conformal measure), Theorem 5.8 (which proves the equivalence between
conformal and DLR measures), and Theorem 5.10 (which proves that DLR measures are
Bowen-Gibbs measures).

5.6. Equilibrium measures are DLR measures

In Section 5.4, we proved that if ¢: X — R is an exp-summable potential with summable
variation according to an exhausting sequence {FE,, },, then the set of G-invariant DLR
measures for ¢ is nonempty. Throughout this section, fix a G-invariant v € G(¢).

Given FE € F(G) and p € Mg(X), denote by f, r the Radon-Nikodym derivative of
u|g with respect to v|g, where u|p and v|g denote the restrictions of p and v to Bg,
respectively. More precisely, for every x € X,

JuB( il Z (z). (5.23)
weXE

Notice that f, g is well-defined, because any DLR measure for ¢, in our context, is
fully supported. Moreover, we can understand it as the pointwise limit of the simple
functions f} p =3, cx,.n AG %l[w], where {4, }, is a fixed exhausting sequence of

finite alphabets.
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Consider the function : [0,00) — [0,00) given by #(x) = 1 — z + xlogz, where
0log(0) = 0. Define, for each n € N and E € F(G), the simple function I, :=
ZweXEﬂAgw(%) 1jy). Notice that 0 < I} p(z) < IZEl(x), so we can define a
measurable function I, g by considering the pointwise limit Iz (z) := lim, o I%(x) in
[0,00].

When there is no ambiguity, we will omit the subscript 1 from the previous notations.

Observe that, by the Monotone Convergence Theorem,

nh_{réo IEdV:/nILH;OIEdVZ/IEdVE [0,00].

In addition,

) = [ 1= Y () = utlol) + o (2520 )).

weXpNAS

so that

/IEdu: lim [ Ipdv

_wg (D) =t + o (4125 ) )
- mo(20)

We define the relative entropy of a measure u € M (X) with respect to v to be

Hg(plv) I:/IM’ECZV,

when E € F(G), and 0 if F ={. Notice that, a priori, Hg(plv) € [0,00]. Also, if
€ Mc(X), then Hgy(ulv) = He(plv) for every g € G.

Lemma 5.18. Let E.F € F(G) be such that E C F and u € M(X). Then, for every
neN, H(plv) < HE(p|v). Moreover, Hg(plv) < Hp(p|v).

Proof. Fix n € N. First, observe that f7! p =v[f}! »|Bg|. Indeed, it suffices to prove that
for any v € Xp,

/ fpdv= / frdv, (5.24)
wNAS [w]NAG

since the supports of fz and f7 are contained in A% and Bg is generated by cylinder sets
of this form. If v ¢ AZ| then both sides of equation (5.24) are 0 and the result is proven.
Otherwise, if v € A, then
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oy pu)
/mmAngd ‘/[vmc 2 ()

n 'weXpﬁAS

plvwp\p]) ,
Lo 2 e eerst

G
n weXp\pNAS

= Z M([UwF\E]) / ]l[UwF\E]dV
AG

weXp\pNAG V([vwF\E])

= Z p(fowp g])

UJGXF\EﬂAS

= (] NAT)

[bINAT

= / frdv.
WINAZ
Thus,

H (i) = / falog [ dv
- / o(F21B ) log v (F21Bx)dv

< / v(fRlog f2|B)dv
= Hp(plv),

where the inequality follows from Jensen’s inequality for conditional expectations. Finally,
observe that

Hp(ulv) = lim Hp(ulv) < lim Hp(uly) = Hp(ulv). 0

Proposition 5.19. Let ¢: X — R be an exp-summable potential with summable variation
according to an ezhausting sequence {Ey,}m and p € Mg(X). Then, Hg(ulv) < oo for
every E € F(G). Moreover, if [ ¢du > —oo,

1) = Jiny e ) = (o)~ (1) + [ o).

Proof. Let E € F(G). Since v is a DLR measure for ¢, by Theorem 5.10, v is a Bowen-
Gibbs measure for ¢. Then, for every e > 0, there exist K € F(G) and ¢ > 0, such that
for all (K,0)-invariant set F' € F(G), the following conditions hold at the same time:

40
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and

. v([zr))
exp (—e-|F]) < exp (supor(z) —p(¢) - |F])

Observe that, by considering the lower bound of the equation above,

= > ullerDlog(er)) <~ Y pllzr]) (supdr([zr]) — p(9)|F| —e|F)

TCFEXFQAS xFGXFﬂAS

=p@)+IFI= > pllzr]))supr((zr])

IFEXFPIAS

<@@+9IFI- [ ordu

- <p(¢>+e—/AG ¢du> .

for any (K,0)-invariant set F. Then, we have that
Hp(plv) = lim (Hg(plv) - Hp(p) + lim Hi(u)

=lim — > pllzr])log(v([zr)) + Hr(n)

:EFGXFI'TAS

Tim. <p<¢>+e— /. ¢du> (FI+ () + 0P|

n

< exp(e-|F).

A
g

<p(¢)+h(u) -/ ¢du+2e> P+ e () < oo,

where Hp:(p) := =32, expnag i[zr])log(p([zr])).
First, observe that for any E, we can find a (K,d)-invariant set F, such that F C F.
Then, by Lemma 5.18, Hg(u|v) < Hg(u|lv) < co. Second, for any (K,d)-invariant set F,

W <p(¢)+ (h(u)—/WM) + 2.

Finally, by considering the upper bound given by the definition of Bowen-Gibbs measure
and using a similar argument, we obtain that

HEE > o)+ () [odu) ~2e

Since € was arbitrary, we conclude that

i, T ) (o + [ odn). =

F=G |F|

In particular, given ¢: X — R an exp-summable potential with summable variation
according to an exhausting sequence {E,, },,, a G-invariant measure p is an equilibrium
measure for ¢ if, and only if, h(u|v) =0, for some (or every) DLR measure v. The next
proposition is a generalization of step 1 in the proof of [30, Theorem 15.37].
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Proposition 5.20. Let ¢p: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ep }m and p € Mg (X) be an equilibrium measure
for ¢. Then, for every a >0 and K € F(G), there exists E € F(QG), such that K C E and

0< Hp(ulv) ~ Hpy i (ulv) < a

Proof. Pick § > 0 small enough so that every (K,0)-invariant set F' € F(G) satisfies
Intg (F) # 0. Consider 0 < e <1 and a tiling 7 with (K,d)-invariant shapes, which we
can do by Theorem 3.5. Then, from Lemma 3.6, for every (S7,€)-invariant set F' € F(G),
there exist centre sets Cr(S) C C(S) € C(T) for S € S(T), such that

F2 || SCp(S) and |F\ || SCp(S)|<e€lF|
SeS(T) SeS(T)

Since p is an equilibrium measure, h(u|v) = 0. Recall that S = USeS(T) S5S~1. Then,
considering Lemma 5.19, pick K’ 2 Sy and ¢’ < € so that, for every (K’,¢')-invariant set
F € F(G), we have

a(l—e)

1
iy = A Sl A
Flul) < maxges(7) S|

||
Fix a (K',0")-invariant set F' € F(G) and an arbitrary enumeration of the tiles {Sc: S €
S(T),c€ Cp(S)}, say Tn,...,Tn, where M :=3 g ) |Cr(S)|. Notice that (1—e€)|F| <
> ses( 1SIICr(S)] < Mmaxges(r) S| Moreover, since each T is a (K,d)-invariant set,
for every 1 <i < M, Intg (T;) # 0, that is, there exists g; € G, such that Kg; C T;. Denote
W (i) =|;_, Tj for 0 <i < M. Then,

M 1 M
Z Hy iy (1|v) = Hyw (iy\ s, (111)) MZ — Hwn, (1lv))
i=1 i=1
1
-~ H
a7 Awan (ul)
|F] 1
—H
= M F| F(plv)

MmaxSES(T) ‘S| Oé(].*é‘)
T M(l-¢)  maxges)|S|

:a’

where the first and second inequality follow from Lemma 5.18 and, the first equality, from
the fact that the sum is telescopic. Consequently, there must exist an index i’ € {1,...,M},
such that

Hyy iy (ulv) — Hw i\ kg, (1Y) < a

Therefore, taking E = W (i')g;,*, the result follows from the G-invariance of y and v. O

The next lemma is a version of step 2 in [30, Theorem 15.37].

https://doi.org/10.1017/51474748024000112 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000112

2700 E. R. Beltrdn et al.

Lemma 5.21. Let ¢: X — R be an exp-summable potential with summable variation with
respect to an exhausting sequence {Ep, }m and p € M(X) be an equilibrium measure for ¢.
Then, for every € >0, there exists o> 0, such that, if ED K and Hg(plv) — Hp\ x (p|v) <
a, then l/(’fE —fE\K|) <e.

Proof. Notice that, for each € > 0, there exists r. > 0, such that

|z =1 < rep(z) + (5.25)

€
>
where ¢(z) =1—z+zlogz.

For a given € > 0, consider a = 5--, and let E,K € F(G) be such that K C E' and
Hg(pulv) — Hp\k (plv) < «, which we can do by Proposition 5.20. Let B = {z € X :
fe\k () # 0}. Notice that B € Bg\ g

/]lX\BfEdV = fedv = / v(felBp\k)dv = / fe\kdv =0.
X\B X\B X\B

Then, since fg(z) > 0, we obtain that fg(z) =0 v(z)-almost surely on X \ B. Next, notice

that
IE IE
/fE10g<fE\K>dV_/10g<fE\K>dﬂ

- / log fi dji— / log £\ i dy
B B

:/ fElngEdV*/ e\ log fe\k dv
B B

:/fElngEdV*/fE\KlngE\KdV

=Hp(p|v)— Hp\x (1| v),

where, making an abuse of notation, we just write p and v, ignoring the restrictions.
Thus,

Hp(p|v) — Hp (1) /fElog(f \K>d”'

Furthermore, in B, observe that

fe \_, I fE IE
w(fE\K)_l fE\K+fE\K10g(fE\K)7

fe\KY (&) = fe\g — fE+ fElog <f£fK> :

so that

Therefore,

/fE\Kw< )du—/ (Fonx — fr) du—i—/fElog(f]J;EK) "
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Since fp\x =v(fEe|Br\k), we have that [, (fE\K —fE) dv =0, so that we can rewrite

HE(M\V)—HE\K(M|V):/]3fE\K¢ (&() dv.

Therefore, from inequality (5.25), it follows that

V(15— i) = /B e Focldv+ /X V= fevlav

=/ \fe— fex|dv
B

:/ )
B

e\

[E €
Sre/BfE\Klb <fE\K> dV+§/]BfE\KdV
= r(Hes|) ~ Hevinlv)+ 5 [ du

SreaJr%:e. O

=1 fe\xdv

Theorem 5.22. Let ¢: X — R be an exp-summable potential with summable variation
according to an exhausting sequence {Ep}m. If p € Mg (X) is an equilibrium measure
for ¢, then u is a DLR measure for ¢.

Proof. Since p is an equilibrium measure, then h(u|v) = 0. The strategy is to prove that,
for every K € F(G), wyx = i, where -y is the Gibbsian specification defined by equation
(4.2). Then, by Lemma 4.5, it will follow that p is a DLR measure for ¢.

Let h: X — R be a bounded local function and e > 0. Since v is a quasilocal
specification (see Theorem 4.13), then vxh is a bounded quasilocal Bgc-measurable
function. Thus, there exists a bounded local Bg--measurable function h: X — R, such

that ‘ vyih— iLH ~ < €. Since h is a local potential, there exists B € F(G), B2 K, such that

h is a Bp\ g-measurable. Also, since h is local, we can assume, without loss of generality,
that h is Bg-measurable.

Consider « as in Lemma 5.21, that is, whenever £ D B and Hg(u|v) — Hp\p(u|v) < o,
then V(|fE—fE\B|) < e. Now, using Proposition 5.20, fix a set E € F(G), such that
E D B and Hg(p|lv) — Hg\p(p|v) < . Therefore, by the monotonicity of the relative
entropy, we obtain that Hp(u|v) — Hp g (u|v) < «, so that v (‘fE - fE\K’) <e.

We now compute |y (h) —p(h)|. First observe that since h is Bp\ g-measurable and
B C E, then h is By k-measurable. Therefore, recalling that uyr (h) = p(yxh),

Iy (h) — p(h)| < ‘H('YKh) —,u(il)‘ + ‘,u(iz) —y(fE\K}NL)‘ + ‘y(fE\Kﬁ) _ V(fE\K(’YKh))‘
+[v(Fenk (vich) = v(Fen k) |+ [V(feych) = v(feh) | + v (Feh) — n(B)]
< u(|rch=h|) + 0+ (fox [ =vich| ) +0+ bl oo (| Fric = fi]) +0.
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We begin by justifying the terms that vanished from the first inequality to the second.
Notice that ‘,u(ﬁ) — I/(fE\KiL) =0and |v(fgh) — u(h)| =0, because h is Bp\ k-measurable
and because h is Bg-measurable. We also have that |1/(fE\K(7Kh)) 2 (fE\Kh)’ =0,

because fg\ g is Bge-measurable and v is proper, so v(fp\x(vxh)) = v(vx(fe\xh))
and, in addition, since v is a DLR measure, we have that

v(vr (fexih)) = (vyk) (fenich) = v(fe\kch).

‘We now have to deal with the three other terms. Notice that

u(‘ythﬁD <e and V(fE\KVl*’YKhD <€,
because H’yth }NLH oo < €. Lastly, since v (|fE\K ffE|) <, it follows that

lpyE (h) — p(h)| < 2€+ || A]| e

Since € > 0 and h: X — R are arbitrary, we obtain that, yuyx = u, which concludes the
result. O

6. Final considerations

In this section, we consider the case when the group is finitely generated, which includes
the well-studied case G = Z% and show that our approach generalizes previous ones. Next,
we present a version of Dobrushin’s uniqueness theorem adapted to our framework, and
we apply it to a concrete class of examples of potentials defined in the G-full shift for any
countable amenable group G.

6.1. The finitely generated case

We now restrict ourselves to the case that G is a finitely generated group. The main
goal is to prove that our definition of a Bowen-Gibbs measure (Definition 5.3) for a given
exp-summable potential with summable variation according to an exhausting sequence is
related to the standard — but more restrictive — way to define Bowen-Gibbs measures
(e.g. [38, 45]). For that, we will prove that the bounds in Definition 5.3 can be replaced
by a bound which involves the size of the boundary of invariant sets.

Suppose that G is finitely generated, and let S be a finite and symmetric generating
set. Without loss of generality, suppose that 15 € S. In this context, it is common to
implicitly consider an exhausting sequence E,,,; = S™. For example, if G = Z% and S is
the set of all elements s € Z¢ with ||s||, <1, the sequence {E,, },, recovers the notion of
‘boxes’ with sides of length 2m + 1 centred at the origin, which is the most usual in the
literature. In particular, one recovers the more standard definition of summable variation
for a potential ¢: X — R, which is given by

S IE A N\EL 08, (0) = > |S"TINS™ | bgm (¢) = Y [0B(1a,m)|-0p(10,m)(9);

m>1 m>0 m>0
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where B(1g,m)= 5" denotes the ball of radius m (according to the word metric), OF :=
SF\ F denotes the ‘(exterior) boundary’ of a set F, and |0B(1g,m)| is proportional to
m9~1 in the Z? case. Usually, potentials that have summable variation according to this
particular exhausting sequence are called regular (see, for example, [38]).

Notice that when {E,, },, is an exhausting sequence of the form S™, we have that

[O(S™F)| = |S(S™F)\ 8™ F| = |S™ 1 F\S™F| < |S™F1\ ™[0 F,

where 9;, F' = OF¢ denotes the ‘interior boundary’ of F. Indeed, if g € ST F\ S™F,
there must exist h € 9y, F', such that dg(g,h) =m+1, where dg denotes the word metric.
In addition, we also have that |0y F'| < |S||OF], so

0(S™F)| =[S™ I\ S™F| < |S™F\ S™||S]|0F|.
From this, it is direct that
Vi(¢) =Y ISTHENS™F|-8sn(9) < Y [S™FIN\S™|S||0F]-65m (6) = V(¢)|S|OF].
m>0 m>0
On the other hand, if x,y € X are such that xr = yr, we have that

|or(2) = dr(y)| < D 1d(g-2) — g+ y)|

geF

=> > |6(g-2) = d(g-y)l

m>0gelntgm (F)\Int gm1 (F)

<) Intge (F) \Intgmer (F)] - dsm (¢)-

m>0

Notice that if g € Intgm (F) \ Intgm+1 (F'), then ds(g,0F) =m+1, that is, g € S™T1OF\

S™OF, so
[Intgm (F)\ Int gm+1 (F)| < |Sm+18F\Sm8F|
<|STHIN S| 0 (OF)|
<|S™HN S™|S]|0(0F)|
<|S™HN\S™|S|OF |
and

(o (2) = dr(y)l < Y |S™TINSTS|IOF]| - 8s5m (9) = V(¢)|SI*|OF .

m>0

Therefore, we conclude that Ap(¢) <V (¢)|S|?|OF|.

We now provide an alternative way of proving Proposition 2.3 and Lemma 2. 4 Begin
by noticing that a finitely generated group is amenable if, and only if, limp_, ¢ | F|I =
(indeed, given € > 0, we have that |0F| < |[SFAF| < e-|F| for every (S,e)-invariant set

F). Therefore, if ¢ has summable variation, it follows that

0< lim
Y6 F

T F—G ‘F‘
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and, similarly,

0< lim Ar(@) <V(¢)|SP? lim 10F] _

=0.
F—=G |F| - F—G |F|

In particular, in this context, we could alternatively have defined a Bowen-Gibbs
measure as follows: if G is a finitely generated amenable group with generating set S and
¢: X — R is an exp-summable potential with summable variation according to {S™},,,
a measure p € M(X) is a Bowen-Gibbs measure for ¢ if for every e > 0, there exist
K € F(G) and § > 0, such that for every (K,d)-invariant set F' € F(G) and x € X,

B p([zr)) ox
=P (~ClOF) < or @) —p(@) 7)) = P CIOFD:

where C' > 0 is a constant that we can choose to be

C:=5V(9)[S” > 2V (9)|S|+3A(¢)|S|*.

This recovers the more standard definition of Bowen-Gibbs measure in terms of
boundaries. Furthermore, with this choice of C, it is not difficult to check that we could
mimic the proofs of Proposition 5.9 and Theorems 5.10 and 5.16, thus providing all the
implications involving Bowen-Gibbs measures.

6.2. Dobrushin’s uniqueness theorem

From Section 5.4, we know that if ¢: X — R is an exp-summable potential with summable
variation according to an exhausting sequence {E,, },,, then the set of G-invariant DLR
measures for ¢ is nonempty. One natural question that may arise is under which conditions
we have uniqueness of the DLR measure. When a specification is a Gibbsian specification,
the Dobrushin’s uniqueness theorem (see [30]) addresses this question. For a detailed proof
of a version of this theorem adapted to our setting, see [11].

Let 2" be the set of all subsets of N, which is a o-algebra, and M(N,2V) be the set of
probability measures on (N,2V). For A € 2Y w € X, and g € G, denote

’Y?g} (Aw)(n) =gy (A X NG\{Q}@) ’

where « is a specification, notice that, for each z € X, ) (-,x) € M(N, 2Y). Now, for each
h € G, the wy-dependence of fy?q}(-,w) is estimated by the quantity

b

pon(7) = sup Hv‘{)g}(-,n) (g (5w)
w,neX
WG\{h}="NG\{h}
where, for any given p,ji € M(N,2V), ||u— fi]| = maxace |u(A) — fi(A)| (see [30, Section
8.1]).
The infinite matrix p(y) = (pgn(7))g,nec is called Dobrushin’s interdependence matrix
for v. When there is no ambiguity, we will omit the parameter v from the notation.

Remark 6.1. Notice that p,q =0, for all g € G.
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Definition 6.1. Let 7y be a specification. We say that - satisfies the Dobrushin’s condition
if v is quasilocal and

c(7y) :=sup Z pgh < 1.
9€C hea

Theorem 6.2 (Dobrushin’s uniqueness theorem). If v is a specification that satisfies
the Dobrushin’s condition, then there is at most one measure that is admitted by the
specification .

We now present an example of a potential inspired by the Potts model [27, 29], such
that, under some conditions to be presented, is exp-summable and has summable variation
according to an exhausting sequence {E,,},,. Moreover, this potential will also satisfy
that, if y is a Bowen-Gibbs measure, [¢dp > —oco. Another important property of this
potential is that it is nontrivial, in the sense that it depends on every coordinate of G.
We will also explore conditions on > 0, such that the potential 5¢ satisfies Dobrushin’s
condition.

6.2.1. Main example. Given a countable amenable group G, consider the potential
¢: X — R given by

o)== el9.2(16) Lis(o)=s(o)} (6.1)

geG

with ¢: G x N — [0,00), such that, given an exhausting sequence {E,},, of G, it holds
that

1. Zm21 |Erit1 \ Eml deG\Em C(g) < o0, with C(g) := sup,, c(g,n) for g # 1G; and
2. for all M > 0, there exists ng € N, such that for all n > ng, Mlog(n) < c¢(1g,n).

Lemma 6.3. If the potential ¢: X — R given by ¢(z) = =" c5¢(9,2(1¢))L{z(16)=2(g)}
satisfies conditions (1) and (2), then, for every B >0, the potential B¢ is well-defined,
has summable variation according to the exhausting sequence {E.,}m, is exp-summable,
and [ ¢dpg > —oo for any Bowen-Gibbs measure pg € M(X) for B¢.

Remark 6.4. The set of functions ¢: G x N — [0,00) satisfying conditions (1) and (2)
is nonvacuous. For example, given an exhausting sequence {Fy, },,, consider ¢: G x N —
[0,00) and some constant L > 0, such that

m

(a) for every m>1, 0<c¢(g,n) < % for every g € Ei1 \ By and

(b) any ¢(1g,n) of polynomial order will satisfy condition (2).

Our next goal is to study under which conditions we have uniqueness of Gibbs measures
for B¢, where [ can be interpreted as the inverse of the temperature of the system. For
that, we use the Dobrushin’s uniqueness theorem (Theorem 6.2). In order to obtain
explicit conditions on 3, we divide the rational into claims that, for the sake of brevity,
we leave their proofs to the reader.
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Claim 1. If z,y € X are such that xc\ (4} = Y\ (g}, for some g € G, then
> (@(h-z) = ¢(h-y))
heG

converges absolutely. Moreover,

D (@(h-2) = ¢(h-y)) == c(la,2(9)) +c(Lay(9))

heG

+ Y (clha(hg)) +e(h™ @ (hg))) (= Limn,=ay) + Ligny=y,)) -
e

Now, for a fixed b € N, define, for each ¢ € G and z € X, the potential ¢J: N — R given
by

©d(a) = ¢i"" (bzar(g})- (6.2)
Notice that, from Claim 1,
2(a) = df"‘b(bZG\{g})
=Y [$lh-(aza\q)) = d(h- (b2 (g)))]

heG
= c(lgb) —c(la,a)+ D [(e(hzng) + (™ 209)) (Lizpy=b) = Lizny=a))] - (6.3)
heG
h#lg

Now, pick hg # g and 2,2’ € X, such that zg\ (.} = Z’G\{ho} and define the function
goiz/ : Nx[0,1] — R given by

2,20 (at) == tpl (a) + (1= 1)@l (a) = pl(a) +1A7 . (a),
with AY (a) = ¢, (a) —¢2(a). Notice that 7 _(a,0) = p?(a) and ¢f _,(a,1) = ¢7(a).

Claim 2. Let g € G. Then, for every ho # g and z,2" € X, such that zg\h,y = z’G\{hO},
it holds that

1Y lloo < 2(Chog™") +Clghy ).

Claim 3. Let g,hg € G and 2,2 € X be such that zg\(n,} = Z/G\{ho}. Then, for every

Aeg,
g
,(a,0
’Yg(A,Z) — 'Vq(A % NG\{g},Z) _ ZaEA exp <(pz,z (CL )) (64)
2 nen €TP (w;‘é,zf (mO))
and
Yacacap(#L i (a1)
) =4 XD, = T Ew n 1)3 | v
neN z,2' \'"

where 7y is the Gibbsian specification given by equation (4.2).
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Now, let m be the counting measure on N and, for each t € [0,1], g € G, and a € N,
consider the measure

exp (@Z’Z, (a,t))
Y wenex (. (n.1))

For each ACN, g,ho € G, and 2,2’ € X, such that 2\ (p} = Z’G\{ho}, from Claim 3, we
obtain that

vy = xg¢(-t)dm, with x4(a,t) =

S aeaexp (#.(a,0)

Y = =~%(A4,z
o ZneNeXp@i,zf(n,O)) Toh2)

and
2 acA XD (@ﬂ,zl(a,1)> o
Senep (2.0 1) 7 (42)-

In order to study conditions under which Theorem 6.2 holds, we need some estimates,
which we calculate now. First, notice that ||y —vo|| v = 3 [ x4(a,1) — x4(a,0)|dm.

vi(A) =

Claim 4. For each a € N and g € G, the map t— xg4(a,t) is differentiable and

S0l =x0) (A2 - [ A2 0an).

Considering Claim 4, we have that

[ o@D = x (@0} dm(a -

//gtxg(a,t)‘dm(a)dt

= [ [t (Az,z, @= [ 82 0)an) ) [amaya
:/01/ /A b) duy (b
gf/(A ot [ 182 o)) o)t

)| dvi(a)dt

Thus, by Claim 2, we have

1 _ _
Pobo <5 sup 2AL e <2(Clhog ™) +Clghg ).
z,2'€X
ZG\{ho}:Z/G\{ho}
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Therefore, considering that pyy =0,

> e <2> [Clhg ) +Cgh™H] =2 > [C(h)+C(h 1] =4 C(h),

heq heG heG heG
h#g h#lg h#lg
SO
—suprgh <4 Z C(h)
9€CG 1 ca heG
h#lg

Finally, if we consider the potential S¢ for g > 0, then by linearity, we have
c(v"?) *suprgh P9y <4ap > C(h

Ghec heG
h#£lg
where 779 is the specification given by equation (4.2) for the potential 3¢. Thus, if

-1

p<lad cmy|

heaG

h#la
Dobrushin’s condition is satisfied and, by Theorem 6.2, we have at most one DLR measure
for the potential S¢. Furthermore, if 3 > 0, then the set of G-invariant DLR measures

for B¢ is nonempty, so that we can guarantee that if 5 € (O,W), there exists
h#lg

exactly one DLR measure for S¢.
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