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GENERATORS OF SIMPLE ALGEBRAS

DaviD CHOATE

It is shown that simple algebras of characteristic not equal to
. n

2 , which contain non-trivial elements that satisfy x = x for

some fixed, minimal integer »n > 1 , are generated by these

elements.,

1. Introduction

In the study of simple rings idempotents play an important role. For
example, it is known that simple algebras which contain non-trivial
idempotents are generated by their idempotents (with some exceptions in
characteristic two), We will generalize this result by relaxing the

hypothesis of a theorem of Jacobson which says that if R 1is a ring in

which an =a (with »n > 1 an integer depending on a ) for every a € R

then R must be commutative. We require only that there exists a non-

trivial element a such that an = a for some integer # > 1 . With this
we can show that some simple algebras at least are “more nearly
commutative” in the sense that the commutator [R, R] is contained in a

subset of a set which is known to contain it.

2, Definitions

We call an element a an n-potent provided d' = a but at # a for

1 <t<n. An n-potent is non-trivial provided an—l #1, 0. Observe

that @' is a non-trivial idempotent since
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(an-1)2 - a27l-2 - anan-e - an—l .

By Ez_l we mean the additive group generated by the (n-1)st powers of

non-trivial #n-potents. It is clear from the above that E:_l CFE = E; .

3. The Lie ideal E'Z-]

LEMMA 1. If a <is a non-trivial n-potent in a ring R , then so

are a +d 7t - " ed" and a + rd"r - e for every r €R .

Proof. We first show that

n-1 n—lran-l)k _ ak-l( n-1 an'lran'l]

(a+a" " r-a ata -
by induction. This equation is clearly true for k =1 . Assume it is
true for some k =1 . Then
n-l_ n-l_ n-lyk+l
(a+a r-a ~ra )

- (a+an'lr_an—lran"l)k(a+an"lr-an'lran'l)

= ak—l(a+an'lr_an—lran_l)(a+an'lr—an'lran'l)

- ak--l(( 2 n.n n—l)+(an—l

n-1_n-1
a +a r-a ra ra "r

n-1_n-l_ n-1
rata a ra Trd )

n-1 n n-1_ 2n-2_ n-1_ 2n-2_n-1
+(-a" Tra -a" Tra™ r+d” T ra” ra" )

ak(a+an—lr_an_lran_l]

. n-1 . .
since a is an idempotent.

So if k=n,

= -1_n- - - - - - - -
(a+a lr—an lra l)n = " l(a+an lr-an lran l) =a+ an lr -t lran 1
Moreover if
(a+an_lr-an_lran_l)t =a+d" e -
for some ¢ , 1 < ¢ <n , we have
-1 - - - - - -
at (a+an lr—an lpan l) =a+d 111 -4 lran 1

. . . n- -
Multiplying from the right by a L , we have at a =a ,o0or a =a.

But this is impossible since .a is an #n-potent. So
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a+d 3t - M ed™t is en n-potent.
Now if
- - - - - - -1 n-1
0 = (a+an 1r—an lran l)n 1. an 2(a+an lr—an lra ] N

we can multiply from the right by &1 to obtain

-2 1 n-2 71-1
0=a a =a a=a .

But this is impossible since a 1is non-trivial.

Also if

ata r-q

n-1 n-l_n-lyn-1
ra ) =aqa

1= (a+ta r-a n—2( n-1 n—lran—l} s

we can multiply from the left by a2 to get

2

n-1 n-i_ n-l
a 7

n
a (a+d" "r-a""rd

a(a+an—lr—an-lran—l)

2 n-1 n-1_n-1
=a" +ad r-d rda
Subtracting a° we find that o' r - @ 'rd™} = 0 . Substituting this
in the first equation, we have 1 = an~1 , a contradiction.
Therefore a + &' v - " 'rd™™' is a non-trivial n-potent. In a

n-1 n-1_ n-1
-a ra

similar manner we can show that a + ra is also a non-

trivial n-potent.
THEOREM 1, Let R be a ring with a non-trivial n-potent. Then

EZ—l is a Lie ideal of R .

Proof. Since a 1is a non-trivial n-potent, so are

a+d e - et ana q + rd*t - et by Lemma 1, Therefore
- n-1 - - =2 - - - - - - -
(a+an lr—a ran l)n 1 _ an (a+an lr—an lran l) - an 1 . an 2r B an Qran 1
and
(a+ran—l_an—lran—l)n-l - an—l + 1ﬂan-2 _ an—lran—Q
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are elements of Ez—l for each element r € R, Replacing »r with ar

in tne first and r with ra in the second, we find that

A e L ™™ ana & o+ pd' - P rd™ Tl are elements of
Ez—l . Since EZ—l is an additive group, it contains

7. - - - - _ - - - -

a lr' _ I'an 1 - (an 1+a7'l lr_an lran l) _ (an l+1ﬂan 1_an 11"an l) i

Since E:_l is generated by the g . EZ-l is a Lie ideal of R .

COROLLARY 1.1. Let A be a simple algebra of characteristic not

equal to 2 having a non-trivial n-potent., Then [4, 4] < Ez—l .

Proof, Since Ez-l is a Lie ideal of A , we know by a celebrated
theorem of Herstein [1, Theorem 1.5] that if A is a simple algebra either
En-l . . . En—l 3

" is contained in the center of 4 or [4, A] v unless A is of
characteristic 2 . The first possibility can be eliminated since the
center of A4 is a field and EZ_l contains non-trivial idempotents,

COROLLARY 1.2, Let A be a simple algebra of characteristic not

equal to 2 having a non-trivial n-potent. Then the subring generated by

its n-potents is A .

Proof, Let S ©be the subring generated by the non-trivial
n-potents., Then S :>EZ—1 >[4, Al vy Corollary 1.1. By a corollary to
Herstein's theorem we know that the subring generated by [4, A] is 4
So S contains A4

It is natural to ask if EZ—l can be properly contained in & . The

following example shows that this can happen when 7n is 1 more than an

odd prime,
EXAMPLE 1. Let R be the set of (p+l) x (p+l) matrices over the

rational numbers. We first show that Eg+l #9 . If
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0o o o ... 1
+1

o

(p+1)x(p+1)
. . . . xp+l
then a 1is the companion matrix of the polynomial flx) = =x + .
Since f 1is the minimal polynomial for a , a is a (p+l)-potent. If
ap =1, a 1is invertible. But this is impossible since a has a column
+
of zeros. If ap =0, a-= ap 1o 0. So a is a non-trivial (p+l)-

potent. This means P Eg+l .

We now show E§+l g E for every odd prime p . Suppose E = Eg+l .
Then if we call e the (p+l) X (p+l) matrix with 1 as the 1 x1
entry and O's elsewhere, we have e = ai + ...+ ag where k 1is an
integer greater than 1 and each a; is a non-trivial (p+l)-potent.
Note that the ai's are not necessarily distinct. Since each ag is an

idempotent, the trace of ag . tr(ag) , is a positive integer. Note that

it k>1, 1=tr(e) = tr(ai) + .. +tr(@d) >1 . Therefore e=d’

vhere a (aij) is a non-trivial (p+l)-potent. Multiplying by a we

have ea

a , After equating entries, we get aij =0 for 222 .

Remembering that ap = e we can equate 1 X 1 entries to obtain

Gp 1 . Nowif « =1

11 T 11 , €= & =a . But this means a2 = a which

is impossible since a 1is a {p+l)-potent. Therefore

Gﬁil + ... +0@, +1=0. This means Q@ splits P , a

icti = E .
contradiction when p 3. So E§+l g

EXAMPLE 2, Let R bve a simple ring whose center is the field F .

It is easy to show that ES = E whenever F splits x2 +x + 1 and
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char F # 3 . For if there exists an f € F such that f2 + f+1=0,

then we know that f # 1 since char F # 3, If e 1is a non-trivial

idempotent of A4 , then (f'e)h = J"ue!4 = fe. Now if (f'e)2 fe , then

f2 - f=0. Since f#1, f=0 wvhich implies 1 =0, a
contradiction, Note that for any element a such that ah = a and

P # a we know that & #a. So fe is a lL-potent. Therefore for any
e €E, e= (f‘e)3 € Eﬁ . S Ec Ei .

4. Another set of generators
. . 2 n-1

If mn >1 1is the smallest integer such that a+ a + .., + a =0
for some a € R, then we call a a pseudo-n-potent, Observe that if a
. P . n-1 Pn—l
is a pseudo-n-potent non-trivial provided a #1, 0. By " we mean
the additive group generated by the (n-1)st powers of non-trivial pseudo-
n-potents. We do not have to go far to find a ring with Fﬁ-l # 3 as the

next example shows.

EXAMPLE 3. Let R Dbe the ring of (»-1) x (n-1) matrices over a

field. Consider the matrix

0 1 0
1
Q=
0 0 0 1
0 -1 -1 -1
(n-1)x(n-1)

. . . . 2 n-1 .
which is the companion matrix to fzx) = z+ x + ... + x . Since f
is the minimal polynomial for a , a is a pseudo-n-potent. Clearly

n-1 . n-1
a # 1 since a has a column of zeros; and as before a =0

implies a = 0 which is impossible if n > 2 .,
THEOREM 2. Let R be a ring having a non-trivial pseudo-n-potent.

Then PZ_l is a Lie ideal of R .

Proof. Let a be a non-trivial pseudo-n-potent in R . From Lemma 1
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we learned that

n-1 n—lran—l)k - ak—l( n-1 an'lran'l) - ak

n+k-2 n+tk-2_ n-1
(ata" " r-a a+a . r— a r -a ra

+

n
whenever a =aq ., If we sumover kK from 1 to n -1 , we have

- - -
-1 a lran l)

(a+d™Lr- Ly Ll 12

+ (a+a . n-1 n-lr n—l]n—l

.+ (a+a" r-a’ ra

(a + a® 4 ..+ an_l) + (an—l va+at e+ an-e]

r

n-e) n-1

n-1 2
-@ T ra+a"+ ... +ad )ra

0+0-0=0.

To show # 1is minimal we suppose there exists a positive integer

t <mn -1 such that

-1 n-l n-1
ra )

0 = (a+an yay n-1 n-lran-l)2

+ (a+a rd n-1 n—lran—l)t

+ 0. * (a+a" T r-a

(a + PR at) + [an'l va+dt ...+ at_l)r

2
+a+a + ...t

(an—l at-l)Pan—l )

Multiplying from the right by the idempotent an_l , we have

2

0=f(a+a"+ ...+ at)an_l

+ t+n-
B I N L I

n-1 n-1l_n-l
ra

which is a contradiction. Therefore a +a "r - a is a pseudo-

n- n-1_ n- :
n-potent for every r € R . To show that a + a lr -a lra 1 is non-
trivial we can use the same argument used in Lemma 1. This means that

(a+an—1r_an—1ran—l)n-1 - an—l + an—2r _ an—Zran-l

is a generator of PZ-l . If we replace r with ar , we find that

n-1 n-1 n-1_n-1
ra

. n-1
a + a r -a is a generator of a for every r € R, 1In a

n-1 n-1 n-l_ n-1
-a ra

similar manner we can show that a + ra is a generator

of PZ_l for every r € R . Since PZ—l is an additive group we know

that

ran—l _ an—lr _ (an-l+ran-l-an'lran'l) _ (an—l+an—1r_an—lran—1} € Pz-l i

So PZ’l is a Lie ideal of R .
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COROLLARY 2. Let A be a simple algebra of characteristic not equal
to 2 having a non-trivial pseudo-n-potent., Then the subring generated by
its pseudo-n-potents is A .

Proof. PFollow the same argument used in the proof of Corollary 1.2.

We close with a conjecture,

CONJECTURE. Let A ©be a simple algebra with a rational center. Let
a € A such that a3 #1, O . Then either a, a2 and a3 are linearly
independent over the center, or A contains a non-trivial pseudo-L-potent.

The proof of this conjecture will depend on a number theoretic
problem. For if Bla + 82a2 + B3a3 = 0 where the Bi's are rational
numbers, we can assume the Bi's are integers after clearing the equation
of denominators, If we multiply this equation by a and a2 , we get a

homogeneous system whose coefficient matrix has determinant

2 2 2 . R c s .
Bl + 82 + 83 - 3618283 which must be zero., If in turn this implies

Bl = 82 = 83 , we would know that A contains a non-trivial pseudo-n-
potent
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