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In [1] we considered various aspects of the quotient semigroup H .- H 2
where H is an s#-class of a semigroup S. In particular, the action of the
Schiitzenberger group of H upon SH was studied to obtain various results
on the existence of subcontinua. Crucial in {1] was the notion of the (right
handed) core of an s#-class which may be considered as a generalization
of the notion of the core of a homogroup, [2].

The view taken here is the possible description of H . * H asa fibre bundle,
in the sense of Steenrod, in which the core and Schiitzenberger group play
an appropriate rdle as fibre and structure group respectively. This is done
somewhat in [2]in the very special case in which H is the kernel of S, and is
an orbit of the maximal subgroup at the identity.

We recall now some basic definitions for the convenience of the reader.
Let S be any semigroup. The Green equivalences are defined as follows

z=y(Z)=22xuSr=yu Sy
z=y(R)=2zvaS=yuysS
z=y(f)=zuaSuSruSzS=yuySuSyu SyS
H=%nR
D=L oR=RRo0Z.
For ACS and z€ S, set
A . x={yeSlxyeA}.
Here, our interest lies principally in the s#-equivalence.
We first establish a series of lemmas for later use.
LEMMA 1. Let S be a semigroup, H an H#'-class in S and xe H. If ACS
with xA = H then yA = H for all ye H and pA meetsx .z forall peH . " x.

1 The authors hold N.S.F. Grants G17901 and N.S.F. GP-237.
? Let A and B be subsets of a semigroup S then 4 .* B is defimed as {z|Bx< 4}.
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Proor. Since y € H, we have y = g -« for some geS. Thus y4 =
(9z)A = q(xA4) = qH and since ¢H meets H, ¢H = H. Now if pe H .z then
z2(pA) = (xp)A = H since zp € H. Hence it follows that pA4 meetsx . - z.

LeEMMA 2. Let S be a semigroup, H an H#~classin Sandxe H IfTCS
with xT C H and if e € T is a right identity for T then

H. 2)T=(H. x)nSe= (H." x)e.

Proor. First note that since 7 C H, we have TCH .- «. Since ee T
we have
(H. z)eCH. 2)T.
Also
(H. )T = (H. z)(Te) = ((H. x)T)e(H ." x)e

since H . * x is a subsemigroup of S. It is clear that
(H. x)Se= (H." x)e.

LemMMA 3. Let S be a semigroup, H an H#-classin Sandxe H. [f Gis a
subgrowp of S with identity ¢ and if G = H then (x. z) -G =(H . z) o Se
(H .- z)e.

Proor. By the preceding lemma we have (x. )G C (H ." x) n Se. If

pe(H . z) nSethen by lemma 1 we have (z. ‘) meets pG. Say pgex . x
with g e G. Then

p=1te=pleg™) = (glg™ e (=" )G.
If A and B are subsets of the semigroup S, we say that A is right (left)

cancellative on B if for any a e A and b,, by, € B, b,a = bya (ab, = ab,)
implies &, = b,.

LEMMA 4. Let S be a semigroup, H an 5#-classin Sand xe H. If BC S is
right cancellative on x . * x and x is left cancellative on B then the mapping

m:(x. x)XB — (x. x)B defined by m(z, b) = zb is onme-to-one. If
2b="0z for all zex . x and b e B then m is an isomorphism. If, further,
S is compact and B is closed then m is a homeomorphism.

ProoF. If 2b = wc where z, wex .z and b, c € B then zb = (z2)b =
z(2b) = z(wc) = (xw)c = x¢ hence b = ¢ whence it follows that z = w.
The remaining conclusions are easily established. We have now established

THEOREM 1. Let S be a semigroup, H an H#'~class in S and xe H. If G
1s a subgroup of S with identity e and if the mapping 2, : G — H defined by
A.(g) = xg is ome-to-one and onto then the mapping m . (x . x) N SexXG —
(. 2)G=(H. z)nSe= (H." z)e defined by m(z, g) = 2g is one-to-one
and onto. If 28 =gz forall zex . " x and g € G then m is an isomorphism. If,
further, S is compact and G is closed then m is a homeomorphism.
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We note that the usual factorization (e.g. see [2]) of an isogroup is
included in the above theorem.
Recall, [1], that if H is an J#-class in S and # € H then H . * 4 is a sub-
semigroup of S. The relation &, defined on H . " % by

x=y(&F;) = hx = hy
is a congruence and
(H. 1)F\ = S5,

is a group. In case S is compact, &.#, is a compact group homeomorphic
with H. If H contains an idempotent then the subgroup H is isomorphic
with £.7,.
Throughout the following we will assume S is a compact homogroup,
Le. the kernel, K, of S is a group. Since the adjunction of an identity does
not disturb the s#-class structure of S, we *¢!% ¢+~ S has an identity.
Letting e be the identity of K we note that ex = ze for all z € S, hence the
function 1,:S -> K defined by 2,{x) = ex is 2 homomorphism. We recall
from {1] that if «,ye S with ®H, = H, then H,. -y CH_. 2 and the
identity homomorphism ¢:H,. y — H,. x induces an epimorphism
@, 1 LI, > LI, Moreover, 7, acts as a group of homomorphisms on
(H,. ) n Sy, and Ker (¢,) is an effective transformation group on
*x n Sy. Also note that if ze H,. 2 n Sy and o € ¥.7, then x(2a) =
(xz)p, (o). We now assume that for some ae S, ¢ff, == H, = K. Let G be
the kernel of ¢, where ¢, : 9F, > FF, = K is as above. Observe that
« € G if and only if « acts as the identity on K, i.e. ko = £k for all £ e K. We
now assume that G has alocal cross section in .7, (as is the case, for exam-
ple, if &7, is finite dimensional), i.e. there is an open set V' = }"~1 contained
in K = &4 /G and containing ¢ and there is a continuous function y : V* —
&S, such that ¢ (y(x)) =« for all e V*. This being the case, then Sais a
fibre bundle in the sense of the Steenrod [3]. The base space is K, the projec-
tion mapping is 4,{Sa = . The fibre is given by F = (e. * ¢) n Sa. Observe
that if Sa is connected then by a result in [1], the fibre F is also connected.
For the coordinate neighborhoods we take the family of all V, =V -«
for « € 7 ,. Now we define the coordinate functions

@o  VaX F — p71(V,) by @.(2, w) = w(y(za~1)a)

for zeV,and w e F. It is easily seen that ¢, is well defined and continuous.
We now show that ¢, is a homeomorphism. Suppose z,2' e V,, w, w’' € F
and @,(z, w) = @,(2', w’). Then (g,(z, w)) = ew(y(za)a) = (ey(za)a) =
(ze)a = z and e(@ (2, w')) = ew’(y (z'a Vo) = (ex (' y o) = (Z"ax V) = 2’
hence z = z'. Since &£, acts as a group of permutations on Sa, it follows
from the fact that w(y(zorl) ) = w'(y(za)a) that w = w’. Thus ¢ is
one-to-one. To see that ¢ is onto, choose 2 € p~1(V,) so that x € Sa and
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exeV,. Then exaleV, and so y(exa?) e SL.¥,. Now set z = ex and
w = za~(y(exa)"1) then

oz, @) = [a7(y(eao™) ™) ] [y (exa)0] = e, = 2,
where ¢, is the identity of #.# . To see that w € F first note that w € Sa and
ew = efza (y (exa ) )] = (ew)pa(a (vlera))) = (ex)pa(a)pa(y (ea) )
= (exal) (ezal) = (exa(a(ex)™)) =ecand so wee. e. For a € .7, and
zeV, define ¢, ,: F — p71(2) by ¢, ,(w) = @,(2, w). Then for ze V, NV,
and w e F, we have g7, ,(w) = w(y(zp~")p)(a 1y (za")1).
Also
e(y(zp)B) (" p (e ) 1) = [(B)B)a we )] =

(yEp1)B) (2 y(2a?) 1) € G.

so that

Clearly the mapping
8a,p: Ve Vs — G defined by g, 4(2) = (y(z871)8)a " (y (271)71)

is continuous.
We summarize the foregoing discussion in

THEOREM 2. Let S be a compact semigroup with identity whose kernel K
is a group. If a € S such that kRH, = K for some k € K and if the kernel of the
homeomorphism

@, 1 LI, — K has a local cross section thew Sa has the structure of a
fibre bundle. Moreover if Sa is connected then the fibre of the bundle is also
connected.

For S a compact semigroup there is associated with cach 2 € S a homo-
group {1] namely, the homogroup

H,. x|¥,

where &, is the restriction of &, to ker(H,. z) (ie. &, = (<%, n Ker
(H,. xyxKer(H,. x)) ud). Thus if S is finite dimensional and 2,y e S
with H, = zH, then the homogroup

(Hy . %) SylZ, ,
(where &, , is the restriction of &, to Sy) associated with the pair (z, )

z,v
has the structure of a fibre bundle.

COROLLARY. Let S be a compact connected homogroup such that S = SE.
If for some pair of points x and y we have xH , = K then K is an orbit of some
H-class H,, where f? = f, and the core contains a non-degenerate continuum
at e. Moreover, if S is n-dimensional and K is n—1 dimensional then K is
arcwise accessible. Indeed, in this case theve exist an idempotent | and a
standard thread from e, the identity of K, to {.
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From [1] we know that there is available an idempotent f such that
yH, D H,. It follows that eH, = K. It is immediate that H, is n—1 dimen-
sional and so, the homomorphism ¢—>¢f defined upon H, has a local cross
section. Since this is an epimorphism the bundle has connected fibres. Now
fSf is at most n-dimensional, K is #—1-dimensional and fSf is locally the
product of K and ¢. - e n fSf. Since the dimension of K can be defined in
terms of the largest call it contains it follows that dim(e. - ¢ n fSf)+dim K
= dim(e. e n fSfxXK). So that e. ' e n fSf is precisely one dimensional.
It follows now from [6] that e. * ¢ n fSf contains thread [e, f].

As we have seen [1], an S#-class H behaves in a way remarkably similar
to a group. For example xH meets yH implies aH = yH. Of course, H is
the underlying space of the Schiitzenberger group. In the following we
note another such phenomenon.

THEOREM 3. Let S be a compact semigroup with identity. If f : S - T is a
continuous epimorphism then for each aeS, f|H, is equivalant to a group
eprmorphism in the sense that theve exists groups Gy and G, such that the
diagram

s commutative and o, B are homeomorphisms and @ is an epimorphism.

Proor. We first note that f|{(H,. a) =f,: H,. a— Hy, .  f(a) is
a homomorphism and f,(#S,) C %S, . Thus it follows from the induced
homomorphism theorem ([4] or [5]) that there is a homomorphism f&
such that the diagram

ST x
P NG
H,,.'a yjf(a)

I~ AP

H(a) . f(a)

is commutative. Now let G, =SS, G, = f¢(¥F,) and ¢ = f§. We
now defined « : H, > G, by a(y) =gif andonlyifa-g =y. Thena is a
homeomorphism (see [1]). We will now show that G, is a simply transitive
group of homeomorphisms on f(H,). Choose 2 e H,, geG, and pick
septp(y). Now as e H, so f(x)f(s) = f(xs) € f(H,), and by definition,
f(z) - & = {(2)](s), since puaf(s) = g, thus j(H,) - g C f(H,). Since &Ly,
is a simply transitive group of homeomorphisms on H,(,, it follows that G, is
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effective on f(H,). To see G, is transitive on f(H,) we choose z, y, e H,
and s e H, . a such that zs = y. Then f(z)(p(pa(s))) = f()(pya (fo(s))) =
{(@)f(s) = f(s) = f(y), thus the mapping § : f(H,) — G, defined by A(y) = g
if, and only if, f(¢)g = ¥ is a homeomorphism and clearly

@(a(r)) = B(f(x)) for each z e H,.

It is of interest to remark that the above result shows that f|; cannot
be dimension raising for we must have in fact, for any 2e H

dim f(H)+dim[f-1f(k)] = dim H.

Also, if T is a group then &£ S, =T and j(H,) =}z FSF,) =
fx) - fa(£F,), hence, f(H,) is a coset in 7.

THEOREM 4. Let S be a compact semigroup with identity. If for each
x €S there is a positive integer n(= n(x)) such that a™ € E then the natural
mapping ¢ : S — S[H s light.

ProoF. Let H be an sf-class in S and xe H. If x € #.#,, choose
ye H .-z such that p,(y) = «. Then y*e€ E n H . - x for some #, hence «
has finite order since p, is a homomorphism. Now if &£, is not totally
disconnected then the component containing the identity contains a non-
trivial homomorphic image of the real numbers, contradicting the fact that
every element of %7, has finite order. Since H, is homeomorphic with
&S, it follows that H, is also totally disconnected.

Observe that if each s#-class in a compact connected semigroup with
identity is totally disconnected then an s#-class in the kernel reduces to a
single point. Thus it follows that the semigroup is acyclic, since H*(S) ~
H"(H) where H CK.

COROLLARY. If S is a compact connected semigroup with identity having
the property that some power of every element is idempotent then S is acyclic.
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