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Asymptotic approximations for convection onset
with Ekman pumping at low wavenumbers
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Ekman pumping is a phenomenon induced by no-slip boundary conditions in rotating
fluids. In the context of Rayleigh—Bénard convection, Ekman pumping causes a significant
change in the linear stability of the system compared with when it is not present (that
is, stress-free). Motivated by numerical solutions to the marginal stability problem of
the incompressible Navier—Stokes equation (iNSE) system, we seek analytical asymptotic
solutions which describe the departure of the no-slip solution from the stress-free one. The
substitution of normal modes into a reduced asymptotic model yields a linear system for
which we explore analytical solutions for various scalings of wavenumber. We find very
good agreement between the analytical asymptotic solutions and the numerical solutions
to the iNSE linear stability problem with no-slip boundary conditions.
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1. Introduction

Rotating Rayleigh-Bénard convection (RRBC) is a relevant model in many geo- and
astrophysical phenomena. In the case of rapid rotation, the bulk of the system is dominated
by a balance between Coriolis and pressure gradient forces known as geostrophy. In the
‘upright’ case, meaning gravity and the rotation axis are aligned, stress-free boundary
conditions are compatible with geostrophy and no boundary layer occurs at leading
order. However, if no-slip boundary conditions are imposed, the dominant balance near
the boundary is between viscous and Coriolis forces, in what is known as the Ekman
layer. Conservation of mass in this layer gives rise to the physical phenomenon called
Ekman pumping (suction). In computation, the Ekman layer is narrow and computationally
expensive to resolve. Stress-free boundary conditions do not break down the geostrophy
of the interior, and thus are often chosen for computational convenience. However,
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many studies have been done to explore how the Ekman layer does effect the flow.
Chandrasekhar (1961) computes critical Rayleigh numbers for convection onset for both
cases (stress-free and no-slip) and finds that these values differ for non-zero Ekman
numbers (E). Asymptotic studies (Niiler & Bisshopp 1965; Heard & Veronis 1971; Zhang
& Jones 1993) show that while non-zero Ekman numbers have a destabilizing effect,
the difference is asymptotically small in the limit of rapid rotation, E — 0. Studies of
nonlinear effects find an increase in heat transport which does not vanish with £ (Homsy
& Hudson 1971; Stellmach et al. 2014; Julien et al. 2016; Pachev et al. 2020). In our
recent publication (Tro, Grooms & Julien 2024), we discover that the marginal stability
curve of the system with Ekman pumping departs significantly from the stress-free curve
at small wavenumbers. We find that this effect does not vanish with £ — 0. In this paper,
we describe that departure with analytical, asymptotic solutions.

2. Formulation

RRBC is governed by the incompressible Navier—Stokes equations (iNSEs). Non-
dimensionalization by characteristic velocity scale U, horizontal length scale ¢, vertical
depth scale H, advective time scale £/U, pressure scale P and temperature difference AT
results in non-dimensional parameters including the Ekman number, E, and the reduced

thermal Rayleigh number, Ra = RaE*3. We also have a Rossby number, Ro, which is
small in the rapidly rotating limit, so we define & such that

Ro=EP=¢« 1. 2.1)

We further select U = v/{, where v is the kinematic viscosity, and £/H = ¢. The resulting
non-dimensional iNSE system is given by

~

1. 1 > Ra_,
out+u-Vu+-zZxu+-Vp=V-u+ —0z, (2.2a)
& & o
1
%0 +u-Vo—ez-u=—V20, (2.2b)
o
V.u=0, (2.2¢)

where u and p are the velocity and pressure fields, and 6 is the temperature with the linear
background profile removed, that is, 8 = T 4 z — 1, where T is the temperature field. The
parameter o = v/« is the Prandtl number, where « is the thermal diffusivity.

We consider a local f-plane approximation to the spherical shell, and focus on the
case where gravity and the rotation axis are aligned. The unit vectors X, y, Z, define the
coordinate directions and point east, north and radially. The components of u are (u, v, w)
and are respectively in the X, p, z directions.

The system (2.2) is accompanied by the boundary conditions

w=0, 6=0, Z=0,1, (2.3a—c)

where Z is the non-dimensional coordinate in the z direction, and either
no-slip: (u,v) =0 Z=0,1, (2.4a)
stress-free: z-V(u,v) =0 Z=0,1. (2.4b)

Using asymptotic matching, the fluid variables of the iNSE may be decomposed into
an interior (outer) geostrophic solution, a middle thermal wind layer and boundary (inner)
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Ekman layer solution. For no-slip boundary conditions, the result for the interior (outer)
solution plus the middle thermal wind layer is the composite quasi-geostrophic (CQG)

equations given by Julien et al. (2016),

OVIY +J[Y, Vi] - dzw = Viy, (2.50)
2 EZI /
dw+J[Y, w]+ 0z =Viw+ ;e , (2.5b)
- 1
30 +J[v, 0] +w(8,6 — 1) = —=V?¢/, (2.5¢)
o
el/2 )
w=3§—Viy, 6=0, onZ=0,1, (2.5d)
\/E ﬂ//
where 6 =1 at Z=0 and § = —1 at Z = 1. Here, ¥ is the stream function such

that 0,y = v, dyYy = —u and 0 = © + €6’ has been split into a lateral mean (denoted
by the overbar) and fluctuating component (denoted by the prime). The operators
V = (0y, 9y, £dz), VL = (0x, dy) and J[, -] = 0,0y — 0y ;. The boundary condition
(2.5d) on w is known as the pumping boundary condition since it encapsulates the
pumping/suction effect of the Ekman boundary layer on the interior solution. Note that
in this model, the vertical diffusion of 8’ is retained due to the inclusion of the O(g) =
O(E'3) thermal wind layer. Without the vertical derivatives, the thermal boundary
conditions cannot be satisfied.

We explore the linear stability of both the rescaled iNSE (2.2) and the CQG model (2.5)
by substituting the normal mode ansatz

v=0(Z)exp(st +ik, - x1) (2.6)

for convective rolls, where we define the wavenumber k| = (ky, ky). Inputting parameters
g, 0, k) =|kyi| and s =0 for marginal stability, the result is a differential equation

eigenvalue problem for Ra. The iNSE problem is then solved numerically (see Tro et al.
2024 for the numerical formulation), and we explore asymptotic solutions to the CQG
linear stability problem. While our following analysis is general for o = O(1), note that
by solving the problem with s = 0, we are neglecting oscillatory convection for o < 1.
Assuming wqg ~ Yo ~ 0y ~ ki ~ Rag ~ 1, where the subscript denotes the leading
order term in an asymptotic expansion, the pumping boundary condition is subdominant
at O(¢!/%). This means that the boundary condition at leading orderis wy = 0 atZ = 0, 1.
This yields the linear stability problem given by Julien & Knobloch (1998), with solution

w = Asin(nnZ) + 0(e'/?), (2.7a)
¥ = —AZE cos(nnZ) + 0(s'/?), (2.7b)
kJ_
6 = A sin(nZ) + 0(c'?), 2.7¢)
kL

and eigenvalue

~ kS 4+ nPn?

Ra ~ +—— 3 ,
ki

which is the same as found by Chandrasekhar (1961). The curve (2.8) in the k& L—I?Zz plane

is the marginal stability curve, meaning that for parameter values above the curve, there
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Figure 1. Marginal stability of the system in the Ra—k, plane for ¢ = 10~* and ¢ = 1. The numerically
computed curve for the iNSE system with Ekman pumping is shown in solid blue. The blue dash-dotted curve is
the stress-free case, Ra = k‘i + n2n? /ki. The asymptotic approximations for Cases (i)—(iv) are in red, purple,
yellow and green, respectively.

is a positive growth rate s and the system is unstable to perturbation. For stress-free
boundary conditions in the rapidly rotating limit ¢ — 0, the marginal stability curve of the
iNSE problem will converge to (2.8). However, we discovered that (2.8) does not describe
the marginal stability of the no-slip problem at low wavenumbers k) (Tro et al. 2024).
This numerical result is reproduced in figure 1 by the solid blue line, contrasted with the
stress-free result shown by the blue dash-dotted line.

In this paper, we seek an analytical description of the marginal stability curve when
Ekman pumping is present, shown numerically by Tro et al. (2024) and plotted in
figure 1. The pumping boundary condition remains O(1) when w ~ ¢!/ 2kil/f ~1, (Y ~
kizg*l/ 2). Under this scaling, we expand all dependent variables and Ra in half-powers
of &, and consider only the leading order (O(1)) solution. Four cases occur: (i) k2l ~ gl/2,
(i) e'/? 2 k3 2 &% (i) k3 ~ e2;and (iv) k3 < 2, each of which is outlined in § 3 below,
and each of which describes a section of the marginal stability curve.

3. Results

To ensure pumping remains O(1) as we explore ki <e
kfs*l/ 21}, where I/Vf ~ 1. Note that throughout the manuscript, we use the inverted
hat (check) to denote the rescaled quantities, including on their asymptotic expansions.
Applying this scaling to the linear problem associated with (2.5) (dropping the prime on
the fluctuating temperature), yields

172 we begin by rescaling ¢ —

—ozw = k3 eV, (3.1a)
. Ra
o = kiel/zfe — ke 2y, (3.1b)
1
—w = ;(8235 —k3)e, 3.10)
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with
5
w=——y, 6=0, Z=0,1. (3.2a—c)
V2
Under this scaling, the horizontal diffusion of w, the term k‘isl/ 2y, will always be less
than O(e!/?) for the ki < 1 cases considered below. We expand the eigenfunctions in

powers of £!/2, but only consider the leading order terms,
w=wo+0(e"?), ¥=yo+0(s"?), 0=0+0("7). (3.3a-c)
We also expand the eigenvalue Ra in the same way

Ra = Rag + 0(e'?). (3.4)

3.1. Case (i): k3 ~ &!/?
In this case, vortex stretching is balanced by the horizontal diffusion of ¥ in (3.1a).
In (3.1¢), the horizontal diffusion of 6 is dominant over the vertical, and to bring this
into balance with w, we scale 6 — kf@. Finally, we rescale Ra — ¢~ 12Ra such that

buoyancy is in balance with the vertical gradient of ¥ in (3.1b). This results in the leading
order system

—0zwo = k3 eV, (3.5q)
. Raoe
dzvo = ?90, (3.5b)
0
—wo = ——, (3.5¢)
o
with boundary conditions
S -
wo=——=v%9, Z=0,1, 8 == (3.6)
ﬁllf

This has solution

1/2 k‘“l/Z — —
wo(Z) =A <Sﬁ Zj)_ cos (Z,/kiRao) + sin <Z,/kiRao> , (3.7a)

%1/2 — 81/2 I"e‘c’ll/Z —
V0@ =A% ( —cos (/2 Rao) + —= o sin (z/K2Rw)).  3b)
1

and 6y = lezwo. The eigenvalue i?;zo must satisfy

1L

1

The numerically computed root to this equation for a range of ki is presented in
figure 1 by the red dotted line. It agrees well with the underlying blue curve (the

174 "as expected.
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Figure 2. Eigenfunction profiles for Case (i), ki ~ g!/2_ We have selected as an example ¢ = 1073 and k; =
e!/4. Numerically computed eigenfunctions to the iNSE problem are in solid blue and the analytical asymptotic
approximations (3.7) are in dashed red.

If we consider the limit of (3.8) as ki becomes smaller than £!/2, sin (,/kilp?:zo> ~

,/kiﬁzo and cos (,/kil?;z0> ~ 1, we find that ﬁZzo — 24/2/¢e, which is consistent with
(3.11) below. "

Choosing in particular ki = ¢!/2 and the corresponding Ra satisfying (3.8), examples
of the vertical profiles (3.7) are plotted in figure 2 by the red dotted line. The underlying
blue curves are the eigenfunctions of the numerically computed iNSE marginal stability
problem. We see very good agreement between the two curves in the interior of the
domain. The analytical asymptotic expressions for w and ¥ derived from the CQG model
do not match the numerical solutions from the iNSE in the boundary layer because the
CQG model parametrizes rather than resolves the Ekman boundary layer. The temperature
boundary condition is not satisfied due to the subdominance of the vertical diffusion of 6y,
but there is a boundary layer of size ¢/k| ~ £3/* that allows 6y = 0 to be satisfied.

1

3.2. Case (ii): €'/? > k2l > g2
In this case, the horizontal diffusion of temperature is still dominant over the vertical
diffusion, so we take 6 — klzé and again, to retain the buoyancy term, we take Ra —
¢~1/2Ra. This yields the system

dzwo = 0, (3.9q)
. Rag«
zyo = - 6o, (3.9b)
fo
wo = —, (3.9¢)
o

with boundary conditions the same as above in (3.6). The horizontal diffusion of v is
now subdominant to vortex stretching, so dzwo = 0, which gives a constant for wy. The
solution is

Ra 1
Yo =A—o <z - —> : (3.100)
K2 2
oA
fo="7 (3.10¢)
L

1003 A3-6
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Figure 3. Eigenfunction profiles for Case (ii), £!/2 > ki > ¢2, withe = 107* and k; ~ 0.0203. Numerically
computed eigenfunctions to the iNSE problem are in solid blue, and the analytical asymptotic approximations
(3.10) are in dashed red.

with eigenvalue

Rap=2V2 ie Rag= 2}—5 (3.11)
gl/2

The constant estimate for Ra given in (3.11) is shown in figure 1 in purple. We can see
that it aligns well with the flat portion of the numerical iNSE curve. We also compare
the eigenfunctions (3.10) with the numerical iNSE in figure 3. Again, we see good
agreement in the interior of the domain, but as the asymptotic result is designed to remove
the boundary layer, they do not match in the Ekman boundary region. As in Case (i),
there is a thermal boundary layer of size €/k; which allows the temperature boundary
condition to be satisfied. In this case, the boundary layer is still asymptotically thin since

1> ¢/ky > &34,

3.3. Case (iii): k3 ~ &?
In this case, the vertical diffusion term of the temperature equation is now in balance with

the horizontal, and we again use the scalings 6 — klzé and Ra — ¢~ '/?Ra. This gives us
the leading order problem

. Rag«
dz10 = ~—b. (3.120)
o
1 .
—wo = —(?k %85 — 1)6o, (3.12¢)
o
with boundary conditions
8 v v
wo=——7=v%0, 6o=0 Z=0,15§==l (3.13)
V2
This has solution

(3.14D)

ARag 1 e ekiZ/e e e kiZ/e
= A £ ’
Vo= ( PR ERC +e'ﬂ/5)

oA eklZ/s e—kLZ/s
o= g(l— 1+ekL/€ o 1+e—kL/8)’ (3.140)

1003 A3-7
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Figure 4. Eigenfunction profiles for Case (iii), kﬁ_ ~ g2, with ¢ = 1073, k. =9 x 1073. Numerically

computed eigenfunctions to the iNSE problem are in solid blue, and the analytical asymptotic approximations
(3.14) are in dashed red.

with

Ra (L, 1 e | o (3.15)
ap=+/-|=+-— - — : :
0 e\2 kil+eki/e ki 14eku/e

Here, the second-order derivative allows for the temperature boundary condition to be
satisfied, and the thermal boundary layer width is O(1).

In figure 1, the Rag curve is plotted as a yellow dotted line. It agrees well with the
underlying blue curve around the corner near k| ~ 1074 = ¢, as well | as the region
surrounding this value. If we consider (3.15), where k| > ¢, it follows that Ray — 2+/2/¢,
which aligns with (3.11). We may also consider k| < €, and using a few terms in the
series 1/(1 +¢¥) ~ 1/2 + x/2 — x3/48, we find that Rag ~ 24\/583/21612. See below that
this agrees with (3.18).

We also plot the eigenfunctions in figure 4, where we again see good agreement with
the numerical iNSE linear stability solution.

3.4. Case (iv): kﬁ_ < g?
In this case, we lose the horizontal diffusion term and the vertical diffusion of temperature
is dominant. This implies the scalings 6 — ¢726 and Ra — &/ 2kJ__ZRa, and yields the
leading order system

azwg = 0, (3.16a)
. Rap -
dzv0 = —2f, (3.16b)
o
1,
—wo = —9200. (3.16¢)
o
with solution
po—al (2 7 1 (3.17b)
=52 \T6 T4 24) '
oA
b = ~~Z(1 - 2), (3.17¢)
2¢
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Figure 5. Eigenfunction profiles for Case (iv), kf_ < €2, with ¢ = 1073, k; = 10~*. Numerically computed

eigenfunctions to the iNSE problem are in solid blue, and the analytical asymptotic approximations (3.17) are
in dashed red.

and eigenvalue

Y ~ 244/2¢3/2
Rap = 2472 ie. Rag = # (3.18)

1

This curve is plotted in green in figure 1, and is in good agreement with iNSE in the small
k) limit. The eigenfunctions shown in figure 5 are also in good agreement with iNSE.

4. Discussion and conclusions

Through the four cases considered above, we have demonstrated that the linear stability
of the rapidly rotating iNSE system with no-slip boundary conditions can be well
represented by leading order asymptotic approximations. Linear stability theory for
stress-free boundary conditions has been established for decades. Our previous results of
numerical computation show a departure from that theory for no-slip boundary conditions
(Tro et al. 2024). We have considered analytical asymptotic solutions to the linear stability
problem for small wavenumbers ki < 1. The transition of kzl to values smaller than ¢!/2
leads to a loss of the lateral viscous term that normally balances vortex stretching, and this
combined with the pumping boundary conditions leads to a constant, non-zero value for
w in the interior of the domain. The distinction between subsequent cases is whether the
vertical and horizontal diffusion of temperature are in balance, or one is dominant over the
other. At the smallest scales, for ki < &2, vertical diffusion dominates.

The condition that the pumping boundary conditions become O(1) is closely tied to
the condition that dzw = 0. At large values of k|, k‘iw, does not become subdominant

to dzw. Scaling the eigenfunctions such that w ~ 1 in the interior of the domain, by the
vortex-stretching balance, 1 ~ w ~ kilﬁ- This implies kiw ~ k72, making it impossible
for pumping ~ sl/zkixlf ~ sl/z/ki to become O(1) for large k .

The CQG model is derived under the assumption that the aspect ratio of horizontal
to vertical scales, £/H, is O(¢g) in the limit of ¢ — 0. In Cases (iii) and (iv), when we
consider k] < e, we are violating that assumption and the validity of the CQG model.
To justify this, we show in the Appendix that if we begin from the iNSE system, we can
derive the same systems of (3.12) and (3.16). In essence, any terms that could arise when
vertical scales are not assumed smaller than horizontal scales remain subdominant due to
the smallness of k| . "

From our results, we can estimate the value of Ra above which the departure from
stress-free occurs. The stress-free marginal curve is shown in figure 1 as a blue dash-dotted

line. We can see for Ra below the purple line, 2,/2/¢, the no-slip and stress free curves

1003 A3-9
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match up. However, if Ra is above 2./2/¢, we see a much wider range of wavenumbers
contributing to the instability. From (3.18), we may estimate that wavenumbers

244/2¢3/2 22

Ra el/2’

/2 (4.1)

~ l ~
< ki < Ra for Ra >
produce modes with a positive growth rate. This is significantly different from the range
for the stress-free case,

2

a

— <k <R, 4.2)
Ra

which does not change with . Whether these modes affect direct numerical simulations
of the fully nonlinear problem remains unexplored.

Funding. This work was supported by the National Science Foundation (grant no. DMS-2308337).
Declaration of interests. The authors report no conflict of interest.
Author ORCIDs.

Sara Tro https://orcid.org/0000-0003-0962-8307;

Ian Grooms https://orcid.org/0000-0002-4678-7203;
Keith Julien https://orcid.org/0000-0002-4409-7022.

Appendix. Asymptotic justification for Cases (iii) and (iv)

Beginning with the rescaled iNSE, (2.2), we consider the scalings of Cases (iii) and (iv).
Because ¥ is the streamfunction such that 0,4 = v, dyy = —u and ¥ = p, the rescaling
v — kfs—l/zlﬁ implies that

1/2x

u, v— kIzs_l/zv —1725

u— kj_zs_ v, p— kIze P (Ala-c)

For Case (iii), we take 6 — kIzé and Ra — ¢~'/?Ra and for Case @iv), 6 — £720 and

Ra — &%/ 2k121/\’5. Applying this scaling to the linear terms of (2.2a) with the normal mode
ansatz (2.6) substituted in, and s = 0, we get

—U 4 kp = e(—k3 + £202)i1, (A2a)
it 4 kyp = e(—k5 + £202)0, (A2b)
Ra «
0=k e%? (kisl/z(—ki +e202)w + —0 — a@) , (A2c)
o
with (2.2b) becoming
1 y
0=k, &? (w + — (2K %03 — 1)9) for Case (iii), (A3a)
o
1,
0=k e¥? <w + —age) for Case (iv), (A3b)
o
and (2.2¢)
ki i) + k30w =0, (Ad)
1003 A3-10
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where & = (i1, V) and recall k| = (ky, ky). We then expand the rescaled variables as
follows:

0= o+ ke e (A5a)
D=0+ ke 4, (A5b)
p=po+kie?pi+--, (A5c)
W=wot -, (A5d)
6 =00+ . (A5e)

Substituting in these expansions, the leading order system is

—vo + kypo =0, (A6a)

iy + kypo =0, (A6D)

kyitp + kyvo = 0, (A6¢)

which returns to us the streamfunction 1}0 = po, With kxlﬁ() =7y and kylﬁo = —Ilp as

expected.
To determine the next order problem, we must consider the scaling of —ki + 828% for
Cases (iii) and (iv), where ki < e

—kzl + 828§ ~ max {ki, 82} ~ g2, (A7)

Note also that k| ~ k. Then, the 0(](1_83/2) terms are

—v1 +kyp1 =0, (A8a)
ui + kyp1 =0, (A8b)
kyuy + kyvl = —adzwo, (A8c)

which has the solvability condition that

dzwo = 0, (A9)
and from (A3),
1 y
0 =wo + —(e?k %82 — 1)fy for Case (i), (A10a)
o
1.,
0=wo+ —d20p for Case (iv), (A10b)
o
and finally from (A4),
. Rag«
dzvo = ?90- (A11)

Then, (A9), (A10) and (A11) match with (3.12) and (3.16).
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