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Introduction. In this paper, we consider the extent to which a local 
Noether lattice (J$f, M) is characterized by the sub-multiplicative lattice, 
denoted h££, of M -primary elements. (Here we use the notation (cif, M) to 
indicate that M is the maximal element of <if.) In particular, we call S^ 
M-complete if, given any decreasing sequence {̂ 4*} of elements and any 
n ^ 1, it follows that A f ^ A V Mn for large i, where 4̂ = A^*- And w e 

show that, given two .MYcomplete local Noether lattices («if i, Mi) and 
(oâf 2, M2), with <5if ! ^ Ôif 2, it follows that j£f i ^ «if 2. Further, we show that 
any local Noether lattice (if, M) is a sublattice of a local Noether lattice 
Oif*, M) which is ikf-complete and such that 0^ = <5if*. 

1. Our first lemma is a basic tool. 

LEMMA 1.1. Let (Jf, M) be a local Noether lattice. If A, B £ if7 and k ^ 0, 
then 

(i) 04 V Mn): B ^ (A:B) V Mk 

and 
(ii) 04 V Mn) A (B V Mn) S (A A B) V Mk 

for some n. 

Proof. Let k be fixed. Then by the descending chain condition in J£ / Mk [1], 
(04 V Mn):B) V Af* is constant for large w, say for w ^ K ^ k. It follows that 
for n è # , ( ( 04 V Mn) :B) V Mk)B = ((04 V M*) :J3) V ilf*)B ^ i V M B V Af *5. 
Hence ( ( (4 V Mn):B) V AT*) 5 ^ A V Af*5,by the Intersection Theorem. If 
now£ is assumed to be principal, then ((A V Mn):B) V Mk ^ 04:5) V ikP, 
and also (A V Mn) A B ^ (A V MkB) A B S {A A B) V Mk. 

We now assume that there exist elements for which (ii) fails, that A is 
maximal in this respect, and that B is an arbitrary element for which 
(A V Mn) A (B V Mn) $ (A A B) V Mk for all n. Then B $ A; hence 
there exists a principal element E S B with E ^ ^4. Then i < i V £ , and 
hence it follows from the maximality of A that for each integer h there exists 
an integer K(h) ^ h such that 

(04 V E) V AF<*>) A (5 V AF<*>) ^ ((4 V E) A B) V M \ 
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Then for n ^ K(h) and for h sufficiently large, 

(A V Mn) A (B V Mn) ^ {A V Mn) A (4 V E V ikP) A (5 V M») 

g U V If*) A (((A V E) A B) V Mh) 

S (A V M*) A ( U A 5 ) V (E V M*)) 

S (A A B) V ((A V M*) A (E V M*)) 

g U A B) V (C4 A E) V M*) 

g ( 4 A 5 ) V M*, 

by the principal case. This establishes (ii). 
Now, let J5i, . . . , Br be principal elements. By an easy induction on (ii) 

we can choose K so that 

A ((A'JBt) V Mn) g ( A U L B O ) V M* 
i=i \ t=i / 

for n ^ K. Hence, if B = JSi V . . . V 5 , , then for sufficiently large n, 

r r 

(A V Mn):B = A ((A V Mn):Bi) g A ((A:Bt) V Mfc) 

g f A ( 4 : 5 , ) ) V M* = (A:B) V M*, 

by the principal case of (i). 

THEOREM 1.2. Let (J£i, Mi) and (J£2, M2) &e /oca/ Noether lattices and 
<p: h££i —» ôcJSf 2 a multiplicative lattice homomorphism such that <p(M\) = M2. 
7/ ^£ 2 is M^-complete, then 

(i) (p extends to a homomorphism <p of S£\ into J?f 2, 
(ii) <p is one-to-one if <p is one-to-one, 

(iii) <p is onto if ip is onto and S£\ is Mi-complete, 
(iv) ip preserves residual division if <p does. 

Proof. Define y {A) = /\np{A V Mi*). Then since J^2 is M2-complete, 

v(A) V M2
n è *>(4 V Mi*) V M2

W = ç>(4 V M f ) ^ ^ ( ^ ) V M2
n 

for large i, and hence <p(A) V M2
W = ^)(i V Miw). Using this, we have 

<p(A) V £(£) V M2
n = *>(4 V Min) V *>(£ V M f ) 

= <p(A V J3 V M f ) = <p(A V B) V M2
n, 

for all n, so that £>(̂ 4) V <p(B) = îp{A V 5 ) , by the Intersection Theorem. 
Similarly, we see that (ê(A)ë(B)) V M2

n = cp(AB) V M2
W for all n, so that 

<p(A)<p(B) = cp(AB). To see_that ip preserves the meet operation, we use 
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Lemma 1.1. Hence 

[<p(A) A HB)] V M2
k = ((ê(A) V M2

n) A {#{B) V M2
n)) V M2

k 

= (<p(A V M f ) A ?(B V Miw)) V viMS) 

= <p(((A V M f ) A (B V Mi*)) V 14V0 
= *>((4 A J 5 ) V MI*) 

= £(4 A 5 ) V M2
k 

for some », so that £>G4) A £>CB) = ^ ( i A 5 ) . This establishes (i). 
Now, assume that <p is one-to-one. If <p(A) = <p(B), then 

<?C4 V M?) = ë(A) V M2
W = £(S) V M2

W = <p(B V Miw), 

and -4 V M? = B V -MY* for all ». Hence A = B, which establishes (ii). 
We now assume that <p maps «5 «if i onto «5«if 2 and that «èf i is Mi-complete. 

Assume that Z> Ç J£2. For each i, let d be the least element of «if i such that 
C, ^ Mi* and ^(C4) = D V M 2 \ Set C = A* C,. We see that C V Afi* = C* 
for all i, and hence <p(C) = D, which establishes (iii). 

To see that <p preserves residuation when <p does, we observe that 

(<p{A):<p(B)) V M2
k = ((ë(A) V M2

n)\(ç(B) V M2
n)) V M2

k 

and ((41 V Mi): (5 V M?)) V Mx* = (A:B) V Mi* for large n, from which 
the relation follows. 

COROLLARY 1.3. Let (cif i, Mi) a»d (jSf 2, M2) 6e focai Noether lattices and 
{cpii J^i/Mi*-^ J£?

2/M2
i\ a sequence of homomorphisms of «ifi/Mi* onto 

„Sf 2/M2 such that <pi+i extends <pt for all i. If J£2 is M2-complete, then ££\ is 
embeddable in J£2. If also J£i is Mi-complete, then «if i is isomorphic to ££2. 

Proof. Define ô<p: <5«if x - > <5«if 2 by «*>((?) = A <*><«? V M*). It is easily 
seen that <p is an isomorphism. 

If the main concern is the embedding of «if i in the lattice of ideals of a 
local ring, then the assumption of M2-completeness is not restrictive. 

COROLLARY 1.4. Let (R, p) be a local ring and {J£, M) a local Noether 
lattice. If there exists a sequence ç>t of isomorphisms of J^/M* onto the ideals 
of Rjp1 in such a way that <pi+i extends <ptfor all i, then ££ is embeddable in the 
lattice of ideals of the p-adic completion (i£*, p*) of R. If ££ is M-complete, 
then this embedding is onto. 

Proof. The ideals of R/p1 are the same as the ideals of R*/p*i, and the 
lattice of ideals of R* is £*-complete. 

2. Let («if, M) be a Noether lattice. In this section we construct a local 
Noether lattice («if*, M*) which is M*-complete and in which ££ is embedded 
in such a way that «if*/^** = ^7/M1 for all i, thus generalizing Corollary 1.4. 

To begin, we let «Sf * be the collection of all formal sums X)"=i A t of elements 
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of i f such that A t = A i+1 V M\ for all i. We denote the elements of i f * 
by capital letters A, B, . . . , and for A Ç if* we let A = ]Cr=i ̂ 4z-. 

On i f * we define 

(2.1) A ^ B iî At ^ Bt for all i, 

(2.2) 4 S = £ ( i ^ . V l ^ ) . 
i 

Then it is easily seen that any family J ^ of elements of i f * has least upper 
bound 1] 5i, where St = VA Ç^ A t. And it is immediate that 0* = Yl M* is a 
least element for f^^ ; thus if* is a lattice. Actually, if* can be seen to be a 
collection of representatives of equivalence classes of Cauchy sequences of 
f£ under the metric d(C, D) = 1/2* if C V Af* = £> V M* and C V Mi+l ^ 
Z) V M*+1. 

THEOREM 2.1. «if* satisfies the ascending chain condition. 

Proof. Let C(l) ^ C(2) ^ . . . be an ascending chain in f£*, so that for 
each j , C(l)j ^ C(2)j ^ . . . is an ascending chain in f£. Choose N so that 
C(iV)i = C(iV + *)ifor* ^ 0, andset£(w)z- = C(w) i+1 A M* for all i, » ^ 1. 
Then 

Af* è B(n)i è 5(n) < + i è MB(n)t; 

thus i?(w) = J2iB(n)i is an element of the Noether lattice R{f£, M) of 
[2]. Moreover, i?(w) ^ 5(w + 1) in R(^, M), and hence there is an integer 
K ^ N such that B(K) = Bin) for all n ^ K. Hence 

C(K) Î + 1 A M* = B(K)i = B(n)i = C{n)t A M^ 

for n ^ K and for i ^ 0. Now, assume that C(K)r = C{K + i)r for all 
i ^ 0. Then 

C(X + i)r+i = C(K + i)r+1 A C(K + i)r = C(K + i)r+1 A C(K)r 

= C(K + i)r+1 A (C(K)r+1 V M') = C(X) r + 1 V (C(i£ + i)r+i A Mr) 

= C(X) r + i V (C(tf)r+i A M 0 = C(i^) r+1 . 

Since C(K)i = C(K + i)i for all i ^ 0, the theorem follows. 

Note that if^E = {Et} is any sequence of elements of f£ such that, for 
each n, 

(2.3) Ei+1 ^ Ei V Mn for large i 

and if Dn = A* (£* V ikP), then Z> = E A» G f£*. We call Z> the è n ' ^ 
element in if* of {£*}. The following lemma gives some basic properties of 
f£^. We omit the^proof. 

LEMMA 2.2. Let A, B be elements of f£*. Then 
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(i) A A B is the element of ££* derived from {At A Bt}, 
(ii) A:B is the element of ££* derived from {Ai:Bl)1 

(iii) ĉ f* is modular, 
(iv) If {At} is a sequence of principal elements of ££ satisfying (2.3), then 

the derived element of ££* is principal. 

We can now prove the following result. 

THEOREM 2.3. j£f * is a local Noether lattice with maximal element M* = ^2 M. 

Proof. We must show that every element of o$f* is the join of principal 
elements. Hence, assume that B, C 6 <J2?* with B < C. We will show that 
there exists a principal element F Ç J?f* with F rg C and F $ B. Now, 
since Bt < Ct for sufficiently large i, say for i ^ i£, we choose EK principal 
in .if so that E^ ^ C^, EK $ 2?^. Then 

[Gr+i A (EK V AF)] V MK = (EK V AT*) A (CK+1 V ikF) 

= {EK V M*) ACK = EKV MK, 

and hence C^+i A (-Eg; V MK) $ J5^ and there exists a principal element 
EK+i ^ CJC+I A (Ex V MK), EK+1 $ J3X. If now EK+1, . . . , £*+„ are chosen 
so that £*+*+! S CK+i+i A (EK+i V AF+*) a n d £ * + m $BK,0 ^ i ^n - 1, 
then also C^+n+i A (EK+n V il/K+w) $ 23K, and thus EK+n+1 can similarly be 
chosen. Setting Et = EK for 1 ^ i ^ K, the element F of o£?* derived from 
{Ei} is principal with F S C. And since EK+i V MK $ BK, F $ B. It follows 
that every element of <if* is the finite join of principal elements. 

Now, for C € i f , set C* = L (C V M*). By Lemma 1.1, it follows that 
(B V C)* = B* V C*, (S A C)* = £* A C*, (SC)* = £*C*, and (B:C)* = 
B* : C* ; thus if we identify C with C* we have the following result. 

THEOREM 2.4. Let ( if , M) fo a local Noether lattice. Then i f can be extended 
to a local Noether lattice (if*, ikf) such that 

(i) i f * is M-complete, 
(ii) jSf*/AP = ^/M'for all i, 

and 
(iii) b^f* = ôif. 
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