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We deal with analytic three-dimensional symmetric systems whose origin is a
Hopf-zero singularity. Once it is not completely analytically integrable, we provide
criteria on the existence of at least one functionally independent analytic first
integral. In the generic case, we characterize the analytic partially integrable systems
by using orbitally equivalent normal forms. We also solve the problem through the
existence of a class of formal inverse Jacobi multiplier of the system.
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1. Introduction

We are concerned with analysing the existence of analytic first integrals at the
origin of the Zs ® Zo-symmetric analytic systems, i.e. invariant to (z, y, z) <
(—z, —y, —z) and whose origin is a Hopf-zero singularity,

T = -y + Z aijkxiyjz’“,

1,5,k
y=x+ Zbijkxiyjzk, (1.1)
i,k
z = Z Cijkﬂiiyjzk,

i3,k
with ¢, 7, k>0, i+j+k >3 and ¢+ 5+ k odd. Under the conditions of Zs; ®
Zso-symmetry, performing a change of variables (z, vy, z) = (z + ps(z, v, 2), y +
q3(z, y, 2), z+r3(x, y, z)) with ps, g3, 3 homogeneous cubic polynomials, we
obtain an orbital normal form up to order 3 of the system (1.1)

& =~y + (a1 (2® +y?) + a22) + odd h.ott.,

g =x+y(ar (2 + y*) + ax2?) + odd h.o.t., (1.2)
2(by (2% 4+ y?) + bp2?) + odd h.o.t.,

z

© The Author(s), 2022. Published by Cambridge University Press on behalf of The Royal Society
of Edinburgh. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted
re-use, distribution, and reproduction in any medium, provided the original work is properly
cited.

https://doi.org/10.1017/prm.2022.19 Published online by Cambridge University Pre§33


https://orcid.org/0000-0001-5872-7112
https://orcid.org/0000-0002-7069-287X
https://orcid.org/0000-0003-2485-832X
mailto:algaba@uhu.es
mailto:cristoba@uhu.es
mailto:colume@uhu.es
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2022.19&domain=pdf
https://doi.org/10.1017/prm.2022.19

834 A. Algaba, C. Garcia and M. Reyes
with

1 1
ap = §(3bO30 + a120 + b210 + 3azeo), a2 = §(b012 +ai02),

1

by = 5(0021 + c201), by = coo3,

(1.3)

see [1, 12, 13, 15, 17, 23]. This normal form is the simplest orbital normal form
up to order 3 of the system (1.1). Therefore, if (a1, ag, b1, ba) is non-zero, system
(1.1) is not orbitally equivalent to (—y, z, 0)T, i.e. it is not linearizable.

Recall that a first integral at the origin of a system x = F(x), is a scalar function
I that is constant on a neighbourhood U along of any solution of the system and
I(0) = 0. If I is a C! function, using the chain rule, it means that F(I) := VI -F =0
on U, where F' denotes the differential operator associated to the system. We say
that system (1.1) is completely analytically integrable if it admits two functionally
independent local analytic first integrals. Garcia [14] has proved that a Hopf-zero
singularity is completely analytically integrable if, and only if, it is orbitally equiv-
alent to its linear part (—y, x, 0)7. He also proved that both integrability problem
and centre problem (that consists of determining whether there is a neighbour-
hood of the singularity foliated by period orbits, including a curve of equilibria) are
equivalent for system (1.1). So, as a direct consequence of [14], system (1.1) with
(a1, az, by, by) non-zero does not have two functionally independent analytic first
integral since it is not linearizable. In other words, the Zs ® Zs-symmetric Hopf-
zero singularity we are considering is not completely integrable and our analysis
will be focused on detecting the existence of one functionally independent analytic
first integral for such a singularity.

This is a difficult problem and there are few known satisfactory methods to solve
it. In the present paper, we use the orbital normal form obtained in [1] to establish
necessary conditions for the existence of analytic first integrals and formal inverse
Jacobi multipliers.

The first result provides an orbital normal form for the systems (1.1) having one,
and only one, functionally independent analytic first integral.

THEOREM 1.1. Consider the analytic system (1.1) with a? + b3 # 0 and a3 + b3 # 0
where (a1, as, by, ba) is given in (1.3). System (1.1) has one, and only one, func-
tionally independent analytic first integral if, and only if, it is orbitally equivalent
to the system

&=~y +a(a(@e? +y°) + axz®) — yP(a® + 4%, 27),

g =a+ylai(@® +y?) +az2?) +2¥(a? + 7, 2%), (1.4)

3 = z2(by(2® + y?) + be2?),

where ¥ is a formal function with ¥(0, 0) = 0 and (a1, az, b1, be) satisfying one of
the following two conditions:

(a) a1 =ag =0 (orb; = by =0). Moreover, in this case, an analytic first integral
is of the form x®> +y>+--- (or 2% +--- ).
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(b) there exists a rational m such that p := ba(by — a1)m, ¢ := aj(ag — by)m and
s := (arba — agby)m are natural numbers and ged(p, q, s) = 1. Moreover, in
this case, an analytic first integral is of the form (z? 4+ y?)P221((by — a1)(z? +
y?) + (ba —a2)2?)* + - .

Theorem 1.1 is proved in § 3.

REMARK 1.2. The assumptions af + b7 # 0 and a3 + b3 # 0 in theorem 1.1 are
necessary. System

&= —y+x(—22" + (z* +y°)?),
g =z 4y(—22" + (2* + y°)?), (1.5)
i =2(2" = 3(z" + %)),

satisfies a; = by = 0 and ag = —2, by = 1. On the one hand, (22 + 3?)22(2% — (2% +
y?)?) is a polynomial first integral of (1.5). As (a1, ag, b1, ba) is non-zero, it has one
and only one functionally independent analytic first integral. On the other hand,
system (1.5) in cylindrical coordinates is

F=—=2rz2 4+ 7%, z=2%—3riz, 6=1.

By [1], system (1.5) is an orbital normal form and it is unique, therefore the terms
r°0, and —3r%20, can not be removed. So, it is not orbitally equivalent to system
(1.4).

We conclude that if (ay, as, by, by) is non-zero but a; =b; =0 or as = by =0,
there are systems (1.1) not orbitally equivalent to systems (1.4) with one analytic
first integral. Thus, in this case, the analytic partial integrability problem is an
open problem.

An inverse Jacobi multiplier for a system x = F(x), x € R", is a smooth function
J which satisfies F'(J) = div(F).J in a neighbourhood of the origin. When J does
not vanish in an open set, then the above equality becomes div(g) = 0. For planar
systems, the inverse Jacobi multipliers are usually referred as inverse integrating
factors, see [7].

The inverse Jacobi multiplier is a useful tool in the study of vector fields. So, for
example, the existence of a class of inverse Jacobi multipliers (or inverse integrating
factors) has been used for the study of the Hopf bifurcation and centre problem,
see [9-11, 16, 24], and for the integrability problem in general, see [2, 8, 21].

Here, we solve the analytic partial-integrability problem for systems (1.1) through
the existence of an inverse Jacobi multiplier.

THEOREM 1.3. Consider the analytic system (1.1) with a? + b? # 0 and a3 + b3 # 0
where (a1, as, by, ba) is given in (1.3). System (1.1) has one, and only one, func-
tionally independent analytic first integral if, and only if, it has a formal inverse
Jacobi multiplier of the form

J= (2" +yH)z ((by —a1)(@® + y*) + (b2 — az)2?) + - -

with (a1, ag, b1, ba) satisfying one of the following two conditions:
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(a) a1 =ag =0 (orb; =by=0),

(b) ba(by — a1), ai(az —ba) and a1by — asby are rational numbers different from
zero with the same sign.

This theorem is proved in § 3.

We note that the degree of the lowest-degree term of the analytic first integral
is two or 2(p + ¢+ s) while the degree of the lowest-degree of the inverse Jacobi
multiplier is five.

2. Computation of necessary conditions of analytic partial integrability
of system (1.2)

In this section, we give a result that provides an efficient method for obtaining nec-
essary conditions of existence of one analytic first integral of system (1.2) (orbital
normal forms up to order 3 of systems whose origin is a symmetric Hopf-zero sin-
gularity). Here, we denote by 22; the vector space of the homogeneous polynomials
of degree j with three variables. First, we present the following result.

PROPOSITION 2.1. The following statements are satisfied:

(i) Consider system (1.2) with a1 = as =0 and biby # 0. Then, there exists a
scalar function I = x2 + y? + Z}@g Lok, with Iy, € Poy. unique module (x2 +

y®)*, for all k, that verifies

FI) =" (mla® + )" + 2. (2.1)
E>2

(ii) Consider system (1.2) with by =bs =0 and ayaz # 0. Then, there exists a
scalar function I = 22 + Zk>2 Ly, with Iy, € Poy, unique module 2%* for all
k, that verifies

F(I) =Y (ne(a® + y»)" + mez) . (2.2)
k=2

(iii) Consider system (1.2) where ba(by —a1), ai(as —b2) and aiby — asby
are rational numbers different from zero with the same sign. Let p:=
ba(by —a1)m, q:=ai(az —ba)m and s:= (a1by — agbi)m with m a ratio-
nal number such that p, g and s are natural numbers and ged(p, q, s) =
1. Then, there exists a scalar function I = Isps —|—Ek>M Iop, with Isp =
(22 + y?)P229((by — a1)(2? + y?) + (ba — a2)2?)*, (i.e. M =p+q+s) with
Loy unique if k # 0(mod M), and Iopy unique module I1%,,, for all k, that
verifies

F(I) = E vk 4 g ne(x? + y*)k (2.3)
q(k—1)0(mod M) q(k—1)=0(mod M)
p(k—1)Z0(mod M)

+ > (D).
k—1=0(mod M)
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Proof. Taylor expansion of the associated vector field of system (1.2) is F =
F,+Fs3+ Zj>2 Foji1, with Fy = (—y, , 0)7 and F3 = (—y+ x(ai(2? +y?) +
a22%), © +y(a1(z® +°) + a22%), 2(b1(2® + %) + 0222). I T =D +37,5, b
with Ioy € Yo, then F(I) has only even-degree homogeneous terms. The equation
F(I) =0 to degree two is satisfied. The 2k-degree term of F(I), k > 2 is

F(I)or = Fi(Lak) + F5(log—2) + Rok

where R2k = 25;12 ng,QjJrl (I2j)-

The procedure for obtaining the scalar function I will have the following scheme:
For each order k, we first compute Is; to get an expression more reduced of Roy.
Let us note that the term I, in general, is not unique. Later on, in the following
step, we will use the no-uniqueness of Is;_o for obtaining the simplest expression

of F(I)Qk»
The above scheme suggests us to consider the following linear operators. The
operator
(B, 1 Pop — Py (2.4)
prak — F1 (k)
It is easy to prove that Ker(£()y,) = Span{(z? + y2)¥, (22 + y?)F 122, .-, 22F}.

Moreover, o, = Range(€(3)2k) é Ker(€(3)2k). Therefore, for all k > 2, we can
choose Cor(£3) ;) = Ker(£®)5;), a complementary subspace to Range(£(3) ;).
We also consider the linear operator:

ES;) : Ker(£®)yy,_5) — Cor(£3)y;,)

2.5
tok—2 — F3(por—2). (2:5)

The transformed by 17;?,;) of an element of the basis of Ker(£(3)g;,_5), (22 4 y?)ko 220
Withogko,jogk—l, k0+jo=k—1, is

IS (@2 + y?)R0220) = 245, 1, (22 4+ y?) 01220 1 2B), 4, (22 + y?) R0 22042, (2.6)

where Ajo,ko = b1jo + a1ko and Bjo,/co = bojo + azko-

Therefore, the operator géi) is well-defined.

We analyse each case:

Consider system (1.2) with a; = as = 0 and byby # 0. The proof consists on the
computation, degree to degree, of the homogeneous terms of I = Iy + I, + - - - , with
Iy = 2% + 92, satisfying (2.1).

The transformed by Zg;’c) of an element of the basis of Ker(E(S)Qk_g) is

Z;:,?((:vz + y?2)F02200) = by jo (2 + y?)Ro 1220 4 2byjo (2% 4 y?)Fo 2200 +2,

Therefore, Ker(iéi)) = Span{(z? + y?)*~!} and we can choose Cor(géi)) =
Span{ (22 + y2)k, 22k}
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We write Iog_o = IS, + 15, with IS, , fixed in the previous step and I$;,_, €
Ker(€(3)2k_2). So, for k > 2,

F(I)aj, = €@ g (Iog,) + 052 (I84_o) + F3(I%,_y) + Rox.

We now write Roj, = Fj (ng_Q) + Rop, = Ré? + Ré;) with Ré? € Range(ﬁ(g’)gk) and
R € Cor(6®)y,).

Reasoning as in the classical Normal Form Theory, we choose I5; such that
Z(B)Qk(bk) = f]%g,;) and choose I3, _, in order to annihilate the part of Réi) belong-
ing to the range of the operator (752 So, we have that F(I)ap = ni (22 + y?)F +
vk e Cor(gg;)), with 7, and vy real numbers.

Last on, we note that the solutions of the equation (2.1) are Io; + Ax (22 + y?)*,
where Iy is the unique solution chosen following the recursive procedure and Ag
real, that is, I is unique module (22 + y?)*.

Consider system (1.2) with b; = by =0 and ajag # 0. In this case, we derive,
degree to degree, the homogeneous terms of I =1Io+Is+---, with [, = 22,
satisfying the equation (2.2).

Tt has that Ker(Z@)) = Span{z2(*~1} and we can choose Cor(fg?;c)) = Span{(z? +
y?)*, 22k}, Reasoning as before, we obtain the result.

For systems (1.2) where ba(by —a1), ai(as —bs) and aibs — agby are ratio-
nal numbers different from zero with the same sign, we compute the homo-
geneous terms of I = Iopr + 340y Tok, with Ioy = (22 + y?)P229((by — ay)(2? +
y?) + (b2 — ag)z?)*, satisfying the equation (2.3). It has that géi)((xz + y2)ko z2i0)
is given by (2.6) where

Ajo ko = b1jo + arko = ((p+ s)jo — qko) ,

(b2 — ag)m
ot
(a1 — bl)m

with 0 < ko, jo <k —1, ko + jo = k — 1. Note that (p + s)jo — gko = Mjo — q(k —
1),ie. {Aj 0}, Jo=0,..., k—1,is an arithmetic progression whose difference is
M 7§ 0, and 7pj0 + (q + S)ko = Mko 7[)(]{3 - 1), ie. {Bj07k0}7 ko = 0, ceey k— 17
is an arithmetic progression whose difference is M. Therefore, the numbers A;; 1,
with 0 < ko, jo <k —1, ko + jo = k — 1, are different and the numbers B}, 1, also
are different. Fixed k, this fact allows us to distinguish the following cases:

If Ajjr, #0 for all 0 < ko, jo<k—1, with ko +jo=k—1, (ie. g(k—1) #
0(mod M)), it has that Ker(lzgi)) = {0} and we can choose Cor(g;i)) = Span{z2¥}.

If there exists j; with 0 < j; < k — 1 such that A;, , =0, thatis Mj; = q(k — 1),
and Bj, k, # 0 for all 0 < ko, jo <k —1, it has that Ker(gg?) = {0} and we can
choose Cor(g;:,?) = Span{(z? + y?)k}.

Otherwise, there exist (ji, k1), (j2, k2) such that Aj ,, =0 and Bj,, =0.
We are going to prove that k— 1 is a multiple of M. Indeed, we have that
k—1=24M=2lp= 22 p= %M, ie. p(’j\zl), = QUE\ZI) and S(Ij\zl) are natu-

q T pts q+s
(nip+nag+tnzs)(k—1)
M

Bjy ke = bajo + agky = (—=pjo + (g + s)ko) ,

ral numbers. Thus, is an integer number, for all ny, no, n3 € Z.
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On the other hand, from Bezout identity, there exist mq, mo, m3 € Z such that
mip + maq + mss = 1 since ged(p, ¢, s) = 1. Therefore, ’“];Il is a natural number.
So, k — 1 is a multiple of M.

If we write k =1+ kM, it has that Ker(ggi)) = Span{I%,,}. Moreover, j; =

jo2. Thus j; < jo and we can choose as a complementary subspace of the range

q
q+s

of the operator Zg‘? to Cor(ggz)) = Span{(2? + y?)*, 22¥}. Reasoning as before, we
obtain the result. d

The following result characterizes the analytic integrability of system (1.2). An
algorithm for obtaining necessary conditions of existence of a first integral can be
derived following the scheme of the proof of proposition 2.1.

THEOREM 2.2. Consider system (1.2) with (a1, ag, by, ba) satisfying one of the
following two conditions:

(a) a1 =az =0 and biby #0 (or by = by =0 and ajas #0).

(b) ba(by —a1), ai(az —be) and a1bs — asby are rational numbers different from
zero with the same sign.

Then, system (1.2) has one, and only one, functionally independent analytic first
integral if, and only if, the equations (2.1), (2.2) and (2.3), introduced in proposition
2.1, satisfy n = 0 and v, =0 for all k.

Proof. Consider the function I introduced in proposition 2.1. The sufficient condi-
tion is trivial. If n = v, = 0, for all k, then the function I is a formal first integral
since F(I) =0. From lemma 3.1, system (1.2) admits an analytic first integral.
Moreover, from Garcia [14] it is not completely analytically integrable because it
is not linearizable. Therefore, system (1.2) has a unique functionally independent
first integral.

Let us prove the necessary condition. If system (1.2) has an analytic first inte-
gral then, from theorem 1.1, according to each case, it admits an analytic first
integral I of the form 224 y>+---, 22+--- or (224 y?*)P2z2((by — a1)(z® +
y?) + (b — a2)z?)® + - - - , having only even-degree homogeneous terms. Then, I, =
I-— Z,@Q BeI* is also a formal first integral, i.e. F(I,) = 0. To complete the proof
it is enough to choose (3, such that I, is the unique scalar function given by
proposition 2.1. Thus, by the uniqueness of I,, np = v, = 0, for all . O

We can also provide an integrability criterium based on the existence of an inverse
Jacobi multiplier of system (1.2). First, we give an auxiliary result.

PRrROPOSITION 2.3. The following statements are satisfied:

(i) Consider system (1.2) with a; = az =0 and biby # 0. Then, there exists a
scalar function

J=Js+ Y Jors
k>3
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with Js = (22 4+ y?)2(b1 (2 + y?) + b22?) and Jopy1 € Pokr1 unique module
(@2 + y2) P L2(b1 (22 + y?) + baz?) for all k, that verifies

F(J) = Jdiv(F) = > (mea(a® +y°)" + vz ). (2.7)
k>3

(ii) Consider system (1.2) with by = by =0 and ayaz # 0. Then, there ezists a
scalar function

J=J5+) Jan

k>3

with Js = (2% + y?)z(a1 (2?2 + %) + a22?) and Jogy1 € Pops1 unique module
(22 +42)2% 3 (a1 (22 + y?) + a22?) for all k, that verifies

F(J)— Jdiv(F) = Z (mez(2? + )" + vz 1) (2.8)
k>3

(iii) Consider system (1.2) where ba(by —a1), ai(az —b2) and arbs — asby are
rational numbers different from zero with the same sign. Let p:= by(by —
ay)m, q:=aji(ag —by)m and s := (a1by — asby)m where m is a rational such
that p, g and s are natural numbers with ged(p, q, ) = 1. Then, there exists
a scalar function

J=Js+ Y Jars
k>3
with  Js = (2% + y?)2((b1 — a1)(2? + y?) + (ba — a2)2?), Jok+1 unique if
k # 3(modM) being M =p+q+s and Jognss unique module (z% +
y?)PRHL 220k () — ap)(22 + y?) + (by — a2)22)***L for all k, that verifies

F(J) — Jdiv(F) = > vz 2R 4 > me(z? 4+ y2)k 2

q(k—3)#0(mod M) q(k—3)=0(mod M)
p(k—3)Z0(mod M)

(2.9)

+ > T @ D))
k—3=0(mod M)

Proof. Taylor expansion of the associated vector field of system (1.2) is F =
Fi+F3+ Zk22 Fory1, with Fy = (7y, x, O)T and F3 = (—y + {E(al(IQ + y2) +
a22?), x +ylay(z? +y?) + az2?), 2(by (2% + y?) + b22?))T. Thus F(J) — Jdiv(F)
has only odd-degree homogeneous terms. The term of degree five of F/(J) — Jdiv(F)
is zero. The 2k + 1-degree term of F\(J) — Jdiv(F), k >3 is

Fi(Joky1) + F3(Jor—1) — Jop—1div(F3) + Rop 1 (2.10)
where Ropqq1 = 25;12 F2k72j+1(=]2j+1) - J2j+1diV(F2k72j+1)~

Applying Euler Theorem for homogeneous function, it has that F3(Jog_1) —
Jgk_ldiV(Fg) = (Fg — ﬁdiV(FzJ,)(.ﬁ, Y, Z)T)(Jgk_l)
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The above expression suggests us to consider the following linear operators. The
operator

€(3)2k+1 i Dok — Pak (2.11)

Pk — Fi(pagr1).
It is easy to prove that Ker(£(®)y. 1) = Span{(z? 4+ 3?)*z, (2 + y?)* 123, .-,
22k+11 Moreover, we can choose Cor(£®3) g, 1) = Ker(£(3) gy, 1).
We also consider the linear operator:

gg;‘c)Jrl : Ker(ﬁ(?’)%,l)—>Cor(£(3)2k+1)

div(F3) (2, 9, 2)7) (tak ). (2.12)

_ F3 —
pok—1 — (F3 ok — 1
The transformed by g;i)ﬂ of an element of the basis of Ker(¢(®)qy; 1), (22 +
y?)Foz20tl with 0 < ko, jo <k —1, ko+jo=k—1,1is

05 (22 + y?)Ro 220t h) = 245, 4, (0 + y?) R0t 122004 L 2B 4 (2 + y?)ho 20043,
(2.13)

where Ajo,ko = bljo + al(ko - 2) and Bjo,ko = b2(j0 — 1) + ag(kjo — 1) Therefore,
the operator géi) 41 is well-defined.
If we write Jop—1 = J§),_; + Jg,cf1 with Jg,wl chosen in the previous step and

Jg € Ker({®) g, _1), the expression (2.10), for k > 3, becomes

03 g1 (Jomn) + 050y (IS 1) + Ry,

where Rogy1 = F3(JY, ) — J%_,div(F3) + Ropi1.

We now write Ropy1 = Rggﬂ + R;?H with Réz)ﬂ e Range(€(3)2k+1) and
Ré(,?ﬂ IS Cor(f(3)2k+1). We now choose Jop11 such that 6(3)2k+1(J2;€+1) = —Réz)ﬂ
and choose J§,_; in order to annihilate the part of Ré? 41 belonging to the range

7(3)
of the operator £y, ;.

Last on, we note that the solution of the equation (2.1) is Jax41 + J§k+1v for any
Iy € Ker(@éi)JrQ) real and Jak41 is unique module Ker(g;i)+1).

We finish the proof, obtaining the expression of Ker(ggi,)ﬂ) and Cor(gg;? 1) for

each case:
Consider system (1.2) with a; = a2 =0 and biby # 0. It has that Aj, x, =

b1jo, Bjy,ke = b2(jo — 1). So, Ker(ggi)-Q—l) = Span{(z? + y*)* 22 (b1 (2% + y?) + b22?)}
and we can choose Cor(g;i)ﬂ) = Span{(z? + y?)kz, 22k+1},

Consider system (1.2) with b =by =0 and ajas # 0. It has that Aj x, =
a1 (ko —2), Bjy ko = a2(ko —1). So, Ker(gg“z)“) = Span{(z? + y?)22*+=2) (ay (2 +
y?) + a22?)} and we can choose Cor(g;i)+1) = Span{(z? + y?)*z, 22k+1}.

For the systems (1.2) with ba(by — a1), ai(as — ba) and a1by — agby are rational
numbers different from zero with the same sign, it has that Eg? (22 + y?)ko 2200+ 1)ig

https://doi.org/10.1017/prm.2022.19 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.19

842 A. Algaba, C. Garcia and M. Reyes
given by (2.13) where

AjoJ% = ((p + S)jO - Q(kO - 2)) )

(bg — ag)m

m (=p(o — 1) + (g + s)(ko — 1)).

B]'o’ko =
Note that (p + s)jo — q(ko —2) = Mjo —q(k —3) i.e. {Ajo ko, Jo=0,...,k—1,
is an arithmetic progression whose difference is M # 0, and —p(jo — 1) + (¢ +
s)(ko —1) = M (ko — 1) —p(k —3), ie. {Bj, kot ko=0,...,k—1, is an arith-
metic progression whose difference is M.
Therefore, the numbers Aj;, r, with 0 < ko, jo < k—1, ko + jo =k — 1, are dif-
ferent and the numbers Bj 1, also are different. Fixed k, this fact allows us to
distinguish the following cases:

If Ajk, # 0 for all 0 < ko, jo < k — 1, with ko + jo = k — 1, then Ker(5y, ) =
F6)

{0} and we can choose Cor((;,, ) = Span{z**1}.

If there exists j; with 0 < j; < k — L such that A;, 5, = 0, thatis Mj; = q(k — 3),
and By, r, # 0 for all 0 < ko, jo < k — 1, it has that Ker(gg;’c)ﬂ) = {0} and we can
choose Cor(fg’c)H) = Span{(2? + y*)*z}.

Otherwise, there exist (j1, k1), (j2, k2) such that A;, x, = 0 and Bj, x, = 0. Rea-
soning as in the proof of proposition 2.1, we have that k — 3 is a multiple of
M.

If we write k = 3+ kM, it is easy to check that Ker(g;i)ﬂ) = Span{Js15,,}
where Iy = (22 + y?)P224((by — a1) (22 + y?) + (by — a2)2?)® and we can choose
as a complementary subspace of the range of the operator i to Cor(gg’c) 1) =

2k+1
Span{(z? + y?)kz, 22F+1}. O

The following result characterizes the analytic integrability of system (1.2). An
algorithm for obtaining of necessary conditions of existence of an inverse Jacobi
multiplier can be derived following the scheme of the proof of proposition 2.3.

THEOREM 2.4. Consider system (1.2) with (a1, ag, b1, ba) satisfying one of the
following two conditions:

(a) a1 = a2 =0 and byby #0 (or by = by =0 and ayay #0).

(b) ba(by — a1), ai(az —ba) and a1by — asby are rational numbers different from
zero with the same sign.

Then, system (1.2) has one, and only one, functionally independent analytic first
integral if, and only if, the equations (2.7), (2.8) and (2.9), introduced in proposition
2.3, satisfy ny = 0 and vy, = 0 for all k.

Proof. Tts proof is similar to the one of theorem 2.2. O
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3. Proofs of the main results

In the proof of theorem 1.1, we will use the following result that is a direct conse-
quence of [20, theorem A]. It states that the analysis of the integrability for analytic
systems can be reduced to the formal context.

LEMMA 3.1. Consider the analytic system x = F(x), x € R™ and denote the formal
system X = F( ), transformed of F by the change x = ¢(X) where ¢ is a formal
diffeomorphism. Then, for each I a formal first integral ofx = F( ), there exists a
formal scalar function | with l(O) =0, l’(O) =1, such thatl oI o ¢~ is an analytic
first integral of X = F(x).

Proof of theorem 1.1. As, by hypothesis (a1, as, b1, ba) is non-zero, the system (1.1)
is not orbitally equivalent to (—y, x, 0)7. From Garcfa [14], the system (1.1) is
not completely analytically integrable, it has at most one functionally independent
analytic first integral.

We prove the sufficient condition. We see that system (1.4), satisfying one of
the series of conditions (a) or (b), it has a polynomial first integral. In fact, we
distinguish the cases separately:

(a) System (1.4) with a; = ap = 0, has the first integral z2 4+ y2. And system
(1.4) with by = by = 0, has the first integral z.

(b) Assume that there is a rational number m such that p := by(by — a1)m, ¢ :=
ay(ag — bo)m and s := (a;be — asby)m are natural numbers. The polynomial
(22 4+ y?)P229((by — a1)(z? + y?) + (ba — a2)2?)® is a first integral of system
(1.4).

Assume that system (1.1) is orbitally equivalent to system (1.4), i.e. there exists
a change of variables ¢ and a reparameterization of the time-variable such that
the first one becomes the second one. Let I a polynomial first integral of system
(1.4). Undoing the change of variables, system (1. 1) is formally mtegrable and by
applying lemma 3.1, there exists a scalar function [ such that I =lolo¢ ! with
I(0) =0 is an analytlc first integral of the system (1.1).

We see the necessary condition. We assume that the analytic system (1.1) has
one functionally independent analytic first integral and (a1, ag, by, b2) is non-zero,
performing a formal change of variables and a re-parameterization of the time-
variable, system (1.1) can be transformed into

&=~y +af(a®+y? 2%,
y=xz+yf(a®+y° 2%, (3.1)
2= zg(a® + 4%, 27),
where f, g are formal functions with f(2? + 4%, 22) = a1 (22 + y?) + a22? + h.o.t.
and g(z? + v?, 2%) = b1 (2 + y?) + b2z + hoo.t., see [1, 17].

This system is a Poincaré-Dulac normal form, by [22] a formal first integral of
system (3.5) is a first integral of its linear part, i.e. I(x, y, z) = I(2? + y?, 22).
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By using cylindrical coordinates, the system is
F=rf(r?2%), i=z29(r* 2%, dotd = 1. (3.2)

Doing the change R =2, Z = 22, © = 20 and 7 = 2t, system (3.2) is transformed
into

dR dZ d©

/ / NT .__ i
(2,6 '_<dT’d7"d7'

T
) - @R, ZeR 2T @)
and if the system (3.3) admits some first integral, then it is of the form I = I(R, Z),
i.e. it is invariant under rotations.

Removing the azimuthal component, we obtain the planar system

(5) = (Gicsen) + (50m2). o)

with f, g having terms of degree greater than or equals to two in R, Z, that is
R =0 and Z = 0 invariant curves of the system.

Hence, the analysis of the integrability problem for system (3.3) (or for system
(1.2)) is equivalent to the corresponding one for planar system (3.4).

In summary, the system (1.2) with a? + b% # 0 and a3 + b3 # 0, admits some for-
mal first integral if, and only if, system (3.4) is formally integrable. The integrability
problem of these systems is studied in § 4.

From proposition 4.1, if system (3.4) is formally integrable, then one of the
following conditions is satisfied:

(a) ap =az =0 (or by =by =0).
We study the first case a; = as = 0 and b1by # 0 (the other case is analogous
changing R by Z).
From theorem 4.2, if system (3.4) is formally integrable, then there exist a
change of variables and a reparameterization of the time such that system
(3.4) is transformed into

R =0, 7 =Z(R+b7),

i.e., the three-dimensional system (3.3) is transformed into a system of the
form

(R, Z',0"NT = (0, Z(LR+ b:7),1 + ¥(R, Z))" (3.5)

where ¥ is a formal function and ¥(0, 0) = 0.

Undoing the change, (z, y, 2z, t) = (VRcos(©/2), VRsin(©/2), VZ, 7/2), we
obtain system (1.4). These changes transform the first integral R of (3.3) into
a first integral of system (1.1) which has the expression I = I(z? + y?2, 2?) =
24+

(b) Assume that p := by(by — a1)m, ¢ :=aj(az —be)m and s := (a1ba — azby)m
are natural numbers and ged(p, ¢, s) = 1. By theorem 4.3, if system (3.4) is
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formally integrable at the origin then it is orbitally equivalent to
R = R(aiR+ axZ), Z'=Z(b1R+b2Z),

or equivalently, system (1.1) is is orbitally equivalent to system (1.4). More-
over, in such a case, it has an analytic first integral of the form (22 +
y?)P220((b1 — ar)(2? +y°) + (ba — a2)2?)* + - -

O

We give the following result we will use in the proof of theorem 1.3. It states
the well-known relationship among inverse Jacobi multipliers of formally orbital
equivalent vector fields.

LEMMA 3.2. Let @ be a diffeomorphism and n a function on U C C™ such that
detD® has no zero on U and n(0) #0. If J€ Cl[x1, ..., x,]] is an inverse
Jacobi multiplier of x = F(x), then n(y)(det(D®(y))~tJ(®(y)) is an inverse Jacobi
multiplier of y = ®.(nF)(y) := D(y) 'n(y)F(2(y))-

Proof of theorem 1.3. We assume that af + b3 # 0 and a3 + b3 # 0. From Garcia
[14], the system (1.1) is not completely analytically integrable, it has at most one
analytic first integral.

We see the necessary condition. We assume that system (1.1) has one, and only
one, functionally independent analytic first integral. From theorem 1.1, it is orbitally
equivalent to system (1.4) satisfying one of the series of conditions (a) or (b). It
is easy to check that system (1.4) has the polynomial inverse Jacobi multiplier
Js = (22 +y?)2((by — a1)(z% + y?) + (ba — a2)z?). From lemma 3.2, system (1.1)
has an inverse Jacobi multiplier of the form J = J5 + - --

We prove the sufficient condition. We assume that the analytic system (1.1) has
an inverse Jacobi multiplier of the form J = Js + --- and (a1, ag, b1, ba) satisfies
one of the series of conditions (a) or (b).

Reasoning as in proof of theorem 1.1 and applying lemma 3.2, system (1.1) has
an inverse Jacobi multiplier of the form J = J; + - - - if system (3.4) has an inverse
integrating factor of the form J=Js+ - with J; = RZ((by —a1)R+ (ba — a2) 7).

We notice that J3 = RZ(b1R + b2 Z) — RZ(a1 R + a3 Z). Thus, applying theorem
4.4, we have the result. O

4. Auxiliary results: analytic integrability of the systems (3.4)

The following result provides necessary conditions of formal integrability of system
(3.4).

PROPOSITION 4.1. Assume that system (3.4) with a3 + b2 # 0 and a% + b3 # 0, has
a formal first integral in a neighbourhood of the origin. Then, one of the following
conditions is satisfied:

(a) ap =az2 =0 (orby =by=0).

(b) ba(by —a1), ai(ag —ba) and arbs — asby are rational numbers different from
zero with the same sign.
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Proof. Let I = Iy +h.o.t. a formal first integral of system (3.4) and let F = Fy +
-+ be the associated vector field to system (3.4). Equation F(I) = 0 for degree M +
1is Fo(Ipr) =0, ie. Fo(R, Z) = (R(a1R + a2Z), Z(b1 R + by Z))T is polynomially
integrable and I, is a first integral of F5. So, if F is formally integrable then Fs is
polynomially integrable.

We study the polynomial integrability of Fg (necessary condition of formal
integrability). We distinguish the following cases separately:

e Assume a3 =as =0 (or by =by=0). In such a case, =R (or [ =Z) is a
polynomial first integral of F.

o Assume a; = by # 0. If as # bs, the origin of F5 is an isolated singular point
and (R, Z)T A Fy has multiple factors, thus Fy is not polynomially integrable,
by [6, theorem 3.1].

Otherwise, a; = by # 0 and as = by # 0, the vector field F5 is of the form
(a1 R+ a2 Z)(R, Z)T which is not polynomially integrable.

e Assume as = by # 0. In this case, the result follows by changing R by Z.

e Assume a; # by and ag # by. From [3, proposition 1.7], as the factors of
(R, Z)T NFy are R, Z and (by — a1)R + (by — ag)Z, if it exists a polynomial
first integral of Fa, then it has the expression Ipy = RPZ%((by — a1)R + (by —
a2)Z)® with p, ¢, s natural numbers. By imposing F5(I5;) = 0, we have that

ai(p+s)+b1g=0, ap+ba(qg+s)=0.

Thus, a1, az, by and by are different from zero. The natural exponents of the
invariant curves in the expression of the first integral I, are of the form

p="ba(by —ai1)m, q=ai(az—ba)m, s=(arba —asby)m

with m a rational number. So, I is polynomial if bo(b; — a1), a1(as — bg) and
a1by — agby are rational numbers with same sign.

O

We now provide necessary and sufficient conditions of formal integrability of the
system (3.4) with a? + b3 # 0 and a3 + b3 # 0.

By proposition 4.1, we only study the system (3.4) satisfying the series of con-
ditions (a) or (b). For the formal integrability of the systems 3.4 case (a), we have
the following result.

THEOREM 4.2. System (3.4) with a; = as =0 and byby #0 (or, by = by =0 and
arag # 0) is formally integrable if, and only if, it is formally orbitally equivalent to
system (R, Z)T = (0, Z(byR + b2 Z))T (or, (R, Z)T = (R(a1R + a2 Z), 0)T), i.e. it
1s orbital equivalent to its lowest-degree homogeneous component.

Proof. We consider the system 3.4 with a; = as = 0 and b1bs # 0. The other case
is analogous, it is enough to change R by Z.
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The sufficient condition is trivial because R is a polynomial first integral of system
(R, Z)T = (0, Z(b1R + b2Z))". Undoing the change of variables system (3.4) is
formally integrable.

We see now the necessary condition. Assume that system (3.4) with a1 = as =0
and by, be # 0, is formally integrable. By theorem A.2, system (3.4) is orbitally
equivalent to G = Gg 4 --- given in (A.3) which is also formally integrable. We
assume that there exists ko:=min{k € N, k> 2:aj + 7 # 0}. We study two
cases separately:

o If 4b = = X240, for all k > ko then G = (bR + b22)G with G = (AR* +
), Z(1+ ARFo=1 +...)T_ The origin of G is an isolated saddle node point
(the linear part evaluated at origin only has one eigenvalue zero). From [18, 19],

G is not analytically integrable. Therefore, G is not analytically integrable.

e Otherwise, If %f #* f—: for some k > kg then by R + by Z = 0 is an invariant curve
of G which pass by the origin and whose cofactor is byZ + > k>ko (apRF +
BrRF1Z). Therefore by R + boZ is a factor of any analytic first integral at the
origin I of G. On the other hand, if I = Ip; +--- is a first integral of G then
Iy is a polynomial first integral of G first homogeneous component of G. This
fact is a contradiction since Ip; = R.

U
For the case (b), we have a similar result.

THEOREM 4.3. Consider system (3.4) such that ba(by —ay), ai(az —b2) and
a1ba — asby are rational numbers different from zero with the same sign. This sys-
tem is formally integrable if, and only if, it is formally orbital equivalent to system
(R, Z)T = (R(a1R + a2 Z), Z(by R + b Z))T, (that is it is orbital equivalent to its
lowest-degree homogeneous component).

Proof. Let m be an integer number such that p = ba(by — a1)m, ¢ = ai(az — ba)m
and s = (a1by — aszby)m are natural numbers with ged(p, ¢, s) = 1.

Performing the scaled-change (R, Z, 7) — (—pa1 R, —qbaZ, pqt), system (3.4)
turns into

(R, Z"NT = (R(—qR+ (¢ + s)Z +h.ot.), Z((p+ s)R — pZ + hot)T.  (4.1)

The formal integrability of system (4.1) has been studied in [3]. By [3, theorem 2.11],
if system (4.1) is formally integrable at the origin then it is linearizable (orbitally
equivalent to its leading homogeneous term). O

The following result characterizes the formal integrability of system (3.4) through
the existence of a formal inverse integrating factor of this system.

THEOREM 4.4. Consider system (3.4) with a3 + b3 #0 or a3 + b3 # 0, satisfying
one of the following series of conditions:

(a) ap =a2 =0 (orb; =by=0).
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(b) ba(by — a1), ai(az —ba) and a1by — asby are rational numbers different from
zero with the same sign.
Then, system (3.4) is formally integrable if, and only if, it has a formal inverse
integrating factor of the form V.= RZ((by — a1)R+ (by —a2)Z) + - -.

Proof. System (3.4) is of the form (R, Z')T = (Py+ -+, Q2+ ---)T, a perturba-
tion of a quadratic system, where P, = R(a1 R + a2Z), Q2 = Z(b1 R+ b27).

The polynomial zQs — yP» = RZ[(by — a1)R + (b2 — a2)Z] under the series of
condition (a) or (b) has only simple factors on Clz, y]. From Algaba et al. [4,
theorem 6], system (3.4) has a formal inverse integrating factor (xQo — yP2) + h.o.t.
if, and only if, it is orbitally equivalent to (P, Q2)?. From theorems 4.2 and 4.3,
the result follows. O

5. Applications

We consider the family of differential systems
b= —y+a(—z? —y? +322 + A (2 + y?) 2% + Agez?),
g =a+y(—2® —y® 4+ 322 + a1 (2 +y*)2? + anez?), (5.1)
5= 2(32% 4 3y* — 22 + bi1 (2% + 9%) 2% + baz?),

with Aqq, Age, a1, age, bi1, bge real numbers. The following result gives the
systems of the family with one functionally independent analytic first integral.

THEOREM 5.1. System (5.1) has one, and only one, independent analytic first
integral if, and only if, it satisfies at least one of the following conditions:

(i) Ag2 — ap2 = A11 — a11 = b11 + 3bo2 = Aoz + 2bg2 + a11 = 0,
(i) Aoz — age = A11 — a1 = b1 + a1 = Az + bz = 0.

Proof. System (5.1) is a perturbation of system (1.2) with a;y = —1, as =3, by =
3, by = —1. Therefore, it has at most one functionally independent first integral.
We prove the necessary condition. For that, we apply Theorem 2.4. System (5.1)
satisfies condition (b) of theorem 2.4 since ba(by — a1) = —4, aq(ag — bs) = —4 and
a1bs — agb; = —8 are rational numbers different from zero with the same sign.

We impose the existence of a formal function J = Js+--- with J5 = (22 +
y?)z(2? + y? — 22) introduced in proposition 2.3 satisfying (2.9) withp = ¢ =1, s =
2 that is M = 4. Equation (2.9) to degree 19 is

F(J) — div(F)J = v32" + 1v42° + v52"!
F 3 v (2 + )T 4 vl 4 2O,
Following the procedure given in proof of proposition 2.3, we compute the
coefficients of F'(J) — div(F)J and the proof consists on the vanishing of its terms:
The coefficient Vs is null and vy = A02 + 10b02 + A11 + ap2 + a1 + 2b11. Solv-
ing the equation vy, = 0, we have Ags = —10bgy — A11 — ag2 — a11 — 2by1. For order
11, we have vs = (b11 + 3bo2)(2b11 + A11 + a11). Imposing v5 = 0, we distinguish
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two cases: Case 1. by; = —3bgpe. In this case, vs =n; =0 and v7 = (A1 + ap2 +
2b02)(A11 + 2a02 + a1 + 4bo2).

Case 1.1. Aj; = —aga — 2bga. To order 17, we have vg = (ag2 + a1 + 2bg2)?(ag2 —
a1 + 4b02). If apg = —ai1 — 2b02, we arrive to case (i) Otherwise, apg = 11 — 4b02,
we have vg = (a1; — bo2)?. Therefore a1 = by, i.e. case (i).

Case 1.2. Ay1 = —2ag2 — a1 — 4bga, we have vg = (aoz + aip + 2b02)2(a02 +
3bg2). If age = —a11 — 2bga, we arrive to case (i). Otherwise, ags = —3bpz2, we have
vg = (a11 — bo2)?. Imposing vg = 0, we have aj; = bgg, i.e. case (i).

Case 2. b11 = _%(All + a11). In this case, Vg = N7 = 0 and Uy = (aoz +

5bo2)(2ap2 + A11 — a11 + 10bg2). Imposing the vanishing of v7, we have:

Case 2.1. apy = —5b02. To order 17, vg = (A11 - (Lll)z(All +ay + 6b02). IfAll =
ai1, we are in the case (ii). Otherwise, A3 = —aj; — 6bo2, we have vy = (5b3, +
96)(3b02 + a11)2. Thus, vg = 0 if a17 = —3bge, i.e. case (ii)

Case 2.2. aga = %(—Au + ayp — 10bg2). To order 17, we have vg = (A —
a11)2(3A411 + 3a1; — 32bgz). For Ay = a1y, we have the case (ii). Otherwise, Ay =
—a11 + %bog, we have Vg — (1152 + 115b%2)(16b02 - 3@11)2. SO7 aylr — ?on, i.e.
case (ii).

We prove the sufficient condition. It is easy to check that (22 + y?)z(2? + y? —
22)(1 — bp22?) is an inverse Jacobi multiplier of system (5.1) case (i) and (2% +
y*)2(322 + 3y? — 322 — a11 (2 + y?)2% + 3bg22?) is an inverse Jacobi multiplier of
system (5.1) case (ii). Thus, both are of the form Js + ---. The result follows
applying theorem 1.3. (]

We consider the family of differential systems

&= —y+ Ao (2” + )’z + A (2® + ) 2%y,
y=x+ au(gc2 + y2)22y + agaz®, (5.2)
s=z(a? +y* =22+ b (2 +yP) e + b02z4),

with Asg, A11, a1, age, bi1, bp2 real numbers. The following result gives the
systems of the family with one functionally independent analytic first integral.

THEOREM 5.2. System (5.2) has one, and only one, independent analytic first
integral if, and only if, Asg = A1 = a11 = age = 0.

Proof. System (5.2) belongs to the family of systems (1.2) with a; =a2 =0
and by = 1, b = —1. Therefore, it has at most one functionally independent first
integral.

We prove the necessary condition. For that, we apply theorem 2.2. We impose
the existence of a formal function I = (22 4+ y?) + - - - introduced in proposition 2.1
satisfying (2.1). Following the procedure given in proof of proposition 2.1, we
compute the coefficients of F(I) and we obtain 7 =0, v, =0 and to degree 6,
it has that n3 = Asg and v3 = a11. Thus, we impose that Asg = ay; = 0. In this
case, the equation F(I) =0 to order 8 is zero and to order 10 and 12, we have
5 = 0, Vs = 5@()2b11 and Ne = 0, Vg = —10&021)02[711 - 10@32 - iA%l
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On the one hand, if ags = 0, it has that vg is zero if Ajq is zero. On the other
hand, if b11 = 0, then Vg = —10(1(2)2 — iA%l SO, if Vg = O7 we have that A20 = A11 =
a11 = ag2 = 0.

The sufficiency is trivial since 2% + y? is a first integral of system (5.2) with
Agg = A1l = a11 = a2 = 0. O
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Appendix A. An orbital normal form for systems (3.4) with
a; = ag = 0.

In this section, we give an orbitally equivalent normal form for a general two-
dimensional vector field F =F,, +---, where F,,, the leading term of F, is a
homogeneous polynomial of degree n.

For that, we need to define the following linear operators (in this section,
Z; denotes the vector space of homogeneous polynomials of degree j with two

variables):
lpeny1 ¢+ Phony1 — P
Al
Hk—n+1 — Fn(///kfnJrl)y ( )
(Lie operator of the leading term of F) and
O gt Agypr — Ay defined by
6k (9) = Proja ,, (Fu = hpdiv(Fa)(@,9)7) (9), (A.2)

where the subspaces Ay and A,y satisfy that P = App1 P h Py, and
Ptk = Dk @ h P, respectively (such subspaces must be considered as
fixed), being h = n%rl(a:, y)T AF,, a homogeneous polynomial non-zero of degree
n—+1.

Next result is [5, theorem A.32]. It provides an expression of an orbital normal
form for the vector fields F with leading term non-conservative.

ProrosiTiON A.1. Let F =F,, + h.o.t. with F,, homogeneous polynomial vector
field of degree n. If Ker (E%Jrk) = {0} for all k € N then F is orbitally equivalent to

0
— Jit2 + xn;
G = Fn + E Gj+1, with Gj+1 = Y

izn a*ﬂj+2 + yn;
T

where gj42 € Cor (€§+2) (a complementary subspace to Range({$.,) ) and n; €
Cor (4;) (a complementary subspace to Range((;)).

We apply proposition A.1 for obtaining an orbital normal form of system (3.4)
with a; = ag = 0 and bl, bg 7é 0.
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THEOREM A.2. A formal orbital normal form for the system (3.4) with a1 = as =0
and bybs # 0 is

(?) - (Z(b1R0+ bQZ)> +1§2 (axR" + BLR* ' Z) (1;’) : (A.3)

where oy, O € R.

Proof. We first prove that the hypothesis of proposition A.1 are satisfied, i.e.
Ker (¢5,,) = {0} for all k € N.

In this case, Fy = (0, Z(b1R + b2 Z))". Therefore, h = $(b1R +b2Z)RZ and
diV(FQ) = blR + 2b2Z

We denote Fék) =Fy — %HdiV(Fg)(R 7)1 = k+2 (Z(z,ﬁiﬁﬁgibii)z)> . Consider
the following bases for departure and arrival spaces of the operator ff , ,:

Apy1 = Span{R* RFZ ZM1) Apyo = Span{RN? RNz 7Kt}

Taking into account that 3R'Z7h = by R*T2Z7+! + by R Z7+2 we have that

k+1 Skt
k) pRt1y — k+2 _ kg
2 (B) = —phlt el
k41 3k
FO(RMZ) = g R Z - LS R,
FP(Z) = (< B W ey BEED, s g(R, Z)h
2 k+2 bk k+2 ’

The matrix associated to the operator e % +2 respect to the basis given is

e
k(k+1
with A = (—1)F+1 (1::12)2 33 . The determinant of the matrix is not zero, therefore

Ker(ﬁi?_Q) = {0}. Moreover, Cor(€§€22) = {0} since €k+2 is full range.

On the other hand, the linear operator f(i41, k> 1, is lr11(p) = Z(b1 R+
ng)%p7 with p € Z. So, the range of ;41 has dimension k£ and thus the dimen-
sion of any complementary subspace of Range(fxy1) is 2. To finish the proof
of our result, it is enough to check that the subspace Span{Rk“7 RkZ} is a
complementary subspace of Range(x1).
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