ARITHMETIC PROPERTIES
OF LACUNARY POWER SERIES
WITH INTEGRAL COEFFICIENTS

K. MAHLER
(received 14 August 1964)

To the memory of my dear friend J. F. Koksma

1

This note is concerned with arithmetic properties of power series

1(z) =§0fhzh

with integral coefficients that are lacunary in the following sense. There
are two infinite sequences of integers, {r,} and {s,}, satisfying

s
1) 0=5=7<8$; <1 <$=r,<s5=--:, lim-Z= o0,

= Jm
such that

2) h=0ifr, <h<s, butf #0,f #0 n=1,2,3+--).
It is also assumed that f(z) has a positive radius of convergence, R, say,

where naturally
0<R =L

A power series with these properties will be called admissible.
Let f(z) be admissible, and let « be any algebraic number inside the
circle of convergence,
o] < R,.
Or aim is to establish a simple test for deciding whether the value f(x)
is an algebraic or a transcendental number. As will be found, the answer
depends on the behaviour of the polynomials

3) P() = 3 fust (h=0,1,2--).
In terms of these polynomials, f(z) a’;l_(::vs the development
@ ) = 3 Pufe)
which likewise converges when |z| < R,.
56
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2
If
a(z) = ay-+-a; 2+ + -+ Fa,2"
is an arbitrary polynomial, put

H(a) = max |a,], L(a) =3 la,).
0sjism =0

Then
(5) H(ab) < H(a)L(b), L(ab) < L{a)L(}).

The following theorem is due to R. Giiting (Michigan Math. J., 8 (1961),
149—159).

LeEMMA 1. Let o be an algebraic number which satisfies the equation
A(@) = 0, where A(z) = Agt+Az+ -+ +Ay2™ (Apy #0)
is an srreducible polynomial with integral coefficients. If
a(z) = agt+a,z+ - - - +a 2™
is a second polynomial with integral coefficients, then either
a(@) =0
la(a)] = (L(@)*L(4)™).

or

3

The main result of this note may be stated as follows.

THEOREM 1. Let f(z) be an admissible power series, and let « be any
algebraic number satisfying la| << R,. The function value f(o) is algebraic
if and only if there exists a positive integer N = N (a) such that

P,(2) =0 for all n=N.

CoRrOLLARY: If the coefficients f, are non-negative, then f(z) is trans-
cendental for all positive algebraic numbers « < R,. There exist, however,
examples of admissible functions f(z) with f, = 0 for which S,, as defined
in 4, is everywhere dense in |z| < R;.

Proor. It is obvious that the condition is sufficient, and so we need only
show that it is also necessary.

We shall thus assume that the function value

(6) f@) =3 fyah, = O say,

h=0

is an algebraic number, say of degree ! over the rational field. Let

(7N O, pA), ..., U1

https://doi.org/10.1017/51446788700025866 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700025866

58 K. Mahler 3]
be its conjugates, and let ¢, be a positive integer such that the products

coﬁ(o), Coﬂ(l), R coﬂ(l—l)

are algebraic integers.

We dencte by ¢,, ¢,, - -+ positive constants that may depend on «,
O, - .. U1 but are independent of #. In particular, we choose ¢, such that
1
(8) ] < o < R;, hence ¢, >1, |ga| <],
1

and ¢, such that

(9 [fal = ctey for all b = 0.

Put
(10) pale) = =N+ SH? (=0, 1,---1—1)
and .

pale) = A TT pusle).

Then $,(2) is a polynomial in z of degree lr, with integral coefficients.
From the second formula (5),

-1

L(p.) = CéLI() L(puw),

and here by (8) and (9),

L(pm) S BV+ D lhl S ey (A=10,1,---,1—1).
h=0
It follows that
(11) L(p,) = cir,.

Since « is algebraic, it is the root of an irreducible equation 4 (x) = 0
where A4 (z) is, say of degree M. On applying Lemma 1, with a(z) = $,(z),
we deduce from (11) that either

Pulx) =0

or
(12) [Pal@)l = {(e e ™1 L(A) "}t = c5™™.

However, the second alternative (12) cannot hold if # is sufficiently
large. For by (6), (9), and (10),
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Bao@) = | S fuat] < leyal®ce,

h=s,

and it is also obvious that
[par ()] = ¢ (A=1,2--+1-1).
On combining these estimates it follows that
Ba(@)] = 65+ lesaleg s o7t < 5™

for all sufficiently large #, because by (1) and (8),

N
leje] < 1, lim = = oo.

n-co 771
Thus there exists an integer N, such that
Pale) = 0 for all » = N,.

This means that to every integer # = N, there exists a suffix 4, which has
one of the values 0,1, 2,---,/—1 such that

% frat = ﬂa")-

h=0
Therefore also
Tnel Tn
(13)  Pu(o) = 3 hot— 3 fuod = fl M if 5 ZN,.
=0 =0
Now f(«) is a convergent series, and hence
lim P,(x) = 0.

On the other hand, the ! conjugate numbers (7) are all distinct. There is
then an integer N = N, with the property that

Apgr =24, if n=N.
By (13), this implies that
P,(x) =0 if n =N,

giving the assertion.

4

Let 2 be a set of algebraic numbers, S a subset of X. For each ele-
ment « of 2’ denote by 4 («) the set of all algebraic conjugates a, a’, &', - * *
of « that belong to X. We say that the set S is complete relative to X' if
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o € S implies that also 4 («) € S.

Let again f(z) be an admissible power series. Then denote by X, the
set of all algebraic numbers « satisfying |«| < R, and by S, the set of all
o € 2, for which f(«) is algebraic.

THEOREM 2. If f(2) is admissible, the set S, is complete relative to Z,.

Proor. Let « be any element of S;, and let ¢(z) be the primitive irre-
ducible polynomial with integral coefficients and positive highest coef-
ficient for which ¢(x) = 0. By Theorem 1,

P,(¢) =0 for n=N,
and hence
P, (z) is divisible by ¢(z) for all suffixes » = N.

Hence, if o' is any conjugate of «, also
P, (') =0 for n=N.

Assume, in particular, that «’ € 2,, hence that f(«') converges. Then, by
Theorem 1, f(«') is algebraic, and therefore also « is in S;.

5

The following result establishes all possible sets S, in which an
admissible power series can assume algebraic values.

THEOREM 3. Let R be a positive constant not greater than 1; let X be the
set of all algebraic numbers a satisfying |a] < R; and let S be any subset of
X which contains the element O and is complete relative to X. Then there exists
an admissible power series f(z) with the property that

R,=R and S,=S.

ProoF. As a set of algebraic numbers, S is countable. It is therefore
possible to define an infinite sequence of polynomials

{¢.(2)} = {20(2), 11(2), ga(2), - - -}

with the following properties.

If S consists of the single element 0, put ¢,(z) = 1 for all suffixes #.
If S is a finite set, take for the first finitely many elements of {g,(z)} all
distinct primitive irreducible polynomials with integral coefficients and
positive highest coefficients that vanish in at least one point « of S, and
put all remaining sequence elements equal to ¢,(z) = 1. If, finally, S is
an infinite set, let {g,(2)} consist of all distinct primitive irreducible poly-
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nomials with integral coefficients and positive highest coefficients that
vanish in at least one point « of S.
Further let

Qn(2) = 4o(2)91(2) - - - 4.(2) (n=0,1,2--);
denote by d, the degree of Q,(z); and put
H,= H(Q,) (n=0,1,2--).

Next choose a sequence of integers {s,} where

0 =5, <5, < sy

such that
S s .
(14) lim -* = oo, lim -™! = oo, lim HY» =1
oo d" naoo Sy n-oco
and
Spy1 > Spt+d, n=01,2--").

Hence, on putting
Vi1 = Sut+, n=0,1,2--+),
the two sequences {r,} and {s,} have the property
sn
(1) 0=s, =7 <5, S <$;=73<855000, lim —= o0

- 00 rn

Finally denote by {K,} a sequence of positive integers satisfying

1
15 lim KV = —
12) SmEt =g
On putting
P,(:) = K,Q.()™ = 3 fp* say  (n=0,1,2,-"),

h=3,

and )
(4) fz) = 3 Pa(2) = 3 fd",

n=() h=0

/(z) is a lacunary power series of the kind defined in § 1.
Distinct polynomials P,(z) evidently involve different powers of z,
so that the contributions to f(z) from these polynomials do not overlap.
To prove that f(z) is admissible we have to prove that the radius R,
of convergence of f(z) is positive. In fact

1
— = lim su 1/
7, = limsup |5

and this, by the formulae (1) and (14), is equal to
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1 — i 1/sg
= lim sup |f,|*"*.
Rf 3, Sh=Tyyy
N 0

Further
[fhl é HnKn fOI' sn é h’ g 7'n+1’

with equality for at least one suffix /% in this interval. Hence, by (14) and (15),

1 — 1§ 1y l
3 ‘hf‘jfp (H, K,) ™ =
so that
R,=R>0.
The second assertion
S;=3S

is now an immediate consequence of Theorem 1 and the construction of the
polynomials P, (z). For if « is any element of S, then evidently P,(z), for
sufficiently large », will be divisible by the polynomial ¢,(z) which has «
as a root, and so a € S;. On the other hand, if « is not an element of S,
no polynomial ¢,(z) and hence also no polynomial P, (z) vanishes for z = a.

6

The two Theorems 1 and 3 together solve the problem of establishing
all possible sets S; in which an admissible function may be algebraic. In
order to obtain further results, it becomes necessary to specialise f(z).

Let us, in particular, consider those admissible power series

1) =§0 1o

which are of the bounded type, i.e. to which there exists a positive constant
¢ such that

(16) /)l ¢ for all Az=0.
For such series the set S, is restricted as follows.

THEOREM 4. I} f(2) is an admissible power series of the bounded type,
then S, may, or may not, be an infinite set. If

Sf = {0(1, Ry, Kg, * * '}
is an infinite set, then
lm |o,) = R, = 1.
k- 00
Proor. (i) It is obvious from Theorem 1 that there exist admissible
power series of the bounded type for which S, is a finite set, e.g. consists
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of the single point 0. The following construction, on the other hand, leads
to such a series for which S, is an infinite set.
We procede similarly as in the proof of Theorem 3, but take R = 1 and

Gu(?) = 1=2"=2%,  K,=1 (#=0,12,-).

Then, in the former notation,
H, =1 (n=0,1,2,--),

because the Taylor coefficients of Q,(2) = ¢4(2)g.(2) - * - ¢,.(2) all can only
be equal to 0, +1, or —1, The construction leads therefore to an admissible
power series f(z) the Taylor coefficients of which likewise can only be
equal to 0, 41, or —1. Furthermore, the corresponding set S, consists of
the infinitely many numbers

8" —
V\/52-1 n=012--).

(ii). Next let f(z) be an admissible power series of the bounded type,
thus with the radius of convergence R, = 1, and let » and R be any two
constants satisfying

0<r<R<1
Let S;(r) be the subset of those elements « of S, for which
] < 7.

We apply again the formulae (3) and (4) and put

P¥(z) = 27%P,(z) = z fad¥ n=1,23-");
h=s,

here, by (2),
Pr(0) = f,, #0 (n=1,23,--").

Therefore, by Jensen’s formula,

3 log i = log — If i + log | P¥(Re*)|do,

0

where Y, extends over all zeros « of Pp(z) for which |¢| < R. Here, on
the right-hand side,

log

<0, |P¥Re”) <c(Q+R+R:4---) = for real 9,

Ifs|

where ¢ is the constant in (16).
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Assnme, in particular, that |«| = 7 and hence log R/|a| = log R/r. The
inequality (17) shows then that P}(z) cannot have more than

(log I—CR)/ (hg ?)

zeros for which |«| = 7. This estimate is independent on #. On allowing
both R and 7 to tend to 1, the assertion follows immediately from
Theorem 1.
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