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A Complete Classification of Al Algebras
with the Ideal Property

Kui Ji and Chunlan Jiang

Abstract. Let A be an Al algebra; that is, A is the C*-algebra inductive limit of a sequence

1.2 $23
Al —A) —5S A3 — o — Ay ——

where A, = 69:‘11 M, i) (C(Xf,)), Xfi are [0, 1], ky, and [n, i] are positive integers. Suppose that A has
the ideal property: each closed two-sided ideal of A is generated by the projections inside the ideal, as
a closed two-sided ideal. In this article, we give a complete classification of Al algebras with the ideal
property.

1 Introduction

Remarkable classification theorems have been obtained for the AH algebras, the in-
ductive limits of matrix algebras over metric spaces (with uniformly bounded dimen-
sions), in two important special cases:

(i) AH algebras of real rank zero (see [1,2,5]) and
(ii) simple AH algebras (see [3,4,6,7,9,11]).

To unify and generalize the classification of these two special cases, we will consider
C™-algebras with the ideal property: every closed proper two sided ideal is generated
by its projections. Obviously, the class of C*-algebras with the ideal property includes
C*-algebras of real rank zero and simple C*-algebras as very special cases.

An approximate interval algebra (AI algebra) is a separable C*-algebra that is the
inductive limit of a sequence of finite direct sums of matrix algebras over C[0, 1], i.e.,
(s = D}y M) (CI0,1])).

In 1991, George Elliott classified the simple unital approximate interval algebras
using an invariant consisting of K, theory and tracial state data (see [2] or [13]). In
other words,

A B <= (Ky(4), T(A)) = (K¢(B), T(B)).

In 1995, Kenneth H. Stevens proved a generalization of this result by permitting the
algebras to be unital and to have the ideal property (see [13]). Furthermore, the
algebra was also assumed to be approximately divisible. In these circumstances, he
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proved that A = B if and only if, for any projection e € A with ¢y[e] = [f], there
exist

Po: Ko(A) = Ko(B) and % : T(fBf) S T(eAe)

such that the affine isomorphisms weTf ) ¢erlf, are compatible with one another for
e/ < eand f' < f with¢y[e] = [f] and 1pp[e’] = [f’], where compatibility means
the following diagram is commutative:

vy
T(fBf) —— T(eAe)

|

Y

T(f'Bf') — > T(e'A¢e’).

In this paper, our purpose is to generalize the Stevens result to classify all of the
Al algebras with the ideal property; that is, both of the above restrictions (of being
unital and being approximately divisible) will be removed.

Let us point out that our proof is completely different from Stevens’ proof of his
theorem. In his proof, Stevens introduced a lot of special concepts such as “ribbon
structure”, “n-curtain’, “weighted n-curtain” , and “d —» subribbon structure”, which
heavily depend on the condition that the spectrum is the interval [0,1], and do not
have higher dimensional analogues.

In this paper, we will prove a dichotomy result (Theorem [4.2)) that can be used
to avoid all the technicalities of Stevens’ paper. Let us point out that this dichotomy
result can be generalized to higher dimensions (as will be shown in a joint work of
the second author with others; see [8]). Once the dichotomy theorem is proved,
many techniques of the simple case (see [6,7,10]) can be used in this new setting.
We believe that this new approach will be very helpful for the future classification
of AH algebras with higher dimensional spectrum. Besides this, we also need to
overcome the difficulty of the lack of approximate divisibility. As in [6], we will
use Li’s refinement of Thomsen’s theorem (see [9, 15]). But in our case, the partial
homomorphism may not be large as in [6, 1.9]. Lemma[2.5] deals with this problem.

The paper is organized as follows. In Section 1, some notation and known results
will be introduced. In Section 2, we will prove the existence theorem in the case
that the first algebra has only one block. In Sections 3 and 4 we will introduce the
uniqueness theorem and prove the dichotomy theorem. In Section 5, we will use the
existence theorem and the results of Sections 3 and 4 to prove the main theorem.
Since the partial maps may not be unital, we consider the minimal direct summands
Al of A, and reduce to the case of unital maps by using the projections (the images
of the unit of A’ under partial maps ¢;,) to cut down A,,. This technique can
be used to avoid the assumption of unital maps and make the existence theorem
and uniqueness theorem compatible. Then, combining with dichotomy theorem, we
finish the classification of Al algebras with the ideal property.

We will first introduce some notation and known results. All the notation is
adopted from [7,10] (see [10, Section 1] and [7, §1.1 and §1.2]).
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In the inductive system (A, ¢, ), we understand that ¢, ,; = @m—1,mOPm—2,m—1°
“ -+ 0 @y us1, where all ¢, ,,: Ay — A, are homomorphisms.

We shall assume that, for any summand A/, in the direct sum A, = EB:‘L Al
necessarily, ¢, ,+1(1 A;’) # 0; otherwise, we could simply delete A, from A, without
changing the limit algebra.

IfA, = @, qu and A, = P j A7y, we shall use ¢}, to denote the partial map of
®n.m from the i-th block A; of A, to the j-th block A, of A,,.

For a unital C*-algebra A, let TA denote the space of tracial states of A, i.e, 7 €
TA, if and only if 7 is a positive linear map from A to the complex plane C, with
T(xy) = 7(yx) and 7(1) = 1. AffT A is the collection of all the affine maps from
TA to C. (In the most references, AffT A is defined to be the set of all the affine maps
from TA to R. Our AffT A is a complexification of the standard AffT A.) An element
1 € AffT A, defined by 1(7) = 1 for all 7 € TA, will be called the unit of AffT A.
AffT A, together with the positive cone AffT A, and the unit element 1, form a scaled
ordered complex Banach space. (Notice that for any element x € AffT A, there are
X1,%2,X3,%4 € AffT A, such that x = x; — xp + ix3 — ix4.)

For a unital C*-algebra A, let \/(A) denote the collection of all Murray-von Neu-
mann equivalence class of projections in Uiil M, (A). Define

Ko(A) = {(a,b) :a € V(A),b € V(A)}/ ~,
where (a, b) ~ (a/, b/) if and only if there is ¢ € \/(A) such that
a+b +c=a +b+ce\/(A).

Let Ko(A); = {[(a,0)] € Ko(A),a € VV(A)} be the positive cone of Ky(A). If we
further assume that A is stably finite, then Ky(A) has properties

Ko(A)+ —Ko(A)+ = Ko(A) and  Ko(A)+ N (=Ko(A)s) = 0.

To each C*-algebra A, define the scale of A to be the subset > A 2 {lp]l p
is a projection of A}. Every morphism A: A — B induces a homomorphism of
scaled ordered groups (Ko(A),Ko(A)+, Y A) — (Ko(B),Ko(B)+, »_ B) in the sense
that Ky(A)Ko(A),+ C Ko(B),, and Ky(A) ZA C Z B.

Remark 1.1 The pairing (-, - ): TA X Ky(A) — R is defined by

k k

(rx) =" 7(pi) = Y _7(qi), Vr € TA,

i=1 i=1
where x = [p] — [q] € K¢(A) is represented by the formal difference of two projec-
tions p,q € My(A). Set 7(x) = (7, x). Then 7 induces a group homomorphism from

Ko(A) to R by x(7) = 7(x). In this way, each element x € K((A) induces an affine
map from TA to IR, and therefore, defines an element of AffT A. This gives us a map
o: Ky(A) — AffT A.
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Let a: Ko(A) — Ko(B) be a scaled ordered group homomorphism, and let
&: TB — TA be an affine map. Then, £ induces a linear map £*: AffTA — AffTB
defined by £*(f)(7) = f(&(7)) forall f € AffT A and 7 € TB. It is obvious that

E*(AfTA,) C AffTB,, €*(1) = (1).

Hence, ¢ induces a positive unital linear map (or scaled ordered map) from AffT A
to AffT B.
We shall say that « and & are compatible if

T(a(x)) = (£(7))(x), Vx€Ko(A), 7€TB.

It is evident that o and £ are compatible if and only if the following diagram
commutes:

Ko(A) —— AffTA

Ko(B) — AffTB.

In the rest of this paper, we will only use the map from AffT A to AffT B. So instead
of £*, we will use £ to denote this map.

Remark 1.2 Any unital homomorphism ¢: A — B induces a unital positive linear
map
AffT ¢: AffTA — AffTB.

Suppose that P € M;(C(X)) is a non-zero projection with constant rank . It is well
known that
AffT(PM;(C(X))P) = AfT(M;(C(X))) = C(X).

If ¢: C(X) — M;(C(Y)) is a unital homomorphism, then AffT ¢: C(X) — C(Y)
is given by
I
1
AFFT 6(f) = 7 E:j ¢, Vf € C,
where ¢(f);; denotes the entry of ¢(f) € M;(C(Y)) at the position (i, 7).

Remark 1.3 Let ¢1: C(X) — PM;,(C(Y))P, ¢: C(X) — QM,,(C(Y))Q be two
unital homomorphisms. Set

¢ = diag(¢1, ¢2): C(X) — (P QM+, (C(Y))(P @ Q).
Then by Remark[L.2]

ki ka

ARIT§ = (o AT 6y + 1=

AffT ¢,
where k; = rank P and k, = rank Q. Also, if P and Q are orthogonal projections in

M;(C(Y)), then ¢ = diag(¢1, ¢,) can be considered to be a homomorphism from
C(X) to (P+ QM;(C(Y))(P + Q), and the above equality still holds.
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Remark 1.4 Let ¢: C(X) — PM;, (C(Y))P be a unital homomorphism. For any
given point y € Y, there are points x;(y), x2(y), ..., x(y) € X, and a unitary U, €
M;, (C(Y)) such that

fla(y))

o(H)y) = P(y)U, U, P(y) € P(y)M, (C(Y))P(y)

0

for all f € C(X). Equivalently, there are k rank one orthogonal projections
D1y P2y - - -5 Pr With 25:1 pi(y) = P(y) and x1 (), x2(y), ..., xx(y) € X, such that

k

N = fEypiy), ¥ f € CX).

i=1

Let us denote the set {x;(y),%2(y), ..., x(y)}, counting multiplicities, by SP ¢,.
In other words, if a point is repeated in the diagonal of the above matrix, it is included
with the same multiplicity in SP ¢,. We shall call SP ¢, the spectrum of ¢ at the point
y (see also [6]). Let us define the spectrum of ¢, denoted by SP ¢, to be the closed
subset

SP¢p:= |J SP¢, C X.
y€Y

Alternatively, SP ¢ is the complement of the spectrum of the kernel of ¢, considered
as a closed ideal of C(X). The map ¢ can be factored as

C(X) - C(SP ) 2 PM;, (C(Y))P

with ¢, an injective homomorphism, where i denotes the inclusion SP ¢ — X.
Also, if A = PMy, (C(Y))P, then we shall call the space Y the spectrum of algebra
A and write SPA = Y (= SP(id)).

Remark 1.5 In Remark [[4 if we group together all the repeated points in
{x1(y),%2(»), ..., xx(»)}, and sum their corresponding projections, we can write

1
N =D FNP; (1<K,

i=1

where { A\ (), \2(¥), ..., \(¥)} is equal to {x;(y),x2(»),...,xx(y)} as a set, but
Aily) # Xj(y) if i # j; and each P; is the sum of the projections cor-
responding to A;(y). If Ai(y) has multiplicity m (i.e, it appears m times in
{x1(y),%2(), ..., x(»)}), then rank(P;) = m.
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Definition 1.6 We shall call the projection P; in Remark [L5] the spectral projection
of ¢ at y with respect to the spectral element \;(y). If X; C X is a subset of X, we shall
call >, () cx, Pi the spectral projection of ¢ at y corresponding to the subset X, (or with
respect to the subset X ).

Let ¢: My(C(X)) — PM;(C(Y))P be a unital homomorphism. Set ¢(e;;) = p,
where e;; is the canonical matrix unit corresponding to the upper left corner. Set

¢1 = ¢|511M1<(C(X))€11: C(X) - le(C(Y))p

Then PM;(C(Y))P can be identified with pM;(C(Y))p ® M in such a way that ¢ =
¢1 ®idy . Let us define

SP ¢, := SP(¢1),, SP¢:=SP¢y.

The following fact will be frequently used: For homomorphisms ¢ and ¢, with
rank p = k,

ABTO(N0) =1 S fG() and ARTG = ART 6.
xi(y)ESP(¢1)y

Let ¢: Mi(C(X)) — PM;(C(Y))P be a (not necessary unital) homomorphism,
where X and Y are connected finite simplicial complexes. Then

rank ¢(1)

#(SP ¢y) = rank(1y) ’

forany y €Y,

where #( - ) denotes the number of elements in the set counting multiplicity. It is also
true that for any nonzero projection

rank ¢(p)

P EMUCO),  #(SP6y) =~

Let

q . 3 .
¢: A= G%Mkl(C(Xl)) — B = GBIP]‘MIJ.(C(Y]))P]'
1= j=

be a homomorphism and denote by Y the disjoint union [ ] Y7 of the spaces {7 Yot

For each y € Y, y € Y/ for some j. The spectrum of the homomorphism ¢ at the
point y € Y is defined by

q o
SP ¢y = U SP(¢L’])y7
i=1
where the homomorphism

$H: AT = My (C(X') — ¢ (14)P;M, (C(Y)))Pjd (L)
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is the partial map of ¢ corresponding to 7, j. Note that
q .
SP¢, = J SP(¢"), C X :=[[Xi.
i=1

Forany f € AffT A’ = C(X"),

rank P;

MOV = i)

(AT o(f))

where the AffT map on the left hand side is taken by regarding the homomorphism
@' as a map from A’ to ¢"7(1,4:)B¢p*/(14i), and the AffT map on the right hand side
is taken by regarding the homomorphism ¢ as map from A to B/, the j-th summand
of B.

Remark 1.7 Foranyn > 0,6 > 0, a unital homomorphism
¢: C(X) — QM(C(Y))Q

is said to have the property sdp(n, d) (spectral distribution property with respect to n
and 0), if for any n-ball

B,(x) = {x' € X; dist(x’,x) < n} C X
and any point y € Y,
#(SP ¢, N B,(x)) > 0#(SP¢,),
counting multiplicity.
For a unital homomorphism ¢: PM;(C(X))P — QM;(C(Y))Q, we shall say that
¢ has the property sdp( -, - ) if
Dl pmicoxnp: CX) (2 pMI(C(X))p) — d(p)MI(C(Y))d(p)

has the property sdp( -, - ), where P and Q are non-zero projections and p is a rank
1 subprojection of P.

The following lemma is well known. (See [10]).

Lemma 1.8 Let A = lim, o (Ay, ¢um) and B = lim,_, o (B, Yum) be unital AI
algebras, and let a: KA — KoB be a scaled ordered group isomorphism. Then there
are subsequences Ap,,Any, ..., An;s-..a0d By, By, ..., By, ... and scaled ordered
Ko maps a;: KoA,, — KoBy,, and B;: KoB,,, — KoAp,,, such that

Miy1

Bi 0 ai = Ko, iy > Qiv1 © Bi = Koy s
[0S KO¢n,‘,oo = Kowmi,oo o «j, alo Kowm;‘oo = K0¢n;+1.oc © /Bi-

For convenience, from now on, we will assume that n; = i and m; = i.
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Remark 1.9 For scaled ordered Ky maps a;: KoA; — KoBi, Gi: KoB; — KoAit
in Lemma by [16, Lemma 12.1.2], there exist homomorphisms A;: A; — B,
M;: B; — Ay such that Ko(A;) = i, Ko(M;) = 3;, where

kn . I . . .
Ai = @M (C(X,), Bi=D M, ;;(C(Yy)) and X, Y],
i=1 =1

are all intervals.

Remark 1.10 Let A be a unital C*-algebra, and let g € A be a non-zero projection.
If k[q] = I[14] in K (A), then

AffTi(f) = ¢f, Vf € AffTqAq,

where 14 is the unit of A and i: gAq — A is the embedding map. In particular, for
the interval algebra A = M, (C(X)),X = [0, 1], let ¢ € A be a non-zero projection,
then we have

AffTi(g) =

raI;kq g Vg € AffTgM,(C(X))q.

Remark 1.11 Let A = M,(C(X)) be an interval algebra, and let ¢ € A be a
non-zero projection. For convenience of description, we need to use the notation
qM,,(C(X))q to denote the subalgebra of A that is constructed by using the projec-
tion g to cut down the original algebra. Since gM,(C(X))q = Mk 4(C(X)), the
subalgebra qgM,,(C(X))gq is still an interval algebra.

In this paper, for the Al algebras with the ideal property A and B, we will use K,
groups and the ordered vector spaces AffT(eAe), AffT(fBf) as the invariants of the
classification, where eAe := {eaela € A}, fBf := {fbf|b € B}, and e, f are certain
projections in A and B, respectively (see Theorem[5.1]).

Now let us discuss the question of the compatibility of these invariants. In Theo-
rem[5.1] we need the projections e € A and f € B to satisfy that «[e] = [f], where
a: Ko(A) — Ko(B) is a scaled ordered group isomorphism. And if we let €57 de-
note the isomorphism from AffT(eAe) to AffT(fBf), then we require the following
conditions in Theorem 5.1:

(i) aand &%/ are compatible (See Remark[T1));
(i) €% and £/ are compatible (Ve’ < e, f' < f), i.e., the diagram

ef

AffT(eAe) — > AFFT(fBf)

]

AffT(e' Ae’) — AfFT(f Bf)

is commutative.
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In fact, we can deduce condition (i) from condition (ii). First, we have the follow-
ing commutative diagrams:

’

Ko(eAe) — > AffT(eAe) and  Ko(fBf) — > AffT(fBf)

T | T |

(2] a2

Ko(e'Ae') — AffT(e'Ae’) Ko(f'Bf') — AffT(f Bf).

If we choose [e'] € Ky(eAe), where e/ € eAe is a non-zero projection (¢’ < e),
then o([e]) is just the unit of AffT(e’Ae’). Since £/ is an isomorphism, we have

& (01([e']) = agrrirsrn = 0a([f']) = oalale’]),
where afe’] = [f], and
o1: Ko(e'Ae') — AffT(e’Ae’), o,: Ko(f'Bf’) — AffT(f'Bf’)

are the imbedding maps (see Remark[[I). By condition (ii), the compability of £/
and &° /', and the two diagrams above, we know that

el (ole']) = & (a1([e']) = oa(ale']) = o'(ale']), V[e'] € KoleAe),

and the following diagram

Ko(eAe) ——> AffT(eAe)

. l | l o

Ko(fBf) ——= AffT(fBf)

is commutative, then we get condition (i) naturally. So we do not list condition (i) in
the main theorem of this paper (Theorem/[5.])).

In this paper, we will denote by P(A) the set of all projections in the algebra A. For
convenience, we will use the symbol e to denote every possible positive integer.

2 Existence Theorem

Let A, B be two Al algebras with the ideal property,

A= lim (Anv ¢n.m)7 B = lim (Bnaql)n,m)a

ko ke , Lo .
A, = DA, = DM, (CX,)), B,=@ B, =P M, ;,(C(Y)).
i=1 i=1 j=1 j=1
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Let a: KgA — KB be a scaled ordered group isomorphism, with inverse a1,
and let £: AffT A — AffT B be an isomorphism of ordered complex Banach spaces,
with inverse £ 1. Assume that a and ¢ are compatible. In this section, we will lift the
two maps to finite stages of the sequences, that is, define maps «,: KoA, — KoBy,
and &,: AffTA, — AffT B,, with certain properties, and find a homomorphism
A,: A, — By, suchthat KgA, = «,, and AffT A, is equal to &, approximately. This is
called the “existence theorem” in Elliott’s framework of the classification theory [10].
To prove the existence theorem, we need to introduce some lemmas, some of
which are well known.

Lemma 2.1([10]) LetA = lim,_,oo(Ay, ¢nm) and B = lim,_, oo (By, Y m) be uni-
tal AI algebras as in Lemma[L8 Let a: KeA — KoB be a scaled ordered group iso-
morphism, and let £: AffT A — AffT B be an isomorphism of scaled ordered complete
Banach spaces compatible with .. For any A,,, any given finite set F C AffT A, and
any € > 0, there exists m > n and a map &,: AffT A, — AffT B, such that, for all
f€F

[(AFET thm 00 © En) (f) = (€ 0 AFET Gy o0) ()| < e

In particular, &, can be chosen to be compatible with K, ,, o o, where o, is as
described in Lemmal[L.8

For Lemma 2.1} although the condition simple was indirectly mentioned in Li’s
paper, we think the proof does not require it after checking the whole proof step by
step.

Lemma 2.2 ([9]) For any connected compact metric space X, finite subset F C C(X)
and € > 0, there is an positive number N > 0 such that, if P € M,(C(Y)) is a trivial
projection with rank P > N, and &: AffT(C(X)) — AffT(PM,(C(Y))P) =C(Y) isa
unital positive linear map, where Y is an arbitrary compact metrizable space, then there
is a unital homomorphism

6: C(X) — PM,(C(Y))P

such that

AT o(f) = &)l <e, VfEE

Lemma 2.3 ([12]) Let A = lim,_. o (An, Pum), with
ko . . . . .
Ay = DA, A, = P,M, 1 (C(X))P,,
i=1

where XL are finite, connected CW complexes and Pf1 S M[n’i](C(X:;)) are non-zero
projections. Suppose that any ideal of A is generated by projections, i.e., A has the ideal
property. Then, for any n, any finite subset F;, C Al C A,, any positive integer N and
any € > 0, there is my > n such that any partial map ¢y’ with m > my satisfies either

(a) rank(¢y}u(P})) > N - rank(P5), or
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(b) there exists wi’,{n, a homomorphism with finite dimensional range, such that
in(P) = Ui (P), - and |65, (f) = il (Ol <&, VfEFR,
and Kocﬁi{fg = Ko¢;’ﬁ];n-

In the statement of the original theorem in [12], ¢ and ¢ also satisfy that

L]m L w;,]m But we do not need thi_s fact; we only need Koqﬁjﬂ = Kogb,’;’,%. This
always holds here (at least if the sets F}, are large enough).

Remark 2.4 By the proof of Lemma[2.3] we can see the following result is also true:
I AFET ¢33, (f) — AT 4, ()| <&, Vf € enFen,

where 611Fi1611 C AffTM[mi] (C(X;)) = C(X;)

Lemma 2.5 Let Ay, Ay, As be C*-algebras expressed as P°M,, (C(X;))P*, where P* is a
non-zero projection in M, (C(X;)), X; = [0,1],s = 1,2, 3.

Let ¢: Ay — A, be a unital homomorphism. Let £: AffT A, — AffT As be a unital
positive linear map, and let A: A; — Aj; be a unital homomorphism such that KO(K)
and & are compatible. Let € > 0 be a fixed number, and let E C AffT A, be a finite set.
The following statement is true:

If there is a homomorphism : Ay — A, defined by point valuations at points

X1,X2, .-, %y € Xy such that (f) = 30, f(x;) @ pi» Yooy Pi = 1a,, Pi = @ll Pi>
PiP; = 0,i # j, pi € P(A;), | = rank Ay, and
| AffT ¢(f) — AT (f)|| <&, Vf €E,

Ko(¢) = Ko(v)), then there is a homomorphism A: A) — As such that

(i)  Ko(A) = Ko(A) 0 Ko(¢p), AfFTA(f) = & o AFFT4(f), Vf € E, and
(ii) |JAFTA(f) — o AT ¢(f)|| < e, Vf € E.

Proof Without loss of generality, we may assume that
A = M(C(Xy)) = Mi(C([0,1])), Ay = pM,(C([0,1]))p, As = gMi(C([0,1]))q,
where p, g are projections in M,(C([0,1]) and My(C([0,1]), respectively (see Re-
mark [LTI). For this given ¢, by the condition of the lemma, there exists ¢(f) =
YL, f(x) @ pi, pi € P(Ay), satisfying
| AT 6(f) — AFFT(f)| <&, Vf€E.
Define A: A; — A3, A(f) =Y 1, fxi) ® E(pi), where we set

A= Al & lrankpa Al,i = Al & 1rankp,»-
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Set rank(K(pi)) = ri/, rank(p;) = r;. By the definition of AffT, for any f €
C([0,1]), we have that

n

I l
ARTA() = oD i f), AT(f) = o> nf s,
i=1 i=1

’

where rank p = Y7 Ir;, rankq = 7, Ir; . Since £ and Ky(A) are compatible, we
have
Ir; Ir! .
= L V = 1 2 ce. .
E(rankp) rankq’ P St

So AfT A(f) = £ o AffT9)(f).
Then for any f € E, we have

| AFFTA() — € o AFFT $(f))|
< || AT A(S) — € 0 AT 9(f)]| +[|€ 0 AT 6(f) — € 0 AT 3h( /)]
= € 0 AFT §(f) — € 0 AT H(f)]| < .

So ||AfTA(f) — Eo AfT ¢(f)|| < &,Vf € E.
Notice that Ko(¢) = Ko(2)). By the definition of A,

Ko(A) = Ko(A 0 1) = Ko(A) 0 Ko (o).

This completes the proof. ]

Theorem 2.6 (Existence Theorem) Let
A= lim (Am ¢n,m) and B = lim (Bm wn,m)
n—oo n—oo

be unital AI algebras with the ideal property, where ¢y m, Yy m are both unital homo-

morphisms,
ke bn . . . .
A, = ,E:BlAi” By, = j@Bﬂm A, = PuM,, 5 (C(X)P,,
B), = QM ;3 (C(Y))Q) and X, =Y}, = [0,1].
Let us assume that A, has only one block, i.e., ki = 1. Suppose that there exists an

isomorphism §: AffT A — AffT B and an ordered group isomorphism o KgA — KoB,
such that £ and a are compatible. It follows that for any € > 0, and any finite set
E C AffT Ay, there exists a map A: Ay — B, (m large) such that

(i) |JAHT Y00 © AFT A(f) — € 0 AfT ¢y oo (f)|| <&, Vf € E, and

(ll) K()A = K()Q/)Lm o (.
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Proof By Lemmal[L8l there exists an intertwining of Kj level,

K()A] —— KOA2 —— KOA3 —_— o > K()A
A
a 1 Qz 2 sz f3y «
! e /
K()Bl —— K()Bz e K()B3 R K()B

such that the following diagram commutes:

Ko(A) —— AffTA

I

Ko(B) ——> AffTB,

where o, (3;, are scaled ordered homomorphlsms, and there exist homomorphisms
A A; — B, M;: B; — A;; such that KOA o KOJ\/[ = Ko@i i+

For E C AffT A, we can find a finite set F C A, such that E C e, Fe;;. For arbi-
trary given € > 0, we can find N > 0 to satisfy the conditions of Lemma[2Z5] Then,
for the givene > 0, N > 0 and ﬁmte set F, applying Lemmaand Remark[2.4] we
obtain n; > 0 such that for any n' > ny, the partlal map ¢ .+ satisfles either one of
the conditions (recall that A; only has one block A})

(a) rank(gbij'n/ (PH)) >N - rank(Pl) or

(b) gbi’ill, (P = wll (Ph), ¢ " is a homomorphism with finite dimensional range,
and

610 (D) =0 (D <5, VfER

|AFETG)E (f) = AT ()| < 5, ¥f € enFen C AT AL,

For n', applying Lemma 2.1} we obtain an integer m > n’ such that for all f € E,
the following diagram is approximately commutative to within 5:

AffTA;, —— AffTA,, —— AffTA

N l 5

AffTB,, — AffTB.

Set & = f,; o AffT ¢, /. Then

|| AffT?/Jmoo o Sl(f) — f (¢] AffT ¢1m(f)|| < %, Vf S 811F€11.
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By Lemma[2.] ¢, and Kot),/ s © cv,r are compatible. Set
pirj = (Y moNy)irjo ¢};Z/(1A1)7 Pj =D pir,j-
ll

Then

sizeB

W(& Wirj © (AFFT @)1 AFFT Ay — AfFT(pir iB],pir ;)

is unital, provided that rank(p;/ ;) # 0.

(1) 1f (;S};/, satisfies condition (a), and () j is non-zero, then

rank p; ; N rankzjﬁ:;,(lm)
rank1l,, — rank 14,

>N (Vi j).

By Lemma [2.2] there exists a unital homomorphism A, j: A; — pi/lngnp,‘/ﬁj such
that for any f € ey, Feys,

51zeB

H AT A () = ko J

(v, 0 (AFFT by )1 (f)H <=

(2) If (;S};/, satisfies condition (b), and (¢,,);- ; is non-zero, set

Al =An, Ay =y ()AL G (L), As = pir iBlpir).

Applying Lemma 2.5 we can get a unital homomorphism A;/ j: Ay — pj/, ]-BJH Ditj
such that
sizeB),

AffTAi,y]-(f) W
i’

(&)irjo (AffTw )(f)-
Since k; = 1 and (;5}:;/,, 1#%:;,, are both unital, we have

(AT 9y )10 = AffTwln/, (AffT @1 )1ir = Affobln/

So
31zeB

AffT A;
i) = rank p;/ ;

————(&)ir j o (AT b1 )1 ().
By Remark[2.4] we have

| ASET ¢}, (f) — AT 9} ()] < 5.
Then, as in the proof of Lemma 2.5 we also can get

sizeB

| AT A0 - kg G o (ATG) o <3
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In case (§)irj = 0, let Ajy; = 0. Let A; = €, Aivj, then A;j is a uni-
tal homomorphism. Let A: A, — B, be the map whose partial maps consist of
A; (j=1,2,...1,). Sincerank A j(14,) = rank p;/ ;, then by Remark[L.3lwe have

rank A;(1,,)

sizeB),

. rank Ay (1
_ 2 rankAir( Al)AffT(@Ai,J)

sizeBl, i’

. Zi’ rankA,-/,]-(lAl) rankp,-/_’]-
- — Z S kg AffT Ay

(AFFTA); = AFFT A

sizeB},

_ Z rank p;/ rank pis AFT Ay .

- sizeB),

For & : AffTA; — AffT By, the partial map (&); = >,/ (§)ir,jo (AffT ¢y )10
When rank p;, ; # 0, we have

rank p;
FEEPL AT Air () — (€1)ir 0 (AT 61,)10(f)|
s1zeB
B rank p;/ ; o 51zeB
= epr AT () = o€ o AT G (1)
< rankp,-',.’]vg
sizeB), 2

Then, for any f € E, we have that

rank A(1y,)

£ <
sizeB), 2

[(AFFTA);(f) — (€1);(N)]| < g
Thus,
| AT ACH) — (D) < &

forall f € E, and
| AffT t.00 0 AFFT A(f) — £ 0 AffT 1 00 (f)]| <&, Vf €E.

By the progress of construction of A and Lemma 2.3, we have KoA = Koty 1, 0 1.
This completes the proof. ]

Remark 2.7 For the sake of simplicity, in this existence theorem, we assume that
A; has only one block. In the future, when we apply the existence theorem to each
block A’ , we will apply the theorem to the cut down algebra of A,, by the projection
qﬁl{fm(l Al ), which will correspond to a unital inductive limit with the first algebra A,

having only block A’ . In other words, we only need the existence theorem in the case
that A, (or A,, with n fixed) has only one block.
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3 Uniqueness Theorem

First we define the “test functions” introduced in [14].

Suppose that X is a path-connected compact metric space, T is a closed subset of
X,and M > 1 is a positive number. Then X7y, called the test function associated
with T, M, is defined as follows:

L, xeT,
xrm = § 1= Mdist(x, T), dist(x, T) < &,
0, dist(x, T) > 1.

Lemma 3.1 ([9]) Suppose that X is a path-connected compact metric space, and
1,0 > 0. There is a finite set H C AffT(C(X)) = C(X) such that the following
statement is true. Let Y be a compact metric space, and let two unital homomorphisms
@, C(X) — PM(C(Y))P satisfy the following two conditions:

(i) Foranyx € X and { ball Bx(x) = {x" e X|dist(x,x") < atofx
#SP g, N Bu(x) > 64SP ¢,

forall y € Y (notice that # SP ¢,, = rank(P));
(i) || AET ¢(h) — AfFT(h)|| < 2, forany h € H.

Then SP ¢,, and SP 1), can be paired to within distance 1) for each y € Y. That is, one
may write

SPo, = {x1,%2,...,x,} and SPwy:{xl/,xZ,,...x,}

(where n = rank(P)) such that dist(x;, x{;(i)) < n for each i.
Lemma 3.2 ([10]) Foreache > 0, X = [0, 1], there exists § > 0 such that, if unital
homomorphisms ¢, : C(X) — M,(C(Y)) (Y = [0, 1]) satisfy conditions: for each
y €Y, SP ¢, and SP ), can be paired within 0. Then there is a unitary u € M,(C(Y))
satisfying:
[¢(h) — Aduoy(h)|| <e,

where h is the generator of C(X) with h(x) = x.

In fact, for any given finite set F C C(X) (instead of h(x) = x), we also can find
the corresponding number § to make the statement of Lemma[3.2]hold for h(x) and
0 is the generator of C(X).

Combining Lemmas 3.1 and 3.2] in a way similar to the proof of the uniqueness
theorem in [10] (Theorem 5.14), we can easily obtain the following result.

Corollary 3.3 Let A= C(X), withX = [0,1], F C A be a finite set. For any ¢ > 0,
there exists 1 > 0 such that for any 6 > 0, there is finite set H(n, d,X) C AffT(C(X))
such that the following statement holds.

If two unital homomorphisms

6, A — B= é M (C(Y;),
&

Y; = [0, 1], satisfy the conditions:
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(i) ¢ or ) has property sdp(n, 6),
(ii) || AffT ¢(h) — AffTop(h)|| < 0, Vh € H(n, 6, X), and
(iii) Ko = Kotp,

then there exists a unitary U € B such that

lo(f) —Up(HIU*|| <e, VfEF

Remark 3.4 In the proof of Lemma the finite set H(n, §, X) is constructed
by the following procedure. First choose Hy = {xr, s |T C X is closed set}; since
H, is a family of equi-continuous functions, there is a finite set H C H; such that
dist(h, Hy) < g, for any h € H, let us denote this by H(n, d, X). Notice that for any
connected closed subset X of X , if we consider the finite set

H(n,6,X) = {fly : f € H(n,0,X)} = ©(H(n, 6, X)),

where 7(f) = fly/,¥f € C(X), then the conclusion of Corollary 3.3 is also true

when we consider C(X /) instead of C(X). Thus, we have the following corollary at
once.

Theorem 3.5 (Uniqueness Theorem) Let A = C(X), with X = [0,1], and let a
finite set F C A be given. For any € > 0, there exists 1) > 0 such that for any § > 0, the
following statement holds:

For any connected subset X; C [0, 1], if two unital homomorphisms

m

@s,15: C(X;) = B= leaMml(C(Yl))v Y, =[0,1],
=1

satisfy the conditions:

(1) @5 or ¢ have property sdp(n, 9),
(ii) || AffT ¢s(h) — AffT(h)|| < 6, Vh € H(n,d,X,) = w(H(n,,X)), and
(iii) Ko¢s = Ko, then there exists a unitary U € B such that

[¢s(f) = U(HU*|| <&, Vf € m(F),

where my(f) = f|x, forany f € C(X).

4 Dichotomy Theorem

When we try to prove the isomorphism of C*-algebras A = lim,_, o (Ay, ¢nm) and
B = lim,— 00 (By, ¥um), it is necessary to consider whether or not the nonzero par-
tial maps ¢y, ¥y have the spectrum distribution property (sdp(7, §); see Remark
[L7). This is an important condition in the uniqueness theorem, which is one of the
key components of the intertwining argument used to prove the isomorphism of the
inductive limit C*-algebra; therefore, it is important to be able to ensure that the

partial maps have the spectrum distribution property.
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In this section, we will solve this problem by creating a technique to ensure that
the partial maps have the spectrum distribution property. As mentioned in the in-
troduction, this technique can also be generalized to the case of higher dimensional
spectrum.

We need to make the following preparations.

Lemma 4.1 ([12, Lemma 2.9]) Let A = lim,—o0(Ay, Pum) be an Al algebra with
the ideal property, with A,, = EB, AL For any fixed n,i, and § > 0, there is my > n
such that the following statement is true.

Forany F =F C X\, and any m > my, we have that any partial map ¢, satisfies
either

SP((b )y NF=2,Vy e XJ or SP(QS”] )y NBs(F) # 9, Vye¢ X]

Now for any fixed A, = EB?;I M, 71 (C(X")) and for any > 0, apply Lemmal[41]
with § = 7 to obtain my > n satisfying the conclusion of Lemma [&.] for all i =

1,2,...,k,. Considering the partial map ¢L]m, by the first isomorphism theorem,
there exists an injective map

Gii: AL ke, — Al
Denote by Xi,j the closed subset of X' such that, in the natural way,
Al /kerqb J 2 M, 1](C(X ).

Set ﬂ'i/_j(f) = flyiandm = 7"1/]'- Then ¢, ,, can be written as

ij

1

An D B=@P My (CX,)) S Ay,
i ]

where ¢ = P, @ (bn m. Notice that X; 7 is not necessarily the finite disjoint union
of finite intervals; we wish to enlarge X 7 in ordered to turn it into a finite disjoint
union of intervals. In addition, we also notice that for all y € X,

SP(¢ii],), = SP(¢,/51),-

Set B
Fi={xeX/’

By(x) N SP(¢y),), # 2, Yy € X}, };

we will prove that Xi/j = F;. In fact, for all y, € Xﬂ;,xo € SP((b;f;ﬂ;)yo = SP(¢i{f}n)y0,
we naturally have that

SP(¢ ))’n N {Xo} 7£ .

By Lemmal[41]
SP(¢51,)y N Ba(xy) # @,Vy € X,
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It means that for all y € X,];, SP((;S,;%)y C F;j, then Uyexi, SP(qﬁ,;f',{;)y C F;. Since

(bnl,ﬂl is injective, then
Xi] = U SP(QSnt;r]l)y - F]
yEXn

And for all x € X;7, B1 (x) N SP(¢4}n), # @, forall y € Xj,.

Since X, is a closed set in [0,1], there exist {x;}t |, x € X with X7 -
] k=1 1 1
Ui:l By (x¢). By the discussion above, we have

Bs(x) C By(a), By(a)NSP(S}),), # 2,

forall y € X,L, ae Bg(xk), k=1,2,...,L.
Let Yi”l, Yij’z, e ,Yij", (j =1,2,...1,) denote all the connected components of
Uiy Bz (xi) € [0, 1],
Then we claim that these finite disjoint intervals
YUYy YRy e

satisfying the following properties.

Property 1 IfB = EB;L @;";1 D. M[r,,,']C(Yij’s), then ¢, ,, can be written as

Do

Gum: An > B = Ay,

where 7 = @, 7, m(f) = flyis, and ¢s: My, (C(Yij"s)) — AZn is the homomor-
phism induced by ¢;;7.

Property 2 We have
SP(), N By (x0,Y]™) # @, Vxo € Y/*,Vy € X},.

In fact, if xy € Yij *. then, by construction, we have xo € B 1 (xx) C Yij * for some k.
Hence’ SP(qﬁﬁl’%)y N By (xx) # <. Notice that

SP(¢), = SP(¢,51), N Y{*,Vy € X},

and By (xx) C Yl-j’s, and we have

SP(¢s)y N By (x0, /") =

(SP(:0), NYT*) By (xo, Y]) D SP(4)31), N Ba(xi) NY/* # @.
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The following is the main theorem of this section.

Theorem 4.2 Let A = lim,_, o (Ay, Pn.m) be Al algebra with the ideal property, where
A, = @f;l M. (C(X,i)), X,’; = [0, 1]. For any fixed A,, and any np > 0, there exist
§ > 0, a positive integer my > n, subintervals Y}, Y? ... )Y* C X}, i =1,2,... k,
and a homomorphism

ke
¢:B= @@M[n,i](c(yis)) — A,

(m > my) such that

(1) Gum factors as ¢y m: Ay 5B
for f € Ai;

(ii) the homomorphism ¢ satisfies the dichotomy condition, i.e., for all Y?, the partial
map ¢, = d){’s = M, (C(Y})) — A% is either zero or has the property sdp(n, 9).
And for any m’ > m, each Gpm’ © ¢ also satisfies the dichotomy condition.

Ly A, where w(f) = (flys, flyz. .- flvs) € B,

Proof For any fixed A’ and any 7, we can find corresponding 11y > 0, and subsets

L1 1.2 Le 21 s L@ i
VAL SIS C NI LRI ¢ ap OO

1 1 1 1

renamed as Y, Y?,...,Y? that satisfy conclusion (i) (by Property ). And for all
xo € Y7, by Property[2, we have

B’r](x07Yi$) N SP((/I)S))/ 7é .

1

Choose § = min;j{ kAT
[n

—y }, then for any x € Y/, we have
L1

#SP(Qst‘)y N Bn(x) >12>6# SP((bf)y.

Now we only need to prove that for any m > m, each nonzero partial map of
@y © ¢ also has the property sdp(n, ).
In fact, we only need to prove the following proposition. If the homomorphism

m i L .
¢ A= @an,»(C(Xl)) — B:= G%Mnj(C(Y]))
i= j=

satisfies the dichotomy condition, then for any homomorphism
L , N §
¥: B= @M, (CY’)) = C:=PM,(C(Z)), Yoo
j=1 k=1

also satisfies the dichotomy condition, where X’ = Y/ = Z* = [0, 1], for any i, j, k.
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Notice that for each pair (i, k), there is a partial map

. L . L .
(1o )k = @it o ¢ M, (C(X)) — M, (C(ZM).
j=1

For any z € ZF,

. L .
SP(pog)if =) U SP(¢™),.

i=1 yesppl*

Since ¢ satisfies the dichotomy condition, then for any B, (x) and j, we have

rank ¢i"j(1M”l (C(X1)) )

#(SP(¢"), N B,(x)) > 6
¢")y N By rank(1y, c(xi))

(Notice that if ¢/ = 0, then both sides of the equation are equal to zero, so it
still holds.) For convenience, we let 1, (c(xiy) be 1. And for any projection p €

M, (C(Y7)),

rank ¢/%(p)

#SPWLY) = =

For each pair i, j, k, ¢/ (1) # 0. Iflet ¢"7(1) = p, then

#(SP(* 0 ™), NB,(x) = Y #(SP(¢"1), N B,(x))
yesp it
S rank¢j=k(¢)i’j(l))5rank #i (1)
rank ¢"/(1) rank(1)

_ 5rank¢j’k(¢i’j(1))
N rank(1) '

Thus,
#(SP(1h 0 §)1F N B (x)) = Y #(SP(yp/* 0 ¢"1), N B, (x))
j

S 52 rank /5 (¢ (1)) 5rank(¢ o ¢)"k(1)
- rank(1) N rank(1) '

This completes the proof. ]

5 Classification

The following theorem is the main result of this paper.
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Theorem 5.1 For Al algebras with the ideal property
A= lim (A,, ¢nm) and B= lim (B,,¥um),
n—oo n—o0

where

kn . I .
Ay = @M (C(X,)) and B, = @ M, j(C(Y)])),
i=1 j=1

with X! = Y7, = [0, 1], satisfying the following conditions:

(1)  There exists a scaled ordered group isomorphism c: Ko(A) — Ko(B);

(ii) For any e € P(A),f € P(B) with ale] = [f], there exists an isomor-
phism €57 : AffT(eAe) — AffT(fBf) such that for any ¢’ < e, f' < f with
ale’] = [f'], €51,€¢1" are compatible, i.e., the diagram

gevf
AffT(eAe) ——— AffT(fBf)

]

AffT(e' Ae’) — AFFT(f Bf)

is commutative.
Then there exists an isomorphism I': A — B such that:

(@) Ko(T) = o
(b) if T',: eAe — I'(e)BI'(e) is the restriction of I in eAe, then

AFFT(T,) = 7, V[ f] = [T(e)].

Remark 5.2 To complete the proof of the classification theorem, we need to do
some preparation and give some lemmas.

Let A = lim, oo (Ay, $nm) and B = lim, oo (By, ¥u,m) be Al algebras with the
ideal property satisfying the conditions of Theorem[5.1] where

An:@Ain Bm:GBB#,
i j
Al = PIMy, 1 (C(X))PL, Bl = QL My, 3 (C(YINQL, Pi, Q

are projections of M, ;; (C(X};)) and My, (C(Y},)) respectively.

Suppose that £: AffTA — AffTB and a: Ko(A) — K¢(B) are both scaled or-
dered group isomorphisms. Furthermore, o and £ are compatible. If A and B are
both unital, then by Lemma [[.8land Remark [[9] there exists an intertwining at the
Ky stage

K0A1 —— KOA2 —— KOA3 —= . > K()A y
o o 1
/ / e

K()B] —_— K()Bz —_— K()B3 K()B

B
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where «;, ; are all scaled ordered group homomorphlsms, and there exist homo-
morphisms A A; — B, M B; — A;; such that KO(A ) =« KO(M ) = B

Considering the proof of the main theorem, we need to construct a new inductive
system to make the homomorphisms unital. To establish this, we only need to use
the projections to cut down each summand of the original inductive sequence. The
following is the progress:

Now for fixed Af, define

[An+k]i = ¢n,n+k(1AL )An+k¢n,n+k(1A;)7 [An]i = A:q? e = ¢n,oo(1AL)a
eiAei = qbﬂoo(lA’")A(ﬁnoo(lA;)v k= 17 2" )
and
[Bu)i = Ni(14)BuAi(1a),  [Buskli = Ynnek (i (140)) Btk (i (140)),
fi = Yoo (Ai(1a),  fiBfi = Yoo (Ai(1y))Btoo(Ni(1y)), k=1,2,....

Then we can get the new inductive limits

elAe1 - hm ([AnJrk]za [¢n+k n+l fo - hm ([BnJrk]za [wrﬁk n+l] )

where 1,; denotes the unit of Ai,, and @4k n+1li, [Wnekn+1]i denote the unital homo-
morphisms induced by ¢, sk and ¥4 441 respectively. We also can get the following

intertwining
Ko[Ay)i —— KolAniili —— KolAp2li —— -+ —— Koeide;
lai e l e i ﬂé/ if
Ko[Bnli — Ko[Bps1li — Kol[Bur2li Ko fiBf;

where O‘k» 6k, asfi(k = 1,2,.. .) are all scaled ordered, and o /i [¢;] = [f;].

Similarly, for fixed B}, we can also get other two new 1nduct1ve limits f]B f] and
e ]Ae], where

fi = Umoc(ly), & = Gmaroo 0 Mu(ly), and alej] = [f;).

If we let ,
{Bu}i =B, {Buk}j = Ymmek(Lg )Burk®mmek(1p) ),

and {Ymikmit}tj: {Bmik}j — {Bmu}; be the unital homomorphism induced by
wm+kﬁm+l (k = 07 1, 2... ), and let

{Am+l}j - jv«t/m(len)Amﬁ-lm(lB#)?

{Am+k}j = ¢m+lﬁm+k(1 {Ann }j )Am+k¢m+1,m+k( 1{A,,,H }i )a
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{Dmikms}j: {Amix}j — {Amu}; be the unital homomorphism induced by ¢y ,m+1>
then we have

ejAe; = klilgo({Aerk}j; {Dmkmsi}), J};BJ}; = klinolo({B’”k}j’ {Wmskmsi})-

Later we will discuss the cut down algebra, quans, where {q,}5°, is a set of mutually
orthogonal projections. Then, for any non-zero projection g; € Bj,, considering
qsB}.q; instead of B},, we also can obtain the following inductive limits:

E;]AE;] = kli,r&({Am+k}S’j7 {¢m+k,m+l}s,j)7 }‘;]B]};] = klizl(;lo({Bm+k}s,j7 {¢m+k,m+l}s,j)7

and e;; < ¢j, j?s"j < ]7]-, ale;] = [f;j], where the symbols ¢ j, j?;j, {Amik}s,js

{Bmik}s,j» and {¥pikmei}s,j can be defined in the same way as ej, fj, {Amk})>

{Bm+k}j> and {wm+k,m+l}j-
To avoid confusion, we need to point out the differences between the notations
above. The symbols [ - ];,{ - } j always denote the algebras cut down by the image of

unit of Ai,, B!, under related maps respectively.

Using the definitions and symbols mentioned above, we can obtain the following
lemmas.

Lemma 5.3 Let {q;}*_, be a set of finitely many nonzero projections in Bl qsqs’ =

qs'qs = 0,5 # s', my > 0, and let F; C AffT(qSBanqs) be a finite set. For any e > 0,

there exists § > 0 and finite set G C AffT Bllnl, such that the following statement is true.
If a homomorphism M : Bl — {A,, }; satisfies that

| AFET{G .00} © AT M (g) — (€75) ™" 0 AFFT{thy 0 }(g)l| < 6, Vg € G,
then the unital homomorphism M ; : qSBf;ﬁ qs — {An, }s,j induced by M satisfies that
| AffT{Pn, 00 }5,j © AFFT M, ;(f) — (f‘?*f‘ﬁf)*1 0 AffT{Ym, oo }s,i( )| <&, Vf €F,.

i i i

Proof Let I: q.B), g, — BJ, be the imbedding map, and G = (U, AffT I(F;). By
the conditions of this lemma, we can get AffTI(f) € G,Vf € F,. Now let 6 =

1ankg: . ¢ Let the unital homomorphism M j satisfy that

min, —
* sizeB),

Ay 2 || AFFT{ By, 00} 0 AFFT M (AFFTL(f))

— (€5 0 AFT{th, o } (AT L())|| <8, Vf € Fy

https://doi.org/10.4153/CJM-2011-005-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-005-9

A Complete Classification of AI Algebras with the Ideal Property 405

and notice that if AffT is a covariant functor, then the following diagrams are all
commutative:

) AffT Mj
(5.1) AffT B}, —— AffT{A,,};

T AffT M ; T

AFFT{By bej — > AFT{A,}.;

- AfFT{Ym 00} o
(5.2) AffTB),, — AffT f;Bf;

T AFFT{m 00 o,

AFFT{B, }oj —> AT f,;Bf,;

AFET{ Gy 00 }5
(5.3) AFFT{A,,}; ——= AffTEA?;

T AFFT{¢ny 00 }5.j T

AFFT{A,}sj — AFT(Z, A, ;).

By the compatibility of AffT eAe and AffT e’Ae’ (¢! < e) (Theorem [5.1Lii)), the
diagram

e fj

(5.4) AffTe¢jAe; —— AffT f;Bf;

% ok j T

AffT(e, jAe, ;) — AfFT(f, ;Bf.;)

is also commutative.
For simplicity, we still use I; to denote the following imbedding maps:

ISI: {Anz}s,j — {Anz}j7 ISZ: fs,jst,j — ijfja 1532 ESJ‘AES’]‘ — E]AEJ
Since both diagrams (5.0)) and (5.2)) are commutative, we have

AS = || AffT({(ﬁnz,oo}] o Is o Ms,])(f) - (ga,ﬁ)—l o AffT(Is o {wmloo}SJ)(f)” < J.

Since both diagrams (5.3)) and (5.4)) are also commutative, we have
A = || AT L ( AFFT{hp, 00 5, © AFFT M ;(f)

_ (g?s.ffs-f)*l o AffT{wml,OO}SJ(f)) ” <.
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By Remark[L.10] we have

rank qs

| AT L(f)]| = ||f I, Vf'€AffTe jAe ;.
sizeB

rank g,

Since § = miny(—=———
sizeB},

) - €, then we have

” AffT{(vbnz,oo}s,j o AffT Ms,j(f) - (fa'j’ﬁj)il © AffT{wMIOO}S](f)H <g,
for any f € F. This completes the proof. ]

Lemma 5.4 Let A = lim,_ oo (Ay, $nm) and B = lim,_. o (By, Yum) be Al algebras
with the ideal property and satisfying the conditions of Theorem[5.1} where A, = €D, A},

and B,, = EB]. By, For fixed A,, (n; > 0), let F; C AffTAL1 be a finite set, i =
1,2,...,k,, and ¢ > 0, then there exist homomorphisms A : A;l — [Bp, li with
following properties:

(1) KOAI KO [wnl ml] o anla and
(i) || AT (W, o0li 0 AT AL(F) — €55 0 AFFT [y, oo li( )] < 5, VS € F.

Andlet Ay: @), AL, — @, B, be defined by Ay = €D, Ai.
Proof For A} and the unital inductive limits

ejAe; = kli?;o([Anﬁk]ia (Pn+km+li),  fiBfi = kli{go([Bnﬁk]i’ (Y +km+1)i)s

applying the existence theorem, we can find unital homomorphisms A : Al —

(Bl 2 Ay (1 1 )B Ny (1 ) such that

| AT o0 )i © AT R () — €5 0 ARTIG,, 0 L (N)]| < 5. VS €
andKO(Kil) = Ko[thn, & Jioey, . Letm; = max{Ky,K;,... Ky, }, Al = [TZ)K,-,ml]iOXip
then

|| AFET[¢m, 00 li 0 AFFT AL () — €55 0 AFET ¢y, 00 1i(f)]

= | AT [, 0 )i © AFET([th5my i © Ay)(f) — € 0 AFFT[ <Z>n1 s li(Hl

= | AFFT [tk oo )i 0 AT AL () — €55 0 AT [y, o0 Li(F)]| < c

And KOAII = Ko[wﬂ]JH] ]1 o ai . .

ny

Remark 5.5 Similarly with the proof of Lemma 5.4} we can prove the following
statement. Let A = lim, oo (A, $nm) and B = lim,_ oo (By, ¥n,m) be Al algebras
with the ideal property mentioned in Lemma 5.4} where A, = @, A}, and B,, =

®D; Bj,. For any fixed B, , let G; C AffT BJ,, be a finite set, j=12,...1,and

§ > 0, then there exist homomorphisms M!: B}, — — {A,;}; with the following
properties:
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() KoM{ = Ko{thm1m}j© By and
(i) || AFFT{ G 00} 0 AFTM{(Q) — (£97) " 0 AT T{thm, 00 }i(8)|| < 6,Vg € Gj.

Lemma 5.6 Let A =lim, (A, $nm) and B = lim, o (B, ¥ ) be Al algebras
with the ideal property mentioned in Lemma 54 Let F; C AffTAf11 be a finite set,
e > 0,andlet Ai: Al — [By,1ii =1,2,...ky, be the homomorphisms described in
Lemmal5.4} then there exist finite sets G; C AffT B}, 6 >0, j = 1,2,... 1, such that
the following statements hold.

If the homomorphism M/ : B}, — {A,,}; satisfies the properties described in Re-
mark 5.5 then there exists n, > 0 such that the homomorphism M, = [¢n2,nz']i o
) i M satisfies the following conditions:

(i) KoM oA]; = KO[¢n1,n2]i7 and
(i) || AffT[dp, 1, )i(f) — AFFT[M; 0 A1 ] ()| < €, Vf € Fi, where
[M 0 Ayliz A, — (M o A (L VA, (M 0 Ar)(1y )

is unital.

Pquof Let A’i gnd Ay b¢ th¢ homomorphisms we mentioned in Lemma[5.4] and let
AV A — AP (14 )Bj, AY (14 ) be the partial map of Af.
For

&Ag; = lim (At} js {Smskmt} i) FiBfi = Im ({Buee}js {¥msiomst} ).

d > 0 and the finite subset G; j := AffTI; j(AffT Ail’j(F)) , Gj = |; Gi j, by the state-

ment of Remark 5.5, we can obtain a unital homomorphism M{: By, — {A.};,
such that

H AffT{(bnz’,oo}j OAffTM{(g) - (gaﬁ)_l OAffT{wVHl,OO}j(g)H < 57vg € Gj7

where

6 = min

A { rank Ail’j ( IAZI )
2y

: } .S, (and rank A (1, ) # 0)
sizeB},, 4 "
as that of chosen in Lemma [5.3] for
Al{](lA;1 )Bfnlf\l{](l/a;1 ) to B,

By Lemma[5.3] if

5> and [; j is the imbedding map from
M AV (Ly OB AY (Ly ) — M7 0 AV (14 )AL 0 A (1)

is the unital homomorphism induced by M{ , where projections {Ai’j (14 )}, =
n

{gs}2_, (see g; in Remark[5.2] or Lemma[5.3] here let i=s). Then by Lemma[5.3] we
have

| AT {0t 0 )i © AT NG (g) = (€571) ™ 0 AT (W, )18 | < 5,

Vg € AfFT A}/ (F).
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Let I;; be the imbedding map from A}/ (1 1 )Bj, A (14, ) t0 Af (L DBy Al (Lyy ) =
@, A (Ly, Bl AY (1, ). Then
n n

AffTT ;(f) =0®0@®---0® f@0--- B 0.
—_—

j
Let M’ be the restriction of M; 2 @j M{ on A’i(lA;l )BmlAﬁ(lA;l ). Then
M = ®D; M.
Completely similar to the proof of Lemma[5.3] we have
- i AR N €
| AFETT; j ( AFET{ps 00 }i.j © AFFT M} () — (&)1 o AFFT (W 00 }ij(©)) || < 7
forany g € AffT(Ail’j(F)). And for any f € F;, we have

| AFFT([hns 00 )i © M 0 AD(f) — (€5F) ™" 0 AFFT([Yhmy 00 )i © AD ()|
= || AFFT([$ns 00 )i © M) (ED AFFT A (£))
]

— (€)™ 0 AFT (Y, oo li(B AT AV ()]
]
< max || AfFT[¢y o i 0 AT M (AFFTT; (AT A} (£)))
)

— (€95 0 A T[4, o0 Ji (AT T, j(AFET AL (1))
< max | AfFT{¢,; o }i,; 0 AT M (AT A (f))
]

— ()T 0 AT (W, o0} (AT AY ()] <

AN

Then
€% (ABFT([ g o0 )i 0 M © ADY() = ABT([Wom )i © ADI| < 7

and for each 1,
| AT, i © AT AL(S) — €5 0 ARFTI64, o0l ()] < =

so we have

o €
| AFET [y 00]i © AFT(M" o AD(f) — AffT [y, 0o li ()] < 7
Since M o Al =My o Aj : Al — M, o Aﬁ(lA;l JA;, M, o A’i(lAill ), then

AFFT(M" o AD)(f) = AFFT(M; o A})(f).
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That is

| AFFT[¢000)s 0 AFFT(M1 0 AD(f) = ABTIG,, 00l DI] < 5

By the definition of inductive limit, there exists 7, > 0 such that
| AFET [ 0, )i © AFT(My 0 AD)(f) — AFET [y, Ji ()] < &

So we only need to let My = [@y,,]i oM.
Then we have

|| AFET[ Gy, i () — AHT([M; 0 A1) (N <e.

By Lemma [5.4] and the statement of Remark we naturally have Ko([M; o
A11i) = Kol ¢u, n 1i> and the proof is completed. [ |

Proof of the main theorem Let there be given Al algebras with the ideal property,
A = lim,_ o (Ay, um) and B = lim,_, oo (By, ¥n,m), and an scaled ordered group
isomorphism a: Ko(A) — Ko(B). There exist scaled ordered group maps

a;: KoA; — KoB;,  f3;: KoBi — KoAjr

making following the diagram commutative:

K()Al —— KOA2 —— KOA3 K()A

7 v ia} 3/ la

i e i e

KOB1 —_— KOB2 —_— KOB3 K()B

To prove the classification theorem, we need to construct an approximate intertwin-
ing of the two sequences of C*-algebras.

In this process, we will pass to subsequences several times. Let £, ¢,, ... be posi-
tive numbers with Y7, &; < 0o. We choose the subsequences of {A,,}°,, {B } 52 ;:

Ay — Ay — - — A

B, —B,, — -+ —B

and maps A;: A,, — B,,,, M;: B,, — A,,.,, satistying certain conditions so that the

diagram
Am Anz An3 e A
iAl M/ lAz Jv[/ lA; Jv[/
By, By, By, B
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is an approximate intertwining, i.e., homomorphisms A;, M;, and the finite generat-
ing subsets F,, C Ay, Gy, C By, satisfy that

||A1 o Mi—l(f) - ¢mi,1,m;(f)|| <&, vf € Gmx,”
MG © Ai(f) = Gmymi (O < iy Vf € Fy,

and FH,' 2 Mn,‘,| (Gn,,l) U ¢n,‘,| shi (Fn,’,1 )1 Gm,- 2 An,’ (Fn,‘) U wmi,l,m, (Gmi—l )' Then)
by [12, Theorem 2.1], it follows that A, B are isomorphic.
Now let F; C A;, G; C B; be finite sets such that

0 %)
FFCHRC--CUF=4, GCGC--CUG =B
i i

Choose k; = 1. Fore; > 0and F; C A;, we can find 77,9 > 0 (to be defined later) in
the uniqueness theorem and the finite set H(7, §, X), X = [0, 1].

For the given 1), 0 (see 7, ¢ in Theorem [4.2), by the dichotomy theorem, there
exists #; such that ¢, ,,: Ay — A,, factors as

T s s =Ds s i’
Grm: A5 B= @@ M (CY) 5" A, = DA
i i’

where ¢, has the property sdp(n, d), and each partial map of ¢,,,, o ¢ also has the
property sdp(n, §) (Ym > n;). Notice that

¢y = 61" My (C(Y] 7)) — AL

NowletA, = P,, A’n/l . For each fixed A;ll , by Remark[5.2] we can find Al algebras
with the ideal property,

ei’Aei’a ﬁ/Bﬁ/(ei’ :anl,oo(lAfl’l)v fi’ :Z[}n,oo(Ai/(lAil’l))v
and an isomorphism £%'+/" between them. Naturally, e;Ae;/, fi-Bf;: still satisfy the
conditions of tAhe existence theorem.
So for F;, = AffT(¢s o m5)(H(n,0,X)), Fir = @, F;,, and 6 > 0, applying Lem-
mas[54land[5.6land Remark[5.5 we can obtain homomorphisms

Ay A, = By = @B, M: By, — A,
]

such that
| AFET (@, Jiv () — ABT[M, 0 Ay]i ()| <6, Vf € Fir,
where A4 2 P, Ai is just the homomorphism A; of Lemma[5.6} and

(M 0 Aylirs Al — My o Ay(Ly A, My o A1)
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is unital.
By simple calculation, for any f € 7(H(n, d, X)), we have
| AFET([@n, 1, ]s © D) (f) — AFFT[M 0 Ar]s 0 AfT ¢5(f)|| < 0 =
| AFET ([P, i, 1iv © D) (f) — AFFT[M, 0 Ai]ir 0 AFET ¢5(f)|| < 0,

where

(B Ds(DAL G(1) = [Py )ir (3s(1) Ay [ G, )i (65(1)

and
(M 0 Ay (bs(l)A;/lQSs(l) — [My 0 A1/ (5(1)A,, [M, 0 Ayl (95(1))

are both unital. So “[ - ],” is induced by the projection ¢,(1) similar to the notation
defined in Remark[5.2] (Here we use the fact Ko[@n, 4,1 = Ko[M; 0 Aq]s.)

By Theorem[4.2] we know that ¢ has the property sdp(7, 0), and the partial maps
of [¢y, m,]i © @5 also have the property sdp(n, §). Thus, we only need to choose ap-
propriate 1 and ¢ and apply the uniqueness theorem (Theorem to find unitary
U, € A, such that

H[Qﬁnl,nz]i/ © ¢s(f) - Us([Ml o Al]i’ © ¢s)(f))U5*|| <é€r, vf S WS(F)~

Notice that ¢, = (bi/’sz M (C(Yii/"s)) — AV 1 = B,(¢ps0m) = pom.

Setting A, = (€D, Air) © 1 (D, UdMi (D, Us)* = My, then for each f € F,

we have
@1 (f) = Myo Ay(N)]| <
max [[[ @, n,Jiv © b5 0 7s(f) = UM 0 Air 0 g (m( AU | < e
Similarly, we can construct A;, M; such that

[Ai1 0 Mi(F) = Yoy ()| < €0, Vf € G,
||Ml © Al(f) - (bf’li-,ﬂiﬂ(f)ll < 5i?vf € ﬁ”i’

where 6,,1,. = Gm,» U A,(ﬁ,) U ¢m;,1,m;((~;m;71)7ﬁm = Fn,» U M1(Gm,) U ¢n,‘,1,ni(ﬁni—l)'

Then
Ak] Akz Ak3 B cee — A
\L Ay Ml/, i Ay Mz/ i As MS/
S e e
B,,, B, B, — — > B

is an approximate intertwining. Hence A and B are isomorphic, and conclusions (i)
and (ii) also hold by the proof above. ]
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