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ABSTRACT. An ice-shelf mod el which fea tures effi cient numeri cal techniques is 
developed to d etermine th e back-force exerted by sides a nd pinning points, such as 
isla nds of a n emba yed ice shelf. Th e model is appli ed to three idea l geo metri es and 
shows th a t th e res traint exerted by a sma ll island , even fa r downstream from the 
g rounding line, can represent a bout one-half of the to tal res tra int due to the 
embayment. Our results a re furth er interpreted to sugges t several criteri a useful for 
tes ting an y ice-shelf model. 

INTRODU CTION 

La rge flo a ting ice shelves surround much of Antarcti ca . 

Their fast flow , oft en in excess of 1000 m yea r I , is o f 
trem endous interes t in the stud y of ice d yna mics a nd 
Anta rctic clim a tology . On th e o ne ha nd , ice-shelf 
d yna mics a re controll ed by bo th the ocea n a nd the 
a tmosphere. On th e o th er ha nd , because of high ice 

velocities, ice shelves involve time-scales whi ch a re ten 

times sm a ll er tha n those involved in th e g rounded inland 
ice shee t (typi ca ll y a few hundred yea rs for a n ice shelf 
\'ersus several tho usand years for a g ro und ed ice shee t) . 
These consid era tions sugges t th a t ice shelves should be 
th e first e lem en ts of the ice-shee t system to respond to 

clima te cha nges. Furthermore, their involvement in 

clima te insta bilities such as H einrich e\'ents is a lso 
conceiva ble. 

Earl y a na ly ti ca l studi es of ice-shelf Oow (\Vee rtm a n, 
195 7) were o ne-dim ensional a nd th e ro le o f la te ra l 
bo undari es was no t clea rl y ta ken into acco unt. D espite 

th e sim plici ty of this ea rl y work, it ge nera ted an 

a wareness of the interacti ons between a n ice shelf a nd 
a g ro und ed ice shee t, a nd led to the discove ry of a n 
insta bility m echa ni sm , since kn own as th e m a rin e ice­
shee t instability, which co uld occ ur in th e g rounding 
zo ne . Thom as ( 19 73a , b ) de\·eloped a n a pproxima te 

so luti on for a n ice shelf in a rec tang ula r cha nnel, in 

which the fri c ti o n a t the sides was pa ra me teriza tion 
using obse rva ti o ns on th e Oow of the Brunt, Ross and 
Amery Tce Sheh-es . The first two-dim ensio nal computa ­
ti o na l stud y is due to J\l acAyea l and Thom as ( 1982), 
who solved th e stresS equa tions using the finit e-elem ent 

m ethod . So m e other num eri ca l models using the finite­
difference m eth od (Determa nn , 1991 ; H uybrech ts, 1992; 
J o nas a nd o th ers, 1994) ha \'e since foll owed. The work 
we present here is in keeping with th e spirit of th ese 
previo us studies : the zero th a nd the first o rd er of th e 

Stokes' equ a ti ons, hea t tra nsfer a nd m ass consen 'a ti o n 
a re trea ted simulta neo usly. 

ICE-SHELF DYNAMICS 

a. Diagnos tic equations 

First, we sha ll derive th e stress-equilibrium equa ti ons 

using simplifications m ade possible by some of the fea tures 
of a n ice shelf. These pa rti a l differenti a l equ a tions, as well 
as th e ir bo und a r y co nditi o ns, h ave no t ye t bee n 
uni\"ersall y acce pted. Th e deri va ti on we present here is 
basicall y the same as th a t proposed by MacAyeal and 

others ( 1986), also kn own as the " reduced " mod el of 

~lorla nd ( 198 7), but we gi\T a different desc ription based 
on the force ba la nce O\Tr a n elementa ry co lumn. 

By considerin g the typi cal geometry or a n ice shelf, we 
can recogni ze a n o bviously sm a ll pa ra meter, known as 
th e aspec t ra ti o, whi ch is the ra tio of the ice thickn ess (H ) 
O\'e r the hori zonta l sca le (L ). For the R oss I ce Shelf, L is 

a bo u t a 100 km a nd H is less tha n I km. Appropri a le 
recogniti on o f th e sma lln ess of this as pec t ra ti o will a ll ow 
us to ma ke ass umptions similar to the quasi-geos trophic 
approxima ti o n in meteo ro logy (in whi ch th e smallness of 
the R ossby n umber is used ). Since acce lera tion , inerti a 

terms a nd Cori olis force a re neglec ted , th e Stokes' sys tem 
can be written as 

----; ----; 
Div[cr] + pg = 0 (1) 

\I"h ere 9 is the gra \'ity acce lera ti on , p is the ice d ensity a nd 

[CTJ is th e stress tenso r. For our spec ifi c problem , we sha ll 
use a \'e rti ca ll y integra ted formul a ti o n of thi s sys tem . 
Therefo re, we consid er a n elementa ry co lumn thro ug h 
the ice shelr (sce Fig . I) of dimension 8x, 8y and H ; th e 
upper bo und a n ' is in contac t with the a tmosphere, 
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Fig. I. Schematic viell.' of an ice shelf showing the Jorce budget Oil all ice {olumll and the different notatiolls ((11 is, 
slllJaces ... ) . 

w hereas th e lower one is in contac t with th e ocean . \\'e 
assume 8x and 8y sm a ll a nd o f th e order of H. The fo rce 

budge t o n thi s co lumn is 

G G 

LE; = - L [afsi = mg (2) 
i=l i=l 

where F is th e fo rce, [0-] is th e stress tensor averaged over 

th e elementa ry surface which is considered a nd m is th e ice 

mass of thi s elementa ry column . The ind ex is rela ted to th e 
surface, where the force o r tenso r is a pplied (see Fig. I ) . 
The surrace vec tors, 5 i , a re pointing o utwa rd a nd th e 
upper a nd lower bound a ry conditions a re th e follO\\'ing: 

----* ----* 
[0-]656 = P\\,gZb 56 (3) 

wh ere L\\' is th e sea-wa te r d ensit y a nd Zh th e ice-sh elf base 
ele\·a ti on . The u pper surface is stress-ri-ee (the fri cti on of 

winds and atm ospheri c pressure a re neglec ted ) a nd th e 

bo t tom is just subj ec t to \I'a ter pressure. The proj ec ti on of 

Equa tion (2) on th e x -ho ri zo nta l axis, using Eq ua ti on (3) 
(no te th a t he re x a nd y have th e same role, a nd we sha ll 
onl y writ e th e a; proj ec ti o n fo r th e sake orbl-e\' ity) lead s to 

o-u·(a· + 8x) H(x + 8x)8y - a-.rr (x) H(x)8y 

+ a-.ry(y + 8y) H(y + 8y)8x - a-,y(y)H(y)8x 
aZb + P\\,gzb -a Eh'by = o. 

x 
(4) 

'Ve can now use a T ay lor 's expansion of th e first o rd e r. 

w hich yields 

aa-.r.rH aa-.1yH aZb _ 0 
-a--+-a-+P\\'9zh-a - . 

X' Y x 
(5) 

14 

No te th a t rrom now on th e stresses a re a \'e raged O\'e r 
d epth . A ve rti cal integra ti o n of th e Stokes' sys tem, ta kin g 

in to account th e upper a nd lower boundary conditions 

a nd using difTerenti a l ca lculus a nd th e Leibnitz' rul e 
wo uld ha \'C led to exac tl y the sa me res ult (:Vl acA yeal, 
1994). We emphas ize th a t th e d e riva tion d escribed a bove 
has no thing spec ifi c to d o with th e finite-difference 

meth od d esc ribed in th e following pa rt. Note a lso th a t 

no ass umption res ulting from th e smallness of th e aspec t 

ra ti o has bee n mad e ye t. 
Ac tu a ll y, in N a ture, stra in ra tes a nd \'e lociti es a re 

much easie r to meas ure th a n stresses, a nd th e nex t step in 
th e ca lcul a ti on will be to write Equ a ti on (5) in terms o r 
stra in ra tes. H ere, we m a ke th e assumption th a t ice is a n 

isotropic m a teria l a nd writ e th e strain-ra te tensor as 

2TJ [E] = [0-] + P [! ] (6) 

where TJ is th e ice viscosit y (which d epends on tempera ­
ture a nd on th e second inva ri a nt of th e stra in-ra te tenso r, 

er. sub-sec ti o n c below ), [i:] th e strain-ra te tenso r, P th e 

pressure a nd [I] th e identity tenso r. Th e pressure can be 

computed using th e \'enica l p rojec ti o n of th e S tokes' 
sys tem (Equ a tion ( I )) a nd th e prev io us eq ua tio n : 

8217Ero 82T/E!Jz a( 2TJEzo - P ) --+--+ = pg 
Eh' oy oz 

:::} P(zs ) _ P(z) = f O' 021]i:.fZ d( + f Z' 82.1]i:yz d( 
o a.T z ay 

j .o, a217E -- 1" + ---- d~ - 9 P d~ . 
z az 0 

(7) 

On e of th e maj o r fea tures o f ice-shelf d yna mics, a nd wh a t 

ma kes th em comple tely diITerenl from g round ed ice 
shee ts, is th e independence of stra in ra tes \I'ith d epth . 
An elega nt dem onstra ti on is no t cl eri\ 'Cd here but it 
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fo ll o \\'s fro m th e sm a ll- as pec t ra ti o w hi ch \Vc di sc ussed a t 

th e beg inning o f thi s sec ti o n . A ri go ro us a pproac h 

(f\l ac A yea L 1989 ) leads to th e fo ll owing res ult: 8c.rr /fJz. 
fJC.ry/ fJz a nd 8c!J!J/ fJz a re o f o rd e r aU / L2 (Q being th e 
aspect ra ti o, U th e horizonta l velocit\· sca le a nd L th e 
ho ri zo ntal scale) . By a simil a r reasonin g , th e lil's t t\l'O 
terms in Equa ti o n (7) (ho ri zo nta l g radi e nts o f \ 'e rti ea l 

shea r stress ) can be safely di srega rd ed . The ice d ensity is 

ass um ed to be co nsta nt in th e wh ole ice shelf a nd thus ice 

thi ckn ess sho ul d be inter p re ted as a n " ice-equi \'a lent " 
thi ckn ess . The upper bound a ry conditi o n (Equa ti o n (3 )) 
is acco unted for, a nd Equ a ti o n (7) then sim p ly beco m es 

wh ere lI'e h a \ 'e used th e ice incompress ibilit y . W e a re nO\I' 

a bl e to re \l'rite Equa ti o n (5 ) using Equa ti ons (6 , a nd (8) 
a nd th e ass u mp ti o n th a t th e iee shel f noa ts in loca l 
h ydros ta ti c equili b rium , 

fJ(2r,H(2E:u + E: yy)) + fJ (2 r,H E:.ry) 
fJx fJy 

p~ _ ~)9H fJH . (9) 
\ p" ox 

Th e ve rti ca ll y a\"C raged \ 'iscosity w hic h ap pea rs in thi s 
equ a ti o n co m es from th e ve rti ca ll y ,I\ 'e raged s tress 

compo nents in Eq ua ti o n (6). An x a nd y permuta ti o n 

in Equa ti o n (9 ) lI o uld lead to th e y proj ec ti o n o f th e 

\"Ccto ri a l express io n in Equ a ti o n (2). One ca ll no ti ce th a t 

th ese di ag nos ti c equa ti o ns a re diffe re nt Cro m th ose 
desc ribed by J o n as a nd o th e rs ( 1994) , De te rm a n n 
( 199 1) a nd Hu yb rechts ( 1992 ) . This d ifference a ri ses 

fi'o m th e d o u b tful ass umptio n a t th e o utse t o f th eir 

reasonin g, th a t oun/fJz, whi c h is ac tu a ll y o f th e sa m e 

o rder (o rd er I ) as a lmost eve ry o th er te rm of th e S tokes' 

sys tem , is su p posed to be negli g ibl e. \\' ee rtm a n ( 1957 ) , 
Tho m as ( 1973a ) o r Sa nderso n ( 1979 ) ha d thi s te rm in 
th e ir ea rl y studi es but th e m ista ke pro bab ly a rose fro m a 

misund ers ta ndi ng of th e pa per of Sande rso n a nd D oake 

( 1979 ): " I s ve rti ca l shear in a n ice shel f negli g ible?" . 

\\'e now ha\"C a sys tem of equ a tion s w hi c h computes 

th e \'e loc it y fi e ld fi 'o m th e ice thi c kn ess. T hi s se t o f pa rti a l 
d ifferenti a l equ a ti o ns ca n be so h-ed nu me ri ca ll y usin g a 
finit e-difference sc hem e, as described be lo ll·. 

h. Boundary conditions 

St ric tl y spea king, th e m aj o r ass umptio n o f th e pre\'io us 
reasonin g ( th e inde pe nd e nce o Cstra in ra tes \I'ilh res pec t to 

d epth ) is no t \ 'a lid near th e bo un da ri es. Fo r in sta nce , th e 

g ro undin g line can be a tra nsiti o n zo ne wh ere th e 0 0 \1' 

c ha nges fro m a \'er ti cal shea r-s tress regim e in to a long­

itudin a l-stress regime. This pro blem , p ro ba bl y o ne o f th e 

mos t int erest ing in ice-shee t mode lling, h as bee n t rea ted 
a na ly ti ca ll y by Ba rcil o n a nd ~IacA)'ea l ( 1993 ) fo r a 
i\"ell' lO nian rh eo logy a nd numerica ll y b y Les tringa nt 

( 1994) , in bo th cases fo r 1\1'0 di me nsio ns. H e re, lI"e c hose 

to take o nl y th e "fa r fi e ld " into accoun t, mean ing th a t th e 

bo unda ry condit io n is app li ed far eno ug h fro m th e 

g rou nding lin e, o r fr ol11 th e ice fro nt w he re th e sa l11 e 
kind of p ro b le m oce urs ( ~I o rl a n d, 1987 ). 

Bo unda r )' cond iti o ns in m ec ha ni ca l p ro blems o rt en 

split in to t\l 'O types: kin em atic (whi ch m ea ns that th e 

\ 'eloc it y is spec ifi ed o n th e bo und a ry ) o r dmami c (th e 

fo rce is spec ifi ed ). This di stin c ti o n is in fac t a rtifi c ia l a nd 

ROllllllelaere al/d Ril.::.: ,.J Iltenllolllec/wl/ical lIIodel qf ice-sltelf.J7ol!' 

d epend s upo n th e d o m a in . S ince sliding o n lh e sid es is no t 

well und e rstood , \IT c hose to d esc ribe it with kin em a ti c 

bo und a ry conditi o ns (ze ro yeloc ity ) . This is co nsistent 

\I'ith o bse n 'a ti o ns on large ice sheh-es, fo r in sta nce. o n th e 
R oss I ce ShelC a lo ng th e Tra nsa nt a rc ti c J\I o unta ins, but a 
furth e r para m e te ri zat io n oC sli d ing is necessa ry fo r sm a ll e r 
sca les . In sO l11 e cases suc h a n a pproac h tends to O\"(' r­

es tim a te th e res tra int (\IacA yea l a nd o th e rs, 1986 ) . The 

ice inl e ts (g laciers a nd ice stream s) a re a lso na tura ll y 

d esc ribed lI'ith kin em a ti c bo und a n ' conditi o ns: the ir 
\ "C lociti es are pa ra m e te rs of th e m od e l. On th e o th er 
ha nd , th e ice Cro nt is typicall y a dyna mi c bo und a n ' 

conditi o n: th e ho rizo nta l lo ng itudina l s tress in th e ice has 

to be ba la nced b y th e lI'a te r press ure . Fo lIO\y in g th e 

\ 'eni ca lh' integra ted app roach a bo\'e, fo r a n ice fro nt 

pa ra ll e l to th e y axis th e force bala n ce o n th e front can be 
writte n fo rm a ll y as 

Equ a ti o n ( 10 ) IS a \ 'eclO ra l expressIO n th a t we sha ll 
p ro jec t o n th e x a nd y axes; usin g th e pressure fi'o m 
Eq ua ti o n (8 ): 

{ 
2ryH (2E:,r + E: yy ) 

2i]H Eru 

= P(l _ ~) gJ;l . 
PII -

= 0 
(11) 

:\"o te th a t th e sim il a rit y be t\l"een th e d iagnos tic E qua ti o n 

(9 ) a nd th e bo und a ry co nditi o n (Equ a ti o ns ( 11 J) 

prO\' ides a ra th er good a rg ume nt fo r th e se lf-co nsistency 

of thi s m c th od. N o ass u m pti o n a bo ut th e "confin em e nt" 

of th e 0 0\1' a t th e ice fro nt is mad e unlike th e l\"O rks o f 

D e termann 199 1) or HU >'b rec hts ( 1992 ). 

c. Ice rheology 

The prey io us a na lys is IS \"edid fo r Stokes' 0 0\1' of a ll\" 

noa ting iso tro pic m a teria l. In this \I'o rk , ice is ass umed to 
fo ll o \l ' G len's nO\l' la \I ' (Pa le rson. 199+): 

(12) 

lI·he re AT is a coe ffi c ient depe nd e nt o n th e tempera ture 

Arr he nius's lall' ) , T is th e second ill\'a ri a nt o f th e 
de\'ia toric st ress tensor a nd c is th e second stra in-ra te 
te nso r im·a ri a nl. The ex po nent o f G len 's no\\" la ll' (77 ) is 

ass umed to be eq ua l to 3. \\'e need th e d epth-m'e raged 

\'iscosit y a nd AT - 1/ J since th e stra in ra tes a re indepe n­

dent o f d ep th . T he tempera tu re is nume ri cally computed 

b y so h ' in g th e time-de pe nd en t h eat equ a ti o n : th e 
tem pera tu re ('\ 'o luti o n at a fi xed po int in space (E uleri a n 
d esc ri p ti o n ) is d e term ined b y \"enical hea t d iffusio n , 

horizo nt a l hea t ack ec ti o n a nd \"Crti ca l hea t ack ect io n so 

th a t 

II-here T is th e te m pe rature, t is th e tim e, u. v, a nd wa re 

th e components of th e \'e loc it y, c is th e specifi c hea t 

ca pacll \ a nd J( is th e th erm a l conduc ti\·it y. 
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d. TiIne evolution: the prognostic equation 

All the time-depend ent terms in th e Stokes' sys tem ha ve 
been neglec ted (see Equati on ( I )) . Th e time evolution IS 

thus d etermined by m ass conserva tion in a column 

oH d' H --+ . 75t + !VH U = a (14) 

where t i is the horizon ta l veloci ty fi eld , a is the sum of the 
surface a nd bo ttom accumula ti o n a nd divI-! is the 
horizon ta l dive rgence. 

THE NUMERICAL SCHEME 

Solving the m odel equa ti ons using a computer requires 
discreti zation on to a numeri cal grid . The equ a tions 

described a bove (diagnos ti c equa tions, boundary condi­
ti ons, heat and m ass conserva tion ) a re discre tized on to 
the regul a r stagge red grid shown in Figure 2. In o ther 
finite-difference studi es, viscos it y g radi ents in the di ag­
nostic eq uations a re neglec ted , mostl y because they often 

induce wiggles in the results. On the other ha nd , in 

MacAyeal's finite-elem ent works, because of the method 
itself, the ice viscosity is a piecewise consta nt fun ction over 
each tri a ng ula r element: grid refin ements a re needed nea r 
bounda ri es a nd where gradi ents a re importa nt. The 
resolution scheme we present here ta kes vi scosity g radi ­

ents into account, is numeri call y sta ble, a nd avoids the 

fo rmation of wiggles . The disc re tized form of Eq uation 
(9) is: 

Th e second equ a tion (y proj ec ti on) is o bta ined by x a nd 
y, u a nd v , i and j permuta ti ons. By ord ering U i .j a nd Vi.j 

in a single-column vec to r U a nd by using a similar 
disc re ti za ti on for the bound a ry conditi ons, we build a se t 

of 2N (N being the number of g rid points) non-linear 
equa tions with 2N unknowns, where 

(16) 

This system can be linearized using a New to n- R ap hson 
method , though a sim ple successive-a pprox im a ti on itera ­

ti o n (or Pica I'd itera ti on) ove r the viscosi ty leads to 
satisfac tory conve rgence. This means tha t Eq ua ti o n (16) 
is solved as a linear system by Ga uss ia n eli m ina ti on , until 
conve rgence of th e velocity fi eld. This computa ti on is 

16 

(i · lj+ l) (ij+l ) (ijTI) (i+ lj~l) (i+l j +l ) 

H ~ u I H ~ u 1 H ~ 

I I 
I I 
I I 

(i- IJ + I) I v (iJ+ I) I v (i+IJ+ I) 
~ -----I- ---- -----'t-----

I I 
I I 
I I 
I I 

(i-IJ) I (iJ) (iJ) I (i+ IJ) (i+IJ ) 

H ~ u l H ~ ul 
1 1 

H 

I 1 
I 1 

(i-Ij) I v (i j ) I v 

~-----~----- -----4-----
(i+ IJ) 

I I 
I I 
1 I 
1 1 

(i-IJ- I) 1 (iJ-I) (iJ- I) l (i + IJ-I) (i+ IJ-I) 
~----~~----~~----~~~-4 

H ~ H ~ H ~ 

• X 

Fig . 2. N umerical grid used in the model. 

perfo rmed using a spa rse-matrix algo ri thm (Duff a nd 
R eid , 1979). 

The solution of the heat equa tion is d erived from the 

m ethod used in a g rounded ice-shee t mod el (Fa bre a nd 

others, 1995 ). W e use an implicit schem e in time a nd a n 
upwind scheme for the hori zonta l advec tion_ There a re 
som e specifi c trea tm ents for th e ice shelf: ( I ) The basa l 
boundary condition is fi xed a t the freezing tempera ture o f 

sea wa ter. (2) As far as the ve rti cal advec tion is 

conce rned , it fo llows from the independence of stra in 
ra tes with depth tha t th e ve rtica l velocity vari es linea rl y 
with depth . Its va lue a t the ice-shelf bo ttom depends 
signifi cantl y on the melting (o r refreez ing ) ra te, thus 
a ffec ting the tempera ture profil e. In [u ture, basa l mel ti ng 

should be ta ken into acco unt but in this a rticl e we onl y 

consider simplified exa mples, thus we a sume no m elting 
or refreezing . Our mod el cannot be used to compute the 
tempera ture profi le a t th e g rounding line, as it depends 
stro ngly upon the tempera ture fi eld in the grounded ice 
shee t. H ere, sin ce th e tempera ture does no t a lte r 

qu a lita ti vely the res ults, we chose to neglect hori zonta l 

hea t advec ti on a t the grounding line where the tempera­
ture profi le is then computed a na lyti ca ll y (R obin , 1955 ). 

IL is impon a n t to no ti ce th a t the m ass-conse rva ti o n 
equa tion cannot be written as a diffusion equa ti o n in ice 
shelves . This fea ture is proba bly th e most diffi cult 
technical as pec t one en counters when trying to ad a pt a 

gro unded ice-shee t model to a n ice-shelf a pplica tion . A 
class ical semi-impli cit di scre ti za ti on is used here a nd a 
linea r se t of N equa tions with N unknowns is to be 
solved : 

(17) 

B2 is a column vec tor of dimension N , H is a column 
vec tor con ta ining th e thi ckn esses a l each grid poilll a nd 
A2 is a N by N ma tri x which has fi ve di agona ls 
(tr idi agon a l with lwo frin ges ). Adjusrmellls o n the time 
step a re performed to mainta in num eri cal sta bility a nd to 

build a m a trix (A2 ) with a domina nt diagona l. This 
sys tem can therefore be solved by point relaxa tion (Press 
a nd o thers, 1986) . This scheme is numeri cally sta ble a nd 
does not rcq uire smoo thing . 
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T able I. /II/J llt parameters Ja r t/ze ice-shelf model 

Ph ysica l consta nts 

Numeri cal doma in 

3 P = 920 kg m 
p", = I 028 kg m 3 ., 
g=ms-

5 1 X 5 1 x 19 grid points for th e 
cha nn el 

52 x 59 x 19 for th e di\'ergent bay 
dx = 10 km 

Air tempera ture: 1'., = 30 ' C Tempera ture a nd 
acc umula ti on Sea tempera ture: 71, = - 1.5C C 

Surface acc umul a ti on: 0.3 m a I 

Therma l conducti\ ·it\' : !.: = 3. IOx lOB 
ex p( 0.0057T + T~)j m I K I a I 

Specillc hea t capac ity: 

Rh eo log\' 

Ice thickn ess a t th e 
grounding lin e 

c=2 11 5.3+7 .79TJm l K I 

A T = Aa exp [Q I R (1I T f - l i T )] 
An = 8.3 x 10 2 bar 'I a I 

Q = 78 .2 kJ mol I 

R = 8.32J mol I 

H = 1000 m 

Ice \'e1oci ty a t th e 
gro unding line 

Para bolic profilr: UII"LX = 400 111 a I 

RESUL TS ON VARIOUS SIMPLIFIED GEOMETRIES 

The nume ri ca l m od el has been a ppli ed o n th e follo\\'ing 

simplifi ed geo m e tri es (see Fig . 3) : 

I. A rec ta ng ul a r c ha nnel. 

2 . A slig htl y di\ 'e rgcnt bay. 

3 . Th e sam e di\'e rgent bay with a sm a ll pll1nll1g po in t 

(isla nd o f 200 km2
) in th e middle. 

A free ly expa nding ice to ng ue has bee n add ed beyond th e 

co nfin ed ice shelf in o rd er to tes t th e m od el (see th e 
fo llowing pa rt: tes ting ice-shelf m od els) . A simila r exe rcise 
has been perfo rm ed by Sa nd e rson ( 1979 ) in a o ne-

y 

• q r 
b 

a 

• DiagnostiC equations 
• Mass conservation 
• Heat conservation 
• Rheological properties 

c 

Kinematic bou ndary condition 

400 Km 

• 
(island) 

Fig. 3. T he three ol'ersim/Jlijied geometrie:, l('/Zi(h are 
considered ill this work: a chall llel ( a) , ([ dizle l~l!,el/t b(~) ' 

( b) J and a divelgelll ba)' with a sll/a// islalld ill the middle 
of the }low (c) . 

Rommelaere alld Rit;:: ..J thermomec/zanical model of ice-shelf flOIl' 

dime nsio na l stud y. One o f hi s m os t interes tin g res ults \\ 'as 

th a t a n ice shelf could no t sun"i\"e in a stro ng ly di\'e rgent 

bay (indeed cm'ita ti o n , i.e. hole in th e ice shelf, must 

occur if th e a ng le is no t a cute e no ug h ) . Fo ll o \\'ing 
S a nd erso n' s crit e ri o n , th e di\'e rgence o f th e bay in o ur 
seco nd exa mpl e is n o t s tro ng e no ug h to produ ce 
ca \'ita ti o n a nd we th e refo re a ss ume th a t th e ice she lf 

rem ains in contac t \\"ith th e sid es o f th e bay . 

Th e m od el is run fro m a Im thi ckn e s (except a t th e 

g rounding line ) to a s tead y s ta te a ft er 5000 years a nd \\'e 
use th e res ults to es tim a le the fo rce budge t in th e ice shelL 

T a bl e I summa ri zes th e differe nt input pa ra m e ters 
used fo r th e m od el. The a im of this pa pe r is to 5hO\\', in a 

simple m a nner , th e a pplica bili ty of o ur ice-shelf d yna mi cs 

fo rmul a ti o n a nd th e ro le o f pinning po ints. This is why 

m a ny in p ut pa ra m e te rs a re ass umed to be co nsta nt , 
whe reas in i'\a ture th ey ca n va ry sig nifi cantl y . 

A pi c tori a l re presenta ti o n o f th e m aj o r fea tures o f th e 
res ults (fo r th e slig htl y di\'e rgent bay) is shO\\'n in Fig ures 

4 a nd 5 . \ s o bsen 'ed in N a ture, th e ice shelf is thinn er a nd 

fas ter OO\\'ing nea r th e ice front. A sm a ll osc ill a ti o n in th e 

thic kn ess fi e ld occ urs a t lh e junc ti o n be t\\'ee n th e free ly 
ex pa nding ice to ng ue a nd th e embayed ice she lf, due to 

th e stro ng sing ul a rity o f th e co rn er. This wiggle, w hi ch is 

no t a g rid-po int to g rid-po int osc ill a ti o n , pro ba bl y co m es 

from th e ina bility of th e num eri ca l mod e l to treat th e 

sing ul a rit y . The tempera ture g radi ent is stronger nea r th e 
base th a n nea r [he surface: [hi s is a typi ca l shape wh e n 
o ne d oes no t co nsid er basa l melting o r acc re ti on . This 
implies th a t, in our pa rti c ul a r exa mples, beca use o f th e 
\ 'e rti ca lly integra ted fo rm o f th e equ a ti ons, th e dyn a mi cs 

a re contro ll ed by th e upper lave rs o f ice, whi c h arc cold er 

a nd th us mo re \·isco us. 
An ice shelf is na lU!'a ll y " pull ed " sea \\'a rd und er th e 

ac ti o n o f th e difle re nce of d ensit y be t\\ 'Ce n ice a nd sea 
\\"a te r in \\"hi e h it fl oa ts, a nd a res tra int is exerted b y th e 

sid es o f th e bay, isla nds a nd ice ri ses. This res tra int 

(known as th e ba ck fo rce ) ca n be computed by compa rin g 

th e simul a ted s tress te nso rs to th e th eo re tical s tress 

650 
600 
550 
500 
450 
400 
350 
300 
250 
200 
150 
100 

50 
o 

Fig. -I . T hicklle5J ( II/J/m pallel ) alld l'e!ociO' Jietd Jar tlte 
slight(J' dil 'elgent b(~)', as a reslI!t of the model: the l'e!o{i~)'­
fie!d (Oll tollr:, ([re gil'fIl el'(I)' 10011/ a I alld the II /{/\illllllll 
l'e!ociU is /400 m a 1 
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Rommelaere and Ritz : A Ihermomechanical model oJ ice-shelf }low 

Fig. 5. Computed temjJerature profiles on the centre line 
(symmet lY axis) Jar tlte slightIJ' dive1gent bay. 

d istribution for a freely ex pa nding ice tongue as d efin ed 
by Weertm an (1957 ). T he back fo rce for the three 
d ifferen t kinds of bay a re plotted in Figure 6 . One noti ce: 
the h uge res tra int (a lmos t half of the to tal res tra int ) 
exerted by the small isla nd. The role o f the angle of 
d ivergence on the bac k fo rce is a lso sign ifican t (of a bout 
5000GN). 

Figure 7 shows tha t the effec t of an isla nd (a nd of the 
di vergence of the bay) on the thi ckn ess fi eld must be 
ta ken into account. This will be of spec ial interes t in 
futu re models th a t wi ll couple ice sh ee ts a nd ice shelves 
a nd eva lua te the position of the grounding line. 

TESTING ICE·SHELF MODELS 

The first conce rn of the modell er should not be to li t the 
d a ta but ra ther to bui ld a self-consistent too l. This mea ns 
tha t a " bad " model should no t be rej ec ted due to 

4000 _ _ channel 

.......... . .. . . div & island 
Z 
0 ..... 
0 
T"" 

X -Q) 
(,) 
L-

0 -.::s:. 
u 
cu 
m 

18 

3000 

2000 

1000 

o 
o 

. ___ __ divergent 

100 200 300 

X axis (km) 
400 500 

Fig. 6. Back Jorce computed Jar each geomellY: channel 
(ju/lline), diVe/gent ba)' (dashed line) and diVe/gent b(I)' 
including all islalld (dot led line). T he rough aspect of Ihe 
curves associated with t/ie dizJergent b{~)' is an artifact due 10 

Ihe discreli::.a lioll . specific to the fillile-chjjerence method. 

1000 

___ chan"~1 

800 .... div &island 

~ 
dlnrg~nl 

E- '. 
Cl) 

600 
Cl) 
Q) 
C 

..\C 

.S2 400 

..c: 
f-

200 

o +, --~---,---~---.----+ 
o 100 200 300 400 500 

X axis (Km) 

Fig . 7. Thickness along the centre line Ja r each geomet1)' 
( the th ickness is set equal to zero at the island) . 

d isagreement with rea li ty bu t ra ther beca use of its 
inabili ty to conse rve phys ica l q ua n t i ties . Only then, it 
can be com pa red wi th obse r\"ed d a ta . H ere, we propose 

th ree exercises that can be easily coded to test a n ice-shelf 
model. 

1. Mass conservalion 
\ Vhen in stead y sta te, mass nux out should equal mass 
nux in . 

2. Divergence Iheorem 
T he di ve rgence theo rem described below refl ec ts a simple 
conce pt: the ac ti on- reac tion p ri ncip le. T he in teg ra tion of 
a hori zonta l proj ec tion of the S to kes' equa tions ove r a 
d efin ed \'o lume (v) is ze ro: 

f (Div[O"] + pg) :i! dv = O. 
. (vl 

(18) 

~1a th ema t i ca l manipu la tions on the di\'e rge nce opera tor 
of Equa tion (18), combined with th e di ve rgence theorem, 

lead to 

i -t -t [0"] X d L; = O. 
E 

(19) 

In the "added " ice longue, beca use of the lac k of 
horizonta l shear stress a t th e la tera l bound a ri es, this 

theo rem can be used to ve rify the num erica l computa tion . 
In the em bayed ice shelf, the same th eorem can be 
applied to d etermine the bac k force: ind eed , if ,,-e defin e 
the closed surface (L; ) by x = Xo. the upper a nd the 
bottom surfaces of the ice shelf, the ice front, the sid es or 
bay a nd the isla nd bounda ry, the [O"]x elL:: qua ntity can be 

evalu a ted easily eve rywh ere except a round the isla nd and 
along the la tera l sides. The res tra int due to the la tera l 
sides a nd the isla nd (bac k force ) is thus obtained by a 
simple subtrac lion, since we kno\\" tha t th e sum of th ese 
qua nt iti es has to va ni sh as in Equ a tion ( 19) . 

3. Energy conserNiliofl 
For the sake of simplicity in the equ a tions, the follo" 'ing 
tes t is onl y \'a lid for an idea li zed ice shelf \\i thout a ny 
acc umu la ti on a t the surface and a tlh e bo ttom. The tes t is 
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Table 2. SI/Illlllal)' Il/Iesl reslIlls 

T esl 

Ice fllll (km ' a I ) 

III/){t/ 0111/)111 

70.27 71.01 

71.60 72.20 
71.43 72. 14 

Divergence Iheorem ( 10 12 N ) 

l:] l:2 + l:3 
" \\'ee rtma n terms" 

2 17.2 218.1 
20 1.8 202.5 
236.6 237 .5 

Energv cOllserualioll (G \ \ ' ) 

I Jf! l:E:ij .O'ij dvl I JJ[O' jU di:1 
23 .92 25 .66 

a littl e more com plex if wc ha\'e ice Ouxes throug h the 

upper or lower boundaries. 

The sum of the work d one by each ex te ri o r force is 
eq ual to th e kinetic energy inc rease added to th e sum o f' 
th e \I'ork needed to deform each elem en t of th e sys tem. 
For a steady state (no tim e deri\'ati\'('s) , lI'e ha\'e 

---t 

II'here U is th e ice \'elocity \'('ctor. Onc ca n recognize the 
heat production due to ice deformation on th e lefthand 
term of th e pre\'io us eq ua ti o n . 

By di\ 'iding th e boundary surface into three parts: th e 

kinema ti c boundary with a zero \'elocity field (l:3 ), the 

kinem a ti c boundary at th e g rou nding line (l:tl and th e 
dynamic boundaries - ice ri'ont, th e upper a nd 10\lTr 
boundaries ( ~2 ) - , th e pre\'ious ex press ion can be 
simplifi ed , beca use 

(21) 

a nd therefore 

Table 2 summarizes the resu lts of the diOerent tes ts: th e 

numerical model seems to consen'e mass a nd to \'erify th e 

di\'ergence theorem in a sa ti sfactory way (abo ut I % or 
erro r for each geometry ). The energy test is much worse (a 
7% error) but a g rea t pa rt of this erro r may be due to th e 
treatmeill of' th e res ults o r th e modcl itse lf. Indeed, th e 

integra l O\'e r th e en tire \'olume in th e first member of' 

Equation (22 ) is difficult to compute a nd truncation errors 

a rc hence much more important th a n in th e o ther tes ts. 

Romll7daere alld R il.::, : _1 Ilterllloll7ec/wllical lIlodel 0/ ice-slteljjlow 

• \ '11 III erical error Obsf/'l'{/ liollJ 

1.04% Channel 

0.83% Di\'e rge nt bay 
0.98% Isla nd 

This tes t is onl y perfo rm ed in the 
freely expanding iee ton gue 

0 .44% Channel 
0 .35% Di\'e rgent bay 
0.36% Isla nd 

6.79% Channel (no acc umula tion ) 

CONCLUSION 

Th e first EIS)'ll~T ex periment (Bremerh a \'en , J un e 
1994) on ice-shee t and ice-she lf mode ll ing proposed b y R . 
Hindm a rsh has shown that a special crIo rt was need ed fo r 
ice sheh'es. In pa rti cul a r , e\'e ry m od el had difficulti es in 
consen' ing mass. Som e of th ese diffi cu lti es were proba b ly 

inh erent to the pro blem itse lf, a nd o th ers occurred 

beca use a n agreem ent on ho\\' to fo rmu la te th e equations 
had still to be ac hie\ 'ed . \\'e ha\' e prese nt ed here a finite­
diITerence \T rsio n of ~lacAyears modeL including a heat­
transfe r comp ut a ti on and a fic'll' tes ts to show th e self­
consistency of th e m od e l. Furthermore, such a model ca n 

be used to e\ 'a luate th e e\'o luti on 0 [' th e back force 

associated I\'ith clim a te cha nges a nd it thus a ppears as a 
useful LOo l to slUd\· the \\ 'est Anta rc ti c ice -shee t 
dynamics. The same mode l is a ppli ed to the Ross ice­
shelf geomet ry ill a compani on pa per (thi s sympos ium ) . 
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