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1. Introduction.

Let % be a covering of a topological space X and & a sheaf of abelian
groups over X. By a well known result of Leray, (3) II theorems 5.2.4. and
5.4.1., if % is open, or closed and locally finite, there exists a spectral sequence
{E,} satisfying isomorphisms E3'? =~ H?{%, #% (%)} and E5? =~ $PHP (X, F)
for some filtration of the graded group H*(X, &). # %) denotes the system
of coefficients over %: s—>H(| s |, #).

In this paper we shall derive another Leray sequence, given in Theorem 1
when % is locally finite, open or closed, which satisfies isomorphisms E5 % =

HY{%, #(%)} and EP? GPHP*Y(X, #) with a suitable filtration of the

Cech cohomology fl*(X, F). 9?"(9") is the system: s—H%( s |, &), this
being the * restricted ” cohomology of | s| as a subspace of X introduced in
Definition 1 of § 2.

The method used is equivalent to taking the double complex C** {#, ¥"; #}
defined by a pair of coverings % and ¥, (4) p. 220, forming its spectral sequences,
and taking their direct limit as ¥ runs over ““ all ”” open coverings of X. One of
these spectral sequences will degenerate provided % admits an open refinement;
the other will then be the Leray sequence given in Theorem 1.

In § 4 we express the restricted cohomology H *(M, %) of a subspace Mc X
as the Cech cohomology of the closure M with coefficients in an associated

sheaf # which is the direct image of & under the inclusion map M—M. In
Theorem 2 we obtain a spectral sequence relating the restricted and true
cohomologies of M, which leads to a sufficient condition for them to be
isomorphic.

Finally in Theorem 3 we obtain a map of spectral sequences from the
sequence of Theorem 1 to the usual Leray sequence for an open covering, and
characterise this map in the E, terms.

2. Basic Definitions and Operations
See 3)11.6.,2.1.,,2.2.,2.6.,3.3.,44.,4.5.,48,1L 5.1, 58.,(2) V 5., VIII,

and (1) XV 5.12.
We denote by [] 4, the direct product of a family of abelian groups {4} i I;
I

by lim A4; the direct limit of a direct system of abelian groups {4} over a
A
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directed set A; and by H"A* the nth cohomology group of a cochain comj
A* = (A")nel'
If [TAF = (J[ADnez is the direct product of complexes A} then H"[ [4;
I I I

[I1H"A4?, so that direct products commute with the formation of cohomol

I

groups. If AT is a direct system of complexes then H"lim A= lim H"}
A A

that direct limits commute with the formation of cohomology groups.

If # = {%,} ielis a covering of a topological space X we may call
ordered sequence s = (iyi;...i,) of (p+1) elements of I an ordered p-simple:
%. We denote by | s | the (possibly empty) set Uy, ... nU;, and by S (%)
set of ordered p-simplexes of #. If # is a sheaf of abelian groups over X

. any system of local coefficients over %, then the complex C*(%, &) of coch:
of % with coefficients in & is defined with C*(%, F) = [[# (| s |), seS ().

Let R(X) be the set of all open coverings of X of the form # = {U.,} inde
by x € X, such that x € U, all x. Define an ordering relation > in R(X)
putting {U.}>{V.} iff U,oV, each x e X. More generally, if M is any sul
of X,put{U,} > {V.} iff UuynM>V,_NnM each xeX. R(X)is a directed
with respect to each of the relations > and »,,. Let R,(X) be the sel
coverings {V.,} € R(X) such that V,c X—M if xe X— M. If M is closed i1
then R,(X) is cofinal in R(X), so that M NnR(X) is cofinal in M NnR(X).
M ARy (X) with the ordering induced by > ,, may be identified with R(M):
thus R(M) is cofinal in M NR(X). ...coooviiiniiiiiiniiiii e,

C*(U, F) is a direct system of complexes over % € R(X) with the relation
and C¥(M n%, &) is a direct system over R(X) with each of the relations
and > ,, the maps of the system being the same for #> ¥ as for >,
Moreover lim C¥*(M n%, #) = lim C¥*(M n%, F).

> >M
Definition 1. If M is any subset of X and & a sheaf over M, then we pu
C*M, F)= lim C*M %, F)
% e R(X), »

and call it the complex of restricted cochains of M (asasubset of X)with coefficic
in #. When M = X we have in particular the Cech complex C*(M, &

lim C*%, &).
% e R(M)
We call the cohomology groups of these complexes the restricted cohomol

H*(M, #) (of M as a subset of X) and the Cech cohomology H*(M,
respectively. The restricted cohomology is that obtained by using only coch:
relative to those coverings of M which can be obtained by intersection fr
coverings of the whole space X.

If % is any covering of X and & a sheaf over X, let K* * = C*{a, ¢*(:
be the bigraded group defined by:

Cou, ¢4(F)} =TCY| s |, F), s€S,U) vvvvaunnn....
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i.e. the group of p-cochains of # with coefficients in the system: s—C9%(| s |, %).

The differentiations in the complexes C*{%, %)} and CP{%, *(F)} define
endomorphisms d’ and 4” in K*' * of degrees (1, 0) and (0, 1) with d'd” = d"d’.
If d, and d, are the endomorphisms in K*' * with d; = d’ and d, = (—1)*d"
on homogeneous elements of degree (p, q), then df = d5 = d,d, +d,d, = 0, so
that K*: * is a double complex with differentiations d, and d,.

If K* *is any double complex and {'E,} its spectral sequence with respect to
its first filtration, we have isomorphisms 'E% 7= 'HP"HK*" *" the primes
indicating which complexes the cohomology operators act on. If L* LK**
is the inclusion map of the d, 0-cocyles of K** * then:

'E2 % =~ "H"HOK*" *"~ H"[*

With this isomorphism the map 'Ey ® - H*(K) defined by the spectral sequence
is the same as the induced map of total cohomology:

HL* 3 HUK® ). oo, 3)

In particular if the sequence degenerates, i.e. if ‘EY? =~ 'HP"HIK*" *"=0 all
>0, then (3) will be bijective all n. We have a similar result for the inclusion
map of the d, 0-cocycles.

3. A Spectral Sequence defined by a Covering

Lemma 1. If {M;} i€l is a locally finite family of subsets of a topological
space X, and if {¥"*} i € I is a family of coverings belonging to R(X); then there
exists U° € R(X) such that ¥"'> , A° eachie I.

Proof. Let ¥ = {V)} eachi. Let xe X; choose an open neighbourhood
W, of x such that W, intersects only a finite number of members of {M}:
My, ..., M, say. Put U= W,nVen...AV™. Then U nM,cW,nM;= &
if i¢(p, ..., iy) and UScViif ie(, ..., iy). Choose U2 similarly for each
xe X; then #°= {UO} satisfies the required conditions.

Lemma 2. If % is a locally finite covering of X then for all p, q=0:
lim J]C?(| s | N, F)=[]lim C(|s|nv, F)
Y s s ¥

over v" € R(X), » and s € S(%).
Proof. Let0: hm HC’([ s|nv, F)-T] hm C/(|s|n¥", F) be the homo-

s s

morphism defined by G[hm Hc"(s 9] = n hm c?(s, ¥"°) for any set of ele-

ments c?(s, ¥ e C?(| s | n"/f ° #). By the hnnt of an element we mean its

projection in the limit group.
Then 11m Hc"(s, 7% € kernel 0 = hm ¢?(s, ¥°) =0 all se S, (%) = for all

5,37 %€ R(X) such that ”l/°>|s|"l/ and nya[c’(s, ¥'°)] =0, where {n}.}
are the maps of the direct systems involved. But % is locally finite, so
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that the collection of subsets {| 5 |} for s € S (%) is locally finite, and therefore
by Lemma 1 there exists %° € R(X) with ¥°> ;U % all s € S(%); we can also
take ¥ °>%°. It follows that nye[c?(s, ¥°°)] = nyony.[c?(s, ¥"°)] = 0, so that
11m ]_[c"(s, %) = 0 and 0 is a monomorphism.

Also if [T lim c*(s, ¥ ‘)eH 11m C*(|s|n¥", #) then by Lemma 1 there

s Pis)

exists %° e R(X) with V> |s|02l° each s. Thus
[T lim ¢?(s, v =T] 11m {ngo[c?(s, ¥ )}

s >is s Pisy
= 0[11m I_[{n,,,,oc’(s, 7)Y

which shows that 0 is also an epimorphism.
The isomorphism
6: lim [IC?( s |n¥, #) =] hm (s |m“lf F)
> 5 5 Pisy
together with the isomorphisms
hm C(js|nY, #F) = llm C/|s|n?, #)

>ist
prove the lemma.

We are now in a position to obtain a Leray sequence for a locally finite
covering, as follows.

Theorem 1. If % is a locally finite, open or closed, covering of a topological
space X, admitting an open reﬁnemen\t{, and if & is a sheaf of abelian groups over
X; then the Cech cohomology group H*(X, ) has a filtration so that there exists
a spectral sequence {E,} with isomorphisms

E% 1 =~ HY U, #UF)}
and

EBY ~ PP X, F)
all p, q=0; where #%(F) denotes the system of coefficients: s—-H(|s|, F)
(see Definition 1 of § 2).

Proof. Let K* * = C*{&, €*(F)} be the double complex introduced in
(2), and let "E(K) and "E(K) be its two spectral sequences; see (3) 14.8. We
shall show that " E(K) degenerates and that 'E(K) fulfills the requirements of the
theorem.

In the first place

HCP{U, 65(F)} = HIC*(s |, #) seS, (@)

= [1A%Y s |, %),
since direct products commute with the formation of cohomology groups; thus

HICHU, €X(F)} = CP{U, #UF)}
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and hence
'E%9(K) = "HP"HC*{%, €*'(F)}
= 'HPCH (U, F)}
= H?{%, #Y(F)).

The primes indicate which complexes the cohomology operators act on.
Moreover

cu, ¢°(F)} =[1C s |, #) seS (%)

=J] lim C*|s|nv, %)

s ¥ eR(X)

~ li;/n ]:[C"(I s|n?Y, F)
by Lemma 2, since % is locally finite; therefore
CHu, G/F)} = li11}1 ]:[]'"[fiq s|alt]) tes,)
= 1i:/n l:[{[s—lé’/"q sin|t)}
=lim [[C(| t | nu, F);
so that T
H'C*u, ¢%(F)} =~ H* li}n Hc*(| t|nu, F)
o li21 1:[H"(| tlnu, F)
=0 (all g>0),

since % admits an open refinement and hence a refinement by an element
¥ € R(X). For such an element | ¢ |n% is a trivial covering of | ¢| each
te S, (¥) and therefore HY(| t | n%, #) = O for all ¢>0.

Also
HCHa, ¢7(#)} = lim [[H( t | "%, F)
v 1
~lim [[#(|t]) by 3)II52.2.
v t
=lim C’(¥", F)
v
= C¥X, ).
Thus

"E% YK) = 'HP"HIC*'{U, ¢* (F)}
=0 (ail g>0),
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and
"E} *(K)

[

:Hm/HoC *”{%, (g*’(g)}
"H'C* (X, &)
= H'(X, ).

IR

This shows that the spectral sequence "E(K) degenerates, giving isomorphisms
(1) XV 5.12.:

H*(X, #) = "E} °(K) = H¥(K),
this being the total cohomology of the double complex K*' *, and giving
H*(X, &) two filtrations induced by those of K.

Finally
'EP Y(K) = 'GPHPYYK) see (3)14.2.2.

1P ﬁp+q( K),

IR

which completes the proof that 'E(K) is a spectral sequence satisfying the
required conditions.

4. The Restricted Cohomology of a Subspace

The restricted cochains of a subspace M < X, with coefficients in a sheaf &
over M, can be expressed as Cech cochains of the closure M with coefficients

in an associated sheaf & as follows. Let & be the direct image (3) II 1.13. of
& under the inclusion map i: M—M; this is the sheaf defined by (M nU)
= F(MnU) for open sets U of X. If ¥ is an open covering of X then

CM 7, F) = [[FMn|s|) ses, ()
=[[#Mn|s)

~ CAM NV, ¥),
giving an isomorphism of complexes C¥*(M n¥", F) = C¥M ¥, #). So
that
C*M, F)= lim C*Mnv,F)

¥ e R(X)

~ lim CXMnv, %)
¥ e R(X)

> lim_ C*¥', %)
¥ e R(M)

by (1) since M is closed in X; i.e. C¥(M, #) =~ C*(M, #) and thus
HA*M, F) = H¥*M, £). oo )

This shows in particular that the restricted cohomology may differ from the
true cohomology. For if X is a 2-sphere and M = X —p where p is any point
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of X, and if Z is the simple sheaf of integers over M, then Z is the simple sheaf
of integers over M = X; therefore H (M, Z) =~ H*(X, Z) # 0, while
H*M,Z)=0.
" The relation between the restricted and true cohomologies of a subspace

can in general be expressed in terms of a spectral sequence, according to the
following theorem.

Theorem 2. If & is a sheaf over M < X then there exists a spectral sequence
{E,} satisfying isomorphisms
Ey°~ H"M, F) n=0
and
EP 1~ gPHPYYM, F) p,q=20

Sfor some filtration of H¥(M, F).

Proof. Consider the double complex K*' * = C¥(M, #*), where &¥*
= @¥*(M, F) is the canonical flabby resolution (3) II 4.3.

Since the operations of taking sections, direct products and direct limits
are left exact at least, the exact sequence of sheaves 0 —» F = £° - #! gives an
exact sequence of groups 0 - C(M, #) 3 CP(M, £°) - C*(M, £") each p 20,
which shows that ‘

Jy i CHM, F) > CHM, L% e ©)
embeds C*(M, #) as the subcomplex of d, O-cocycles of K*' *; and therefore
HOK? * = CP(M, ). oo ©6)

Similarly the exact sequence (3) IT 5.2.1. 0 » #* At MY, L) -
G (M Y, L9 for each ¥" € R(X) and ¢=0, gives an embedding

Ja: CHM, F) = CHM, L*) oo, )

of C*(M, F) as the subcomplex of d, 0-cocycles of K*: *,
But

HIK*? = HIC*(M, L)
=H? lim C*M v, &£?)

¥ & R(X)

~ lim HYM ¥, £P)
¥ e R(X)

=0 (all g>0)

by (3) II 5.2.3. since £” is flabby all p=>0; and therefore applying (3) we see
that (7) induces an isomorphism all =0

Jar HY (M, F) = H(K** *). e, 8)
If {E,} is the spectral sequence of K*: * with respect to its first filtration, then
E}°~'H"HCK*"* = H"(M,%)by(6); and E%* = 9PH?*(K) = 9PHP* (M, F)
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where H*(M, %) is filtered by the isomorphism (8) and the first filtration of
K* * {E} is therefore a spectral sequence satisfying the required conditions.

Corollary. There exists a homomorphism H*(M, F)—H*(M, &). This is

bijective if M is paracompact and if lim H"(M nU, %) =0 for all n>0, each
_ Uew(x) _
x € M; where W(x) is the directed set of open neighbourhoods of x in M, ordered

by inclusion.

Proof. The spectral sequence of the previous theorem defines a homo-
morphism, (3) I 4.5. E}:°— H"(K) i.e. AYM, #)— H"(M, #) each n=0. This
is bijective if the sequence degenerates, i.e. if ES% =0 all ¢>0.

Now

H'CPY(M, %)~ HICY(M, *) by (4)
=H? lim_ T] 2*s)
Ve R(M) seSp(7v)

= lim [[H2Z*(M | s |)
v s

= lim [[HYM | s |, #)
v s

by (3) II Lemma 4.9.1. since each M n| s | is open in M and ¥ is the canonical
resolution of & over M.

Thus HC?(M, ¥*) =~ CP(M, #*) where # % denotes the presheaf over M:
HYU) = HY(M U, F); and therefore

E3 4 = 'HV"H'C*(M, £*)
~ H"(M, #9)
=0 (all g>0)

by (3) 1T 5.10.2. since the sheaf generated (3) IT 1.2. by # % over M has stalk over

x: #Ux)= lim HYM ~U, F) which is given to be zero all x e M, g>0.
Uey(x)

5. Relation to the Leray Sequence

In (3) theorems If 5.4.1. and II 5.2.4. the Leray spectral sequence of an open,
or a closed locally finite, covering % is given satisfying isomorphisms E5 7 =~
HM{%, #4F)} and Ey? = $PHP*9(X, F) where #%(F) denotes the system of
coefficients s—> H(| s |, F).

If % is closed and X paracompact the Cech and restricted and true coho-
mology groups of | s | are all isomorphic for simplexes s of %. The sequence of
Theorem 1 will then be isomorphic to the Leray sequence. In the case of an
open covering we have the following result. :

Theorem 3. If % is a locally finite open covering there exists a map of spectral
sequences from the sequence of Theorem 1 to the Leray sequence of (3) 11 5.4.1.

This is induced in the E, terms by the map of local coefficients over U : H*(F)
—H*(F) defined by the homomorphism of the corollary to Theorem 2.
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Proof. Consider the double complexes K¥' * = C*(%, %*(#)} and K3* *
= C*{&, ¥*(X, #)}; and the triple complex K*» *> * = C*{%, ¢*[¢*(X, #)1},
the latter having differentiations d,, d, and d;. The sequences of Theorem 1
and of (3) II 5.4.1. are the spectral sequences of like X, and K, respectively
with respect to their first filtrations.

The embeddings (5) and (7):

C*(|sl, %) Lt C*| s |, €*(X, #)] & C*|s, F) cevreeinannn. ()]
for each s € S (%), give embeddings:
CH@, GHFN D CHE, BHE* X, P} & CHE, G(X, F))
ie. KP*¥ I Re® 2 gl% e, 10

We have used the fact (3) II Lemma 4.9.1. that %X, #)|,, = €*(s|, %)
since % is open.
In the induced map of total cohomologies of (9):
HY(s|, #) 4 HYC*[| s |, (X, F)I} & HUs|, F)yeueennnnn. an
we have from (8) that j, is bijective, and by (3)

Jzt gt B s|, F) > HY(s|, F) o, (12)

is the homomorphism of the corollary to Theorem 2.
Let™* * be the double complex defined by #™ 4= Y KPP " with

a+r=gq
differentiations d; and d,+d;. Then (10) defines maps of double complexes

Kiﬁ,* J;I.)K*’* ii-z—K;’*
and hence, by (1) XV 6., maps of spectral sequences
E(Ky) I8 'E() &2 E(KL), o 13)

taking the first filtration of each double complex.
The E% ? terms in (13) are

HYHOKE* I "HP'HO ™ ¥ 2 "HPHOK S *, (14)

which are just the maps of the pth cohomology of % induced by the maps of
local coefficients (11) over simplexes s of %. Therefore j, in (14) is bijective and
hence, by (1) XV 3.2., j, in (13) is an isomorphism of spectral sequences.

Thus jz ' . j;: 'E(K,)>.E(K,) is a map of spectral sequences induced in the
E, terms by the maps of local coefficients (12) for simplexes s of %; which
completes the proof of the theorem.

In conclusion, I wish to thank Sir William Hodge for much helpful advice.
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