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p-ADIC EISENSTEIN-KRONECKER SERIES FOR CM
ELLIPTIC CURVES AND THE KRONECKER
LIMIT FORMULAS

KENICHI BANNAI, HIDEKAZU FURUSHO,
AND SHINICHI KOBAYASHI

Abstract. Consider an elliptic curve defined over an imaginary quadratic field
K with good reduction at the primes above p > 5 and with complex multipli-
cation by the full ring of integers Ok of K. In this paper, we construct p-adic
analogues of the Eisenstein—Kronecker series for such an elliptic curve as Cole-
man functions on the elliptic curve. We then prove p-adic analogues of the first
and second Kronecker limit formulas by using the distribution relation of the
Kronecker theta function.

§1. Introduction

Let I' C C be a lattice. Then for an integer a and z,w € C, the Eisenstein—
Kronecker—Lerch series for the lattice I' is defined by

Z+7)"

WXw(’Y)a

(1) Ki(zwsD) = 3

vel\{—z}

where A(I") is the area of the fundamental domain of I' divided by w =
3.1415... and xy(2) := exp[(zw — wz)/A(T")] for any z, w € C. The above
series converges for Re(s) > a/2+ 1, but one may give it meaning for general
s by analytic continuation. In what follows, we will omit I' from the notation
if there is no fear of confusion. For integers m,n, the classical Eisenstein—
Kronecker function, more commonly known as the Kronecker double series,
is defined to be the function

Epn(z) =K, _.(0,2z,n).
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In the context of polylogarithms, these functions are elliptic analogues of
the Bloch-Wigner—Zagier polylogarithm function (see [21, Remark, p. 282]).
In the paper [14], Coleman defined the p-adic analogue of the classical poly-
logarithm function as a Coleman function, which is a class of p-adic analytic
functions generalizing the rigid analytic functions. The purpose of this paper
is to define for integers m,n the p-adic analogue Ef,fln(z) of the Eisenstein—
Kronecker function as a Coleman function, when the complex torus C/T’
has a model as an elliptic curve defined over an imaginary quadratic field K
with good reduction at the primes above p > 5 and complex multiplication
by the full ring of integers O of K. The main ingredient in the construction
of the Eisenstein—Kronecker series is the distribution relation.

Focusing on the distribution relation of the Eisenstein—Kronecker series,
we then prove the p-adic analogues of the Kronecker limit formulas. We let
6(z) be the reduced theta function on C/I" associated to the divisor [0] C
C/T, normalized so that 6'(0) = 1. (See (2) for the precise transformation
formula.) Then the Kronecker limit formulas in the classical complex case
are given as follows.

THEOREM 1.1 (Kronecker limit formulas). Let ¢ be the Euler constant
c:=limy 0o(l1+1/2+---+1/n—logn), and let A be the discriminant of
U defined as A := g3 — 2793, where gy, = Z'yer\{o} v~2k. Then we have the
following.

(i) The first limit formula

, . Ly 2
ll_)n%(AKO(O,O,s)—Sil)———log\A| —2log A + 2c.

(ii) For z ¢ T, the second limit formula

AK§(0,2,1) = —log|(z | + 7| - —lo A

Numerous proofs exist for the classical case, but many of the proofs rely
on arguments concerning the moduli space. We give a new proof of the above
theorem, valid for a fixed lattice I' C C, using the Kronecker theta function
and the distribution relation. Our view of understanding the Kronecker
limit formulas in terms of the Kronecker theta function and the distribution
relation allows us to prove the p-adic analogues of Theorem 1.1. Suppose
now that I' corresponds to a period lattice corresponding to the invariant
differential w = dz/y of an elliptic curve E : y? = 423 — gox — g3 with complex
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multiplication by the ring of integers Ok of an imaginary quadratic field K.
We assume in addition that E is defined over K, and that the model above
has good reduction at the primes above p > 5. We denote

K32 (0,2,n) == B2, (2)

to highlight the analogy. Then in analogy with Theorem 1.1(ii), we have the
following.

THEOREM 1.2 (p-adic second Kronecker limit formula). For any prime
p > 5 of good reduction, we have the second limit formula

1
col
K§?(0,2,1) = —log, 0(z) — 1 log, A,

where log, 0(z) is a certain p-adic analogue of the function log|0(z)|—|z|*/A
defined in Definition 5.1 using the reduced theta function 0(z) and the branch
of our p-adic logarithm.

The p-adic analogues of the second Kronecker limit formula were previ-
ously investigated by Katz [20] and de Shalit [18] in the context of p-adic
L-functions when p is a prime of good ordinary reduction. Our formulation
via the p-adic Eisenstein—Kronecker series gives a direct p-adic analogue,
and is valid even for supersingular p.

Suppose now that p > 5 is a prime of good ordinary reduction. In this case,
the prime p splits as p = pp* in Ox. We denote by ¢ the Hecke character
of K associated to E, and we let m:=1(p). In [5, Section 3.1], we defined a
two-variable p-adic measure p := o on Z, x Z, interpolating Eisenstein—
Kronecker numbers, or more precisely, the values K ,(0,0,b)/A® for a,
b > 0. This measure depends on the choice of a p-adic period €2, of the
formal group of E. We define the p-adic Eisenstein—Kronecker—Lerch series
by

KP0.0.5)= [ (o) o) o) dute.y

Zy XLy

for any s € Zy, where (—):Z) — C; is given as the composition Z); —
1+ pZy, — C; and w:Z) — pp—1 is the Teichmiiller character, so that
r = w(r)(r) for any z € Z;. Then an argument similar to the proof of
Theorem 1.1(i) gives the following.
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PROPOSITION 1.3 (p-adic first Kronecker limit formula). Suppose that
p>5 is a prime of good ordinary reduction. Then

1
lim K7 (0,0,5) = ! (1 - 5) log, 7,

s—1

where 1, is the p-adic period corresponding to .

The proof of the above proposition is parallel to that of the proof of The-
orem 1.1(i). However, due to the existence of a trivial zero for the function
K(gp) (0,0,s) at s =1, the analogy with the classical case is not perfect. (See
Remark 5.8 for details.)

The p-adic analogue of the classical polylogarithm was used to express
the specializations at p-power roots of unity of the p-adic realization of
the polylogarithm sheaf (see [17], [23], [10], [11], [13], [1], [3]). The ellip-
tic analogue of the classical polylogarithm sheaf was first constructed by
Beilinson and Levin [8]. In previous research, we studied the p-adic real-
ization of the elliptic polylogarithm sheaf for CM elliptic curves (see [2],
7], [6]). As in the classical case, the p-adic Eisenstein—Kronecker function
defined in this paper should be related to specializations at p-power tor-
sion points of the p-adic realization of the elliptic polylogarithm sheaf. We
expect that this function will play a role in future research in the formula-
tion of the p-adic analogue of the elliptic Zagier conjecture formulated by
Wildeshaus [25].

§2. Classical Kronecker limit formulas

In this section, we first review the definitions of the Eisenstein—Kronecker
series and the Kronecker theta function. We then give new proofs of the first
and second Kronecker limit formulas using the Kronecker theta function
and the distribution relation. Our proof in the classical complex case will
be the model for proving the p-adic analogue. As in the original proof by
Kronecker, we first prove the second limit formula, and then deduce the first
limit formula from the second.

2.1. Eisenstein—Kronecker series and the Kronecker theta func-
tion

We fix a lattice I" in C, and we let A be the area of the fundamental

domain of I' divided by w. Let a be an integer, and let zg, wy € C. We

denote by K (z9,wp,s) the Eisenstein—Kronecker—Lerch series given in (1)
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of the Introduction. The following result was proved by Weil (see also [7,
Proposition 2.4] for details concerning the case a <0).
PROPOSITION 2.1 ([24, Chapter VIII, Section 13]). Let a be an integer.

(i) The function K}(zo,wo,s) for s continues meromorphically to a func-
tion on the whole s plane, with a simple pole only at s=1 if a=0 and
wp €T

(ii) The function K}(zo,wo,s) satisfies the functional equation

T(s) K (20, wo,8) = A" 2T (a+ 1 — 8) K} (wo, 20,0 + 1 — )X, (20)-
As in the Introduction, we define the Eisenstein—Kronecker function,
referred to more commonly as the Kronecker double series, as follows.

DEFINITION 2.2. For any integer m, n, we define the Fisenstein—Kronecker
function Ep, (%) to be the €*°-function on C\ I' defined by

Epn(z) =K, _,.(0,zn).
This function is known to satisfy the differential equations
azEm,n(Z) = - m—l,n(z)/Ay (%";Em,n(z) = Em,n—l(z)/A'

REMARK 2.3. The Eisenstein-Kronecker functions E, ,(z) may be used
to describe the R-Hodge realization of the elliptic polylogarithm sheaf (see
[7, Appendix] for details).

We next review the definition and basic properties of the Kronecker theta
function. Denote by 0(z) the reduced theta function associated to the divisor
[0] of C/T", normalized so that 6'(0) = 1. This is the function used by Robert
to define his elliptic units (see [22, Section 1]). This function satisfies the
transformation formula

P 2
2 0= +7) = o) exp (2 + 1Yoz,

where a(vy) = —11if v ¢ 2T" and a(v) = 1 otherwise. We define the Kronecker
theta function as follows.

DEFINITION 2.4 (Kronecker theta function). We let
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The relation of this function to the two-variable Jacobi theta function
F.(z,w) of Zagier [26] is given by ©(z,w) = exp(zw/A)Fr(z,w).

The values K} (z,w,s) are defined for any z, w € C, but as a function,
K} (z,w,s) is not continuous for z, w € I'. We let K,(z,w,s) := K}(z,w,s)
be the ¢°°-function defined for any z, w € C\ T'. We regard the function
K,(z,w,s) as being undefined for z or w € I". Since the function K (z,w,s)
for z € T is defined in (1) by removing the summand with poles, we have

1
I [K w1 ——}:K* w, 1).
3) tim [ 16 (2, w,1) = -] = K7 (0,0, 1)

The relation between this function and the Kronecker theta function is
given by the following theorem due to Kronecker.

THEOREM 2.5 ([24, Chapter VIII, Section 4(7)]). We have
O(z,w) = exp [%} Ki(z,w,1).

The above theorem was originally proved in terms of Jacobi theta func-
tions by Kronecker using moduli arguments (see, e.g., [24]). In [5, Theo-
rem 1.13] or [4, Theorem 2.10], we give another proof valid for a fixed lattice
I' C C using the fact that both sides of the equality are reduced meromor-
phic theta functions associated to the Poincaré bundle on C/T" x C/T", with
the same poles and the same residue at each pole.

2.2. Proof of the second limit formula
We now deduce Theorem 1.1(ii) from Theorem 2.5.

PROPOSITION 2.6. There exists a constant C such that

2
> - l217 _ —AK:(0,2,1) +C

log‘Q(z) I

for any z ¢ T.

Proof. By Theorem 2.5, we have

ot~ o) st 1) o)1),
Hence by (3), we have
li_r)r(l)(@(z,w) - %) =K (0,w,1) + %
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Direct computation also shows that

(60w - 3) = -

Hence we have

w 0
A 0w %logﬁ(w).

K7 (0,w,1)+
In particular, if we replace the variable w in the above by z, then we have

2z

% (log0(2) — 57 ) = K7(0,2,1).

Therefore, if we let Z(z) be the function

2
=(z):= log‘@(z)’Q — %,

then we have

0 0 S
—Z2(2) = K7 1 —=(z)=K7¥ 1).
9z (Z) 1(0,2, )7 97 (Z) l(Ovzv )

On the other hand, one can directly show that
0 * * 0 * T7* (O -~ 1)
A&KO (0, Z, 1) — _Kl (O, Z, 1), A£K0 (07 Z, 1) — _Kl (0, Z, 1)

(see, e.g., [7, Lemma A.1]). Hence Z(z) + AK{(0, z,1) must be constant. []

Our goal is to determine the constant C'. We use the following result,
which is a type of distribution relation. In what follows, we will write 2, # 0
for n>1 to mean z, € (1I'/T") \ {0} for simplicity.

LEMMA 2.7 (Distribution relation). We have
2logn
K;(0 1)=—
Z O( y s ) A )

2n#0

where the sum is over all n-torsion points z, of C/T" except zero.
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Proof. We have

Therefore

1 . 11

3 Z Ki(0, 25, 8) = Z W:ﬁf{o(oaoﬁ)
e lTr ~enm\ {0}

when the real part of s is sufficiently large, and hence for any s by analytic
continuation. In particular, we have

1 . 1 1N,
= > K(0,20,5) = (n—2 - W>KO(O,0,3).
2n#0

By equation (31) in [24, Chapter VIII, Section 13], noting that I'(1) =1,
the residue of K{(0,0,s) at s=1is 1/A. Hence we have
1 2logn
w2 KOz ) ===,
2Zn#0

as desired. [

The above lemma shows that the constant C is

C= ﬁ [Z <log|9(zn)}2 - %) - 210gn}.
p)

We will now calculate this value explicitly in terms of A.

PROPOSITION 2.8. We have

1 2
1 log |A)? = — Z <log‘9(z2)}2 — %),
2270

where zo runs through nontrivial 2-torsion points of C/T', and
A= (e1 — e9)*(e2 — €3)*(e3 — €1)

for y? =43 — gox — g3 =4(x —e1)(z — e2)(z — e3).
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Proof. Note that

(x—e1)(z—ex)(x—e3) = H (2 — p(22)).

2270

Then if I' = Zwy + Zws, we may suppose that e; = p(w1/2), e2 = p(w2/2),
and e3 = p((w1 +w2)/2). Since

0(z +w)0(z — w)0(2)20(w) ™ = p(w) - p(2),

we have

2

[y
\S}

=e€2 — €1,

[y

(5= 2)0(2) "0 (3)
oo+ EP(N(52) () e
oo 2PN 2) 0(Z) e

Hence using the transformation formula

[\

0(z+7v)=a() exp(% + g)@(z)

of 0(z), where 7 is any element in I" and «a(y) =1 if vy € 2" and = —1
otherwise, the value A’ is

wlw_l+wzw_2+w_1w2}0<w1>*49<w2)*49(w1 +w2)*4
P A 2 2 2 '
Multiplying it and its complex conjugation and taking the logarithm, we
obtain the formula. Note that since we take the logarithm of positive real

numbers, the values do not depend on the choice of the branch of the loga-
rithm. []

Proof of Theorem 1.1(2). Since the Ramanujan A is given by A = 24A’,
we have by Lemma 2.7 and Proposition 2.8 that

1 1 1
= (> log|A']2 - 21 2):——1 AP,
O = (—7log|A? ~2l0g2) = — log|A|
Our assertion now follows from Proposition 2.6. 0
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2.3. Proof of the first limit formula
We first review the results of [24, Chapter VIII, Section 13]. For a fixed
20, wo € C, we let 0*(t, zg, wp) be the function

(4) 0% (t,z0,w0) = > exp(—t]20 + 712/ A) xuo (1),
~vel

defined for ¢ > 0, where >_* denotes the sum taken over all v € I other than
—zp if zp is in I'. Furthermore, we let

oo
I(zo,wo, ) ::/ 0% (t, 2, wo)t*~ 1 dt,
1

which converges for all s € C. Then by (31) in [24, Chapter VIII, Section 13]
we have

0
A°T(s)K( (20, w0, 8) = I(20,wo,s) — _30 Xz (Wo)
(5)

1)
+ I(w0> 20, 1- S)Xzo (w(J) + s iola

where 0, =1 if x € I' and §, = 0 otherwise. The above integral expres-

sion gives the meromorphic continuation and the functional equation of
K (20, w0, s). We now prove Theorem 1.1(i) using the second limit formula.

Proof of Theorem 1.1(i). From (5), we have

ASTIT(s) (AKS(Ov 0,5) = s i 1>

AT (s) — 1

1
=1(0,0,s) — - +1(0,0,1—s) — .
s 5 —

Therefore, we have

1
(6)  lim (AKg(o, 0,5) — —) =1(0,0,1) — 1+ I(0,0,0) — log A + ¢,
s—1 1

where c is the Euler constant as before and we used the fact that I(1) = —c.
On the other hand, we have for zp =0, wg=2¢7T, and s =1,

AK;(0,2,1)=1(0,2,1) — 1+ 1(%,0,0).
Note that lim,_,¢ 1(0,2,1) = 1(0,0,1), and for z # 0, if we let

I*(Z’O’ S) = I(Za 07 8) - / exp(—t‘2|2/A)tsfl dt7
1
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then lim,_,0 I*(2,0,0) = 1(0,0,0) by the definition of the sum >_* in (4).
We have

1 () |z|2/A 1
I'(s) — - —/ e sl dt+/ e it dt —
§ |2[2/A 0 s

ot [ e () ]

Taking s — 0, we have

00 |2|2 /A ’2‘2
—c= ettt dt+/ Dt~ 1dt +log
/|z|2/A ( A )

o

Hence
AKZ(0,2,1)
=1(0,2,1) — 14 I*(2,0,0) +/ exp(—t|z|?/A)t dt
1

|z|#/A 2
:I(O,Z,l) _1+I*(Z’070)_C_/ (e_t_l)t_ldt—log<%)
0

Therefore
1%(AK§(0,Z, 1) +log|z|*) = 1(0,0,1) — 14 1(0,0,0) — ¢+ log A.
Finally, combining this with (6) and the second limit formula, we have

1
lim <AK§(0,0,$) — —) = lim (AK;(0,2,1) +log |2|*) — 2log A + 2¢
s—1 1

z—0

1
= —ﬁlog\AP —2log A + 2c.

This proves our assertion. 0

8§3. Algebraic and p-adic properties of the Kronecker theta func-
tion

In this section, we first recall the definition and the generating function
of Eisenstein—Kronecker numbers, and then we investigate the algebraic and
p-adic properties of the function F.;(z) defined in Definition 3.3. The p-
adic Eisenstein—Kronecker functions will be defined in the next section as
the iterated Coleman integrals of F ,(z).
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3.1. Eisenstein—Kronecker numbers and their generating func-
tion
We define the Eisenstein—Kronecker numbers to be the special values
of Eisenstein—Kronecker—Lerch series (see also [5, Definition 1.5] and [7,
Definition 2.3]).

DEFINITION 3.1. Let zp,wg € C, and let a and b be integers such that
(a,b) # (=1,1) if wy € I'. The Eisenstein-Kronecker number e} ,(z0,wo) is
defined by e, (20, w0) := K (20,w0,b). As in [7, Definition 2.3}, we let

€ap(20) 7= €4,5(0, 20) = K14(0, 20, 0)
for zp € C such that zp ¢ I if (a,b) # (—1,1).

For any 2y, wg € C, we let

2oWo ZWo + Wz

} * [_ A
This function is known to be the generating function of Eisenstein—Kronecker
numbers as follows (see [5, Section 1.14, Theorem 1.17]).

@ZQ,’LUO(Z)’LU) = eXp|:_ ]@(Z—I—Zo,w—i-IU())

THEOREM 3.2. We have

02 Ow
@Zowo(zaw) = XZo(wO)_O + ?0 + Z (=1)

z
a,b>0

*
atbCab+1 (ZO’ U)()) b, a
— A T )}
alA®

in a neighborhood of the origin, where 6, =1 if x €' and d, =0 otherwise.
We define the function F ;(2) as in [7, Definition 4.2] as follows.

DEFINITION 3.3. For any zp € C and integer b > 0, we define F} ;(2) to
be the meromorphic function on C given by the equation

O.0(2z,w) = Z Fop(2)w L.

b>0

The choice of zj in the definition of F ;(z) depends only on the class of 2o
modulo I'. When zy =0, we let Fy,(2) := Fy(z). Explicit calculations show
that we have Fo(z) =1 and Fi(z) = 0'(2)/0(2) = ((2) — €f 2. By definition
©,0(2,w) = exp(—wZo/A)O(z + 29, w). This equality and the definition of
Fy gives the equality F1(2) = Fi(z+ 20) — Zo/A. We will later show that
in the p-adic case, F,; for various zy paste together to form a Coleman
function.

The formula for O, ,,(z,w) as the generating function for Eisenstein—
Kronecker numbers gives the following.
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PROPOSITION 3.4 (Generating function). For any b > 0, the Laurent
expansion of F, ,(2) at zero is given by

Oz 1 €ap(20)
on,b(z):—zg —i—Z(—l)‘”‘b 1—2'A‘1 2%,
a>0 ’

where 0z =1 if b=1 and v € I" and is zero otherwise.
Proof. The proposition follows from Theorem 3.2 and Definition 3.3. []

Next, we assume that our complex torus has an algebraic model. Let F'
be a number field with a fixed embedding F' — C, and assume that we have
an elliptic curve F over F' defined by the Weierstrass equation

(7) E:y* =43° — gox — g3.

We let I be the period lattice of E with respect to the invariant differential
w = dz/y. We have a complex uniformization £ : C/T' = E(C) such that dz
corresponds to w.

We next define an auxiliary function L, (z), which is useful since it is an
algebraic meromorphic function defined over F' (see Proposition 3.7).

DEFINITION 3.5. Let E(z,w) := exp(—F1(z)w)O(z,w). We define the con-
nection function L, (z) by the formula

E(z,w) = Z Ln(2)w™
n>0

REMARK 3.6. Explicit calculation shows that the connection function for
small n is given by Lo(z) =1, L1(2) =0, and La(z) = —1p(z).

The function L, (z) is a periodic with respect to I', hence defines a func-
tion on C/T" holomorphic outside the points corresponding to I'. The relation
between F, ,(z) and Ly(z) is given by the formula

b > b—n
) Froale)= 3 TS ot ).

n=0
The connection function Ly, (z) is algebraic in the following sense.

PROPOSITION 3.7. The functions Ly, (z) correspond through the uniform-
ization & to rational functions L, on E defined over F'.
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Proof. See [7, Proposition 1.6] for the proof. U

Assume now that E has complex multiplication by the ring of integers
Of of an imaginary quadratic field K. In this case, the function O, 4, (2, w)
satisfies the following algebraicity result.

THEOREM 3.8 ([15, Theorem 1], [16, Theorem 2]). Suppose that zy, wo
correspond to torsion points in C/T'= E(C). Then we have

20,0 (2, W) = Xz (W0)2 162 — w0, € Q[z, w]],
where §; =1 if x €' and d, =0 otherwise.

Proof. This is a reformulation of the classical theorem of Damerell. (See
[5, Corollary 2.4] for a proof.) [

COROLLARY 3.9. Suppose that zy corresponds to a torsion point in C/T" =
E(C). Then we have

Fryp(2) = 0002 € Ql2]],
where 6,5 =1 if b=1 and x €', and d,, =0 otherwise.

We fix an isomorphism [ ]| : Ox = Endz(E) so that o € Ok acts as [a]*w =
aw on the invariant differential w = dz/y. For any nonzero a € Ok, we

denote by E[a] the subgroup of E(Q) annihilated by c. The function F ;(2)
is known to satisfy the following distribution relation with respect to E|a].

ProPOSITION 3.10 (Distribution relation). The function F ;(2) satisfies
the relation

Z FZO+Za:b(Z) = O‘al_bFaZo,b(az)
za €EF[a]

for any nonzero a € Ok .

Proof. By [5, Proposition 1.16], noting that
Oazg0(az,w/a;T) = @O N(a)20,0 (N(a)z, w;EF),

we see that the Kronecker theta function 0, o(z, w) satisfies the distribution
relation

Z O20+20,0(2, W) = aOaz, 0 (a2, w/@)
za€E[q]

for any nonzero a € O . Our assertion follows from the definition of F ;(2).

O
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3.2. The p-adic properties of F, (z)

We next review the p-adic properties of the function F,, ,(z). We let E
be an elliptic curve with complex multiplication by the ring of integers O
of an imaginary quadratic field K. We assume in addition that F is defined
over K and has good reduction at the primes above p > 5. This implies that
p does not ramify in Og. We fix a Weierstrass model of FE over Ok with
good reduction above p, and by abuse of notation, we denote again by F
this model defined over Ok. Let t = —2x/y be the formal parameter of F
at the origin, and denote by E the formal group of E with respect to the
parameter t. We denote by A(¢) the formal logarithm.

Let 2z be a torsion point in £(Q), and denote by ﬁZU,b(t) 1= Foo 0(2) =)
the formal composition of the Laurent expansion of F,, (z) at the origin
with the formal power series z = A(t). Note that by definition, we have

b 7 b—n

(9) Faop(t) = Z %me(t%
n=0 '
where Ly n(t) := Ly (2 + 20) | .=aq)-

Let ¥ :=1 g,k be the Hecke character of K associated to £. We let p be
a prime in Ok lifting p, and we let 7 :=(p). Note that if p is ordinary,
then 7 is an element such that p =77* with 7* a unit in K, and 7= —p
if p is supersingular. We fix an embedding K — C, such that 7 maps to
an element of p-adic absolute value less than 1 in C,. By Corollary 3.9,
we may view F %o.b(t) as a power series with coefficients in C, through this
embedding. We next review the p-adic properties of the power series ﬁzO’b(t)
through this embedding.

PROPOSITION 3.11. Let zy be a torsion point in E(Q) of order prime to p.
Then the radius of convergence of the holomorphic part

Foy (1) = 620t € Cp[t]

of ﬁzo’b(t) is 1. In other words, this power series defines a function on
B™:={teC, ||t <1} if b#1 or z9 #0, and Fi(t) := Fy1(t) defines a
function on A(0):={teC,|0<|t|, <1}.

Proof. See [7, Proposition 4.7] for the proof. 0

In the next section, we will prove that the power series F Lo.b(t) paste
together to form a Coleman function on the elliptic curve minus the identity.
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We next review a formula for translation by 7"-torsion points. Let E [7"] C
E (my,) denote the group of n"-torsion points of the formal group E where
m,, is the prime ideal of Oc,.

LEMMA 3.12 (Translation). Suppose that zo is a torsion point in E(Q)
of order pmme to p. Let t, € E[ "], and let z, be the image of t, through
the inclusion E[x"] C E(Q) C C/T. Then we have

~

F\zo,b(t D tn) = FZO+2n7b(t)7

where @ is the formal addition law of the formal group E.
Proof. See [7, Lemma 4.13] for the proof. 0
The above lemma gives the following corollary.

COROLLARY 3.13 (Generating function). Suppose that zy is a nonzero
torsion point in E(Q) of order prime to p. Then for any integer a >0, we
have

(0108 F 0.0 (8)) 1=t = (=1)* 07 "el (20 + 20) /A%,
where Oy 10g s the differential operator N (t)~19;.

Proof. Since 0y og is invariant under translation of the formal group, we
have by Lemma 3.12

(0108 Fr06 (D) It = (0105 Fo0,6(t ® t)) [0 = (Of10g Frot206(1)) li=0-

Note that if we let z = A(t), then we have 0, = 0; jos. Hence we have

( ZlogﬁZO+zn,b(t)) |t=0 = (agFZO+zn,b(z)) |2=0-

Our assertion follows from the generating function property of F},; given
in Proposition 3.4. {

We let Fl(p)(z) be the function
(10) FP(2) = Fi(z) -7 Fy(r2),

which is an elliptic function corresponding to a rational function defined
over K. Then we have Fl(p)(z +20) = Fy1(2) = T ' Frs1(72), and hence

~

(11) FP (2 + 20)omaiy = Foot () =7 Brag 1 ([]2).
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84. Construction of the p-adic Eisenstein—Kronecker functions

Coleman integration is a theory of p-adic integration first developed by
Coleman [14] to define the p-adic polylogarithm function. In this section,
we first review the theory of Coleman integration for curves, following the
description of Besser [11], [12] using notation coming from the theory of rigid
cohomology. We then prove that the function F,, () of Section 3 defines
a Coleman function Fbc"l(z) on the CM elliptic curve. We then define the
p-adic Eisenstein—Kronecker functions Efr‘fln(z) to be the iterated Coleman
integral of F°l(2) satisfying the distribution relation.

4.1. Review of Coleman integration

Let L be a complete subfield of C,, with ring of integers O, and residue
field k. Let X be a smooth projective irreducible curve over Oy,. Let U C X
be an affine open subscheme of X such that the complement X \ U is a
divisor flat over Oy,.

Denote by XE‘; the rigid analytic space associated to the scheme X¢,. Its
points consist of the points of X (C,). We have the specialization morphism

. yan _
Sp: X(Cp — X[Fp,

and we denote the inverse image of a point x € X (F,) by ]x[, which we call

the residue disk. The set Jz[C X(%I; is an admissible open set of Xgrp‘. We

have a set-theoretic decomposition

xge=II Jal

zeX (Fp)

which is not an admissible covering for the rigid topology.

We let U be the formal completion of U with respect to the special
fiber, we let U7, be the rigid analytic space over L associated to the for-
mal scheme U, and we let Uc, := UL, ®1 C,. We denote by j:Uc, — X(%I;
the natural inclusion, and we let jT(’)uCp be the ring of functions on Uc,
overconvergent along X&» \ Uc, (see [9, Section 2.1.1.3]).

DEFINITION 4.1. For any = € X (F,), we let A(]z[) be the ring of functions
defined by

A(lz]) == P(]x[,jTOuCp).
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Since X is smooth, each residue disk is isomorphic to the open disk
B :={teCpy|tl, <1}
through a choice of local parameter ¢, of X at x. Then we have

A(];UD =I'(B,08-), z€ U(Fp),
A(]x[) = U F(A(r),(’)A(T)), otherwise,

0<r<1

where A(r) is defined to be the admissible open set of B~ defined as the
annulus A(r) :={t € C, | r < |t|, < 1} for any real number r such that 0 <
r < 1. Note that A(]z[) is isomorphic to the ring consisting of formal power
series f(tz) =>,50ant? which converge on B~ if z € U(F,), and formal

power series f(ty)=> - antl for a, € C, which converge on A(r) for

some 1 < 1 if x € (X \ U)(F,). This description is independent of the choice
of the parameter t,.

DEFINITION 4.2. A branch of the p-adic logarithm is any locally analytic
group homomorphism log,, : C; — C,, defined by the power series

log, () = - 3 L=

n>0
for z in a neighborhood of 1. It is characterized by the value log,(p).

Suppose a branch of the p-adic logarithm has been chosen. One defines
Alog(Jz[) to be A(Jz[) if € U(F,) and to be the polynomial ring in the
function log,(t,) over A(]z[) if € (X \ U)(F,). This definition is inde-
pendent (up to isomorphism) of the choice of the local parameter t,. Set
Qllog(]x[) := Ajog(]z[) dt;. Then one defines the ring of locally analytic func-
tions and 1-forms on U by

Ae@) =[] Awe(2]), Q@)= ] Qgllz]).

e X (Fp) zeX (Fp)

We have a differential d : Ajo.(U) — Q4

loc(U), which is surjective.
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Suppose that k=T, for ¢ = p", and let X and U be the formal com-
pletions of X and U with respect to the special fiber. For simplicity, we
assume that there exists a Frobenius morphism ¢ : X — X, which is a Og-
linear morphism lifting the hth power Fr” of the absolute Frobenius Fr on
X}, = X ®k and such that ¢(U) C Y. Then this map induces a C,-morphism
¢: X&I; — X(%E by extension of scalars.

Coleman constructs a certain subring M (U) of Ajo.(U), which we call
the ring of Coleman functions on U, equipped with an integration map.
The ring M (U) is defined so that it contains rational functions on X which
are regular on U, as well as overconvergent functions on Uc, C X(%I;, where
Uc, is the rigid analytic space associated to U. If we denote by M(U)/C,
the ring M (U) modulo addition by constants, then the integration map is a
vector space map [ : M(U) ® 47y Q4(U) = M(U)/C, characterized by the
following three properties.

(i) We have d([w) =w (primitive function).
(i) We have [(¢*w)=¢*([w) in M(U)/C, (Frobenius invariance).
(iii) If g€ M(U), then [dg=g in M(U)/C,.

The construction of Coleman functions gives the following lemma.

LEMMA 4.3. Suppose that f is a function in Ajoc(U), and suppose that

P(z) is a polynomial in C, whose roots do not contain the roots of unity. If
we have df € M(U) @ QY (U) and P(¢*)f € M(U), then we have f € M(U).

By abuse of notation, for any w € M(U) ® 4 Q' (U), we denote by [w
any Coleman function F,, € M (U) satistying dF,, = w. By construction, the
Coleman function [w e M (U) is determined up to addition by a constant.

It is known that the above theory of integration is independent of the
choice of the branch of the p-adic logarithm (see [19, Proposition 2.3]). Other
important properties of Coleman functions are the uniqueness principle (see
[14, Chapter IV] and [19, Proposition 2.4]) and the functorial property with
respect to the morphisms of the pair (U, X) (see [19, Proposition 2.5]).

4.2. F, ;(2) as a Coleman function

We will next show that the functions F. ;(2) defined in Section 3 define
a Coleman function on our elliptic curve. It is striking that the functions
modified for each zg nicely paste together to form a single Coleman function
on the elliptic curve. We fix once and for all a branch of the p-adic logarithm.

Let the notation be as in Section 3.2. In particular, we let E be the
model over Ok of our CM elliptic curve, with good reduction at the primes
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above p. Let L be a finite extension of K, in C,, and by abuse of notation,
we denote again by E the extension of E to the ring of integers Of, of L.
Then for 7 :=1(p), multiplication by [7] induces a Frobenius ¢ : E — E. We
denote by E(C,) := EE the extension to C, of the rigid analytic space E7".
From now until the end of this paper, z will denote a variable on E(C,).

The residue disks of E(C,) is parameterized by torsion points zp of E of
order prime to p. If we let t = —2x/y, then this gives a local parameter of F
at the origin. Then the open disk {t € C, | |t|, < 1} represents the residue
disk ]0[C E(C,) containing the identity of E. If we let 2y be a torsion point
of E of order prime to p, and if we let ]|zp[:= 75, (]0[) for the translation
Tx - B — E defined by 7, (2) := 2+ 20, then ]2¢][ is precisely the residue disk
containing zg. The parameter t of |0[ then gives via translation a parameter
of ]zp[ which gives a homeomorphism |zo[= B~ between the residue disk
containing zy and the unit ball. In what follows, we denote again by ¢ the
parameter of |zo[ obtained in this fashion.

We first start by investigating the function F}, 1(z). We let U := E'\ {0}.
Note that by Proposition 3.11, the power series F\Zo,l(t) defines a function
in A(]zo[) through the identification Jzo[= B~

LEMMA 4.4. We let Ft°' be the function in Ay.(U) defined by

Fl o 2= Fag 1 (1) € Apog (]20])

on each residue disk |zo[, where zg is a torsion point in E(Q) of order prime
to v, including the case zo =0. Then Ffo1 is a Coleman function on U.

Proof. The differential form dFy = n+ef sw is known to be a meromorphic
differential form of the second kind on U defined over O . From the defini-
tion of F}; 1(2) given in Definition 3.3, we have F} 1(2) = Fi(2+ 20) —Zo/A,
hence dF,1 = 7 dFy. Hence the calculation of the differential on each
residue disk gives the equality dF°! = dF}. For any Coleman function f(z)
on U, denote by f(nz) the Coleman function (¢*f)(z) = [7]* f(2). Consider
the function

¢

(12) FP(:) = (1- 2 ) Fel(e) = F(2) — 2B (r2).

For any z € ]zp[, we have z:= 7z €|mzp[. Hence from the definition and the
fact that [7] o 75, = T2, © [7], we have

FICOI(WZ”]ZO[ = Ffd(z)hﬂzo[ = F\Trzoi(t) = ﬁﬂzml ([W]t)v
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where ¢ and ¢ are elements in B~ corresponding to z and Z. Substituting
the above equality into the definition (12) of Fl(p) (z), we obtain by (11) the
equality

FP o= F ol

where Fl(p ) is the rational function on E defined in (10). Hence F{°' is
an element in Ajoe(U) such that dF® = dFy and (1 — ¢*/7)Fl = FP).
Since F 1(p ) is a rational function and dF’ 1 is a meromorphic differential form,
which are both regular on U, we have in particular Fl(p Ve M (U) and dF; €

M(U)®@QY(U). Hence by Lemma 4.3, the function F{°' is in fact a Coleman
function on U. 0

Note that if zp # 0, then we have F{°!|., ;1€ A(Jz[) C Aig(]z0[). This
shows that the value F{°!(z) for z € E(Cp)\]0] is independent of the choice
of the branch of the p-adic logarithm.

Since L, is a rational function on E with poles only at {0} in E, it is
in particular a Coleman function on U. The set of Coleman functions is a
ring, and we define FbCOI as follows.

DEFINITION 4.5. We let Ff°1 be the Coleman function of Lemma 4.4. For
any integer b > 0, we define Flf‘ﬂ to be the Coleman function

b col\b—n
(13) F[;:ol — Z ({l;l)n)'

n=0

Ly,

on U.
The functions Fl;’Ol interpolate the power series F ;(2) of Section 4.1.
PROPOSITION 4.6 (Interpolation). For any integer b > 0, the function
Feol on the residue disk )zo| is given by
FbCOI|]ZO[ = on,b(t) € Alog (]ZOD

Proof. The case for b= 1 follows from the definition of F*°'. The case for

~

b>1 follows from this case, noting that Ly, = Lz, (t) and comparing
the definitions of (9) and (13). U

PRrROPOSITION 4.7 (Distribution relation). For any nonzero a € Ok, the
Coleman function FIfOI for any integer b > 0 satisfies the distribution relation

(14) > FN 2 za) = o P F (az).
za€Ea]
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Note that since FlfOI is a Coleman function on U, by the functorial prop-
erty of Coleman functions (see [19, Proposition 2.5]), we may regard both
Fflz + z4) and Ff°'(az) as Coleman functions on U, := E \ E[a]. Then
(14) above is an equality of Coleman functions on U,.

Proof of Proposition /.7. We write o = ", where ag € Ok is prime
to m. For any z, € Fla], we write zo = 2q, + 2n, Where z,, € E[ag] and
zn, € E[n"]. Suppose that z is a point in the residue disk |zg[. Then z + z, is
in the residue disk |29 + zq,[, and az is in Jazp[. Denote by ¢ the parameter
on ]zp[ obtained as the translation by 7., : E — E of the local parameter
t = —2z/y at the origin of E. This gives an isomorphism |zo[= B~, and
hence ¢ parameterizes the points z on the residue disk |zo[. We denote by
t, the element on B~ corresponding to z, through this isomorphism. Then
Proposition 4.6 shows that we have

~

FI;JOI(CVZ)’]ZO[ = Fazo,b([a]t)7
FbCOI(Z + Zoc)hzo[ = F20+za0,b(t D tn)

as functions on |zp[. By Lemma 3.12, we have ﬁzﬁzawb(t@tn) = ﬁzﬁza’b(t).
Our result now follows by substituting z = A(¢) into the distribution relation
of Proposition 3.10, noting that F,, y(az)|;=x) = Fzo,6(2) 2=t - 0

REMARK 4.8.
(i) The function F¢°' is characterized as the unique function of the form
Feol = [ dF satisfying the distribution relation.
(ii) The convergence property for F.,1(t) shows that the function Ff°!
converges on any point in U(C,).
(iii) Furthermore, the expansion of F(t) for b > 1 shows that Ff°! is
defined on E(C,).

4.3. The p-adic Eisenstein—Kronecker function
We now define the p-adic Eisenstein—Kronecker function. We first prepare
a proposition concerning integration and the distribution relation.

PROPOSITION 4.9. Let m and b be integers greater than or equal to zero.
Suppose that Egﬁj}b is a Coleman function on U which satisfies the distribu-
tion relation

(15) Z ECOlb(z +24) = alfmalbeC(’lb(az)

m7 m7
za€E[a]
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for any nonzero o € Ok. Then there exists a unique integration E<°!

m+1,b =
—fEfé’lbw of —Efr?lbw satisfying the distribution relation
(16) Z Ef,?_li_lyb(z + Za) = a_mal_bEfy(L)_li'_Lb(aZ)
za€E[a]
for any nonzero a € Ok .
Proof. Let Em+1,b ==/ Efy‘l’}bw be any Coleman integral of —Ef};’}bw. For

any nonzero « € Ok, let

za €Ea]

Then the relation (15) shows that dc, =0, and hence the property of Cole-
man integration shows that c, is a constant in C,. For any nonzero «,
5 € Ok, we have

Z Em+1,b(z + Zaﬂ)
zap€E0f]

= Z Epi1p(z + 20 + 25)

za €E|a],
ZgeElap]/Elo]

= Z (Co+a @ B, 41 (a2 +aZp))
ZgE€E[af]/Ela]
= N(B)ca + a ™M@ "bes + (aB) ™ (B) P By (),

where the last equality follows from the definition of cg and the fact that
we have an isomorphism FE[of]/E[a] = E[f] given by zz +— 25 := azz. By
reversing the roles of o and [, we see from a similar calculation that the
above is also equal to

N(@)es+ BB e+ (aB) ™@B) " Emy1(afz).
This shows that we have (N(8) — 6*’”31_17)00‘ = (N(a) —a ™a'?)cs, and

hence the constant
ci=cof/(N(a) —a ™a" ")
is independent of the choice of a € Ok . If we let

Efr?il,b('z) = Emﬂ,b(z) -G

then this function satisfies (16) for any nonzero o € Ok. 0
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DEFINITION 4.10. For integers m, b with b > 0, we define the p-adic
FEisenstein—Kronecker series Ecob recursively going up and down as follows.

We first let Eg?bl =(-1 )bilF ! Then by Proposition 4.7, this function sat-
isfies the distribution relation (15). For m > 0, we let E°} be the Coleman
function recursively defined by Eﬁf}b =— Efgl_lybw, with the constant term
normalized as in Proposition 4.9 to satisfy the distribution relation

(17) > ER(z+z0) =M@ TP ES (02).
za €Eq]

For m < 0, we define Ecob recursively by the formula dF Coﬂrl b= Eﬁ,ff}bw

Again, (17) is an equality of Coleman functions on U, := E\ F[a]. Propo-
sition 4.9 ensures that such a choice of constant term when m > 0 is possi-
ble. The convergence property of F} in Proposition 3.11 ensures that ECOlb
is defined on any point in U(C,) if b=1 and on E(C,) if b > 1. When b =0,
note that ng’(} = 1. This shows that we have Egool =0 for a <0.

The reason we view Efr‘jlb as a p-adic analogue of the Eisenstein—Kronecker
function is that this function interpolates values of the classical Eisenstein—

Kronecker function at torsion points for m <0 as follows.

PrROPOSITION 4.11. Let a, b be integers greater than or equal to zero.
Then for any torsion point z in E(Q) such that z#0 if b=1, we have

B (2) = E_qp() /A%

Proof. Any torsion point z is of the form z = zy + z,, where zy is a
Teichmiiller representative and z, is a w"-torsion point. Our result follows
from the fact that

B (2) = (—1)*7La8  EL y(8) ],
and Corollary 3.13. 0

Note that we have fixed a branch of the p-adic logarithm. We next prove
that the values of E° (z) are independent of this choice.

LEMMA 4.12. Let m and b be integers such that b > 0. Suppose that z is
a point in E(C,)\]0[. Then the value Ef,f}b(z) is independent of the choice
of the branch of the p-adic logarithm.
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Proof. The proof is given by induction on m. The statement for m =0
and b =1 follows from the construction of Ff‘)l, which is independent of
the choice of the branch of the p-adic logarithm. The statement for m =0
and general b follows from the definition (13) of F£°, noting that L, are

rational functions. The statement for m < 0 follows inductively from the

equality E;;‘;lbw = —dngf_lH p- Suppose now that the statement is true for
some m > 0. Let Em+1’b =— fEm,bw be any Coleman integral. By Besser’s

formalism (see [12]), Coleman integrals over points of good reduction (i.e.,
points in the smooth subscheme U C X using the notation of Section 4.1)
are free from the choice of the branch of the p-adic logarithm. Hence for
z in E(C,)\]0[, the value Eerl,b(z) is independent of the choice of the
branch. Furthermore, for a point in z in E(Cy)\ |0[, the values Em+1’b(7rz)
and Em+1’b(z + z1) for z; € E[r] are also free from the choice of the branch.
Hence the global constant ¢ = ¢, of Proposition 4.9 is independent of the

choice of the branch. This gives the statement for Ef);il’b(z). U

REMARK 4.13. The restriction of Ef,f’lb(z) to the residue disk ]0[ is of the
form

ES|jop = Go(t) + a1 (t)logt + Ga(t)(logt)? + - -+ (t) (logt)"

for some n and @;(t) € A(]0]), where the a@;(¢) are rigid analytic functions
on an open annulus around zero free from the choice of the branch. Since
Eﬁfb’}b(z) for b# 1 is analytic on E(C,), we see that n =0 in this case.
Therefore if b# 1, then the values E.(2) for z € F(C,) are independent
of the choice of the branch. On the other hand, if b=1 and m > 0, then
Eﬁ;’}b(z) for z in the residue disk ]0[ depends on the choice of the branch of

the p-adic logarithm.

85. p-adic Kronecker limit formulas

Let the notation be as in Section 4. In this section, we prove the p-adic
analogues of the first and second Kronecker limit formulas.

5.1. The p-adic Eisenstein—Kronecker functions

In Section 4, we defined the p-adic analogue of the Eisenstein—Kronecker
series as a Coleman function on the CM elliptic curve. In order to prove
the p-adic limit formulas, we define in this section a p-adic analogue of the
2

function log |0(z)|?> — |2z|?/A, which turns out to be a Coleman function.
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We then prove the distribution relation, which we use to characterize this
function.

Let p be a prime greater than or equal to 5. In what follows, fix an embed-
ding of Q into C,, and we again fix a branch of the p-adic logarithm, which
is a homomorphism log, : C;; — C,, and we extend this homomorphism to
(Cpl[t]])* by using the decomposition (Cp|[t]])* = C, x (1 +tCpl[[t]]) and
defining log, (1 —tf(t)) = —>_t" f*(t)/n for any f(t) € C,[[t]. Let E be a
CM elliptic curve as in the Introduction, and let I' be the period lattice of
E®C. For zg eI'®Q, we let

(18) 0.,(2) = G(z—i-zo)exp(—% ~ ZSZ‘J)

Then by [5, Proposition 2.1], the Taylor series of 6,,(z) at z = 0 has algebraic
coefficients. Note that from the definition, we have

d 0.,(2) 0(z+2) Zo 20
a2 0800 = g O T Bt a) A ) = Fe()

If we consider the formal composition
920 (t> = 920 (z) ’z:)\(t)

of this series with A(t), where A(¢) is the formal logarithm of the formal
group of E, then we may regard this power series as an element in C,[[t]]. If

-~

we take the derivative of log, 0, (t) with respect to ¢, then we have by the
definition of log, and é\ZO (t) the equality

(19) (log, 02y (1)) = 02, (£) /02 (t) = Frp 1 (2).

If z¢ corresponds to a torsion point of F of order prime to p, then we see from

~ ~

Proposition 3.11 that the power series (log,0.,(t))’, hence also log, 6., (t),
converges on the open unit disk |¢t| <1 in C,,.

DEFINITION 5.1. We let log,, 6 be the function in Aj,.(U) defined by

logp 0|]zo[ = logp azo (t) € Alog (]ZO D

on each residue disk |zp[, where zy corresponds to a torsion point of E of
order prime to p.

We will see in Section 5.2 that log, ¢ is in fact a Coleman function on E.
We first investigate the basic properties of log,, 6.
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PROPOSITION 5.2. For 2z € I'®Q and z, such that az, €' for a w-power
morphism o € End@(E), we have

~ -~

(20) Ing Ozt Dta) = Ing 020420 (1),

where t, € E(Cp) corresponds to a torsion point in C/I' represented by zq €

C.

Proof. Let a and § be elements of Ok such that 2a|8 and 52y € I'. Then
fa(2) :=0(2)NV8/0(Bz) is a rational function on E over Q. We have

(21) Hzo-i-za (Z)NB = ie(ﬁz)T;OJrzafﬁ('z)'

Similarly, we have
02 (2)"7 = £0(82)77, fo(2).

Since fg is a rational function, we also have
Tootzad8(1) = T fa(E S ta).
Hence we have
(22) 0o (t © ta) V0 = 2O([]1) 77, -, S5 1)
Our assertion now follows from (21) and (22). U

COROLLARY 5.3. Let t, be a m-power torsion point, and assume that
20 #0 orty #0. Then we have

(z0 + 2a) (20 + ZQ)D-

logp é\zo (ta) = logp (0(Z0 + 2a) €xp [_ 2A

Proof. This follows by substituting ¢ =0 on both sides of (20) and using
the definition of 6,4, (z) given in (18). 0

Roughly speaking, log,0(z) is a p-adic function which interpolates

the special values logf(z) — 2Z/2A at torsion points. We may thus regard
log, 0(z) as a p-adic analogue of the function log |0(z)|* — |z|*/A.
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5.2. The p-adic second limit formula
We are now ready to prove Theorem 1.2, which is a p-adic analogue of the
Kronecker second limit formula. We keep the notation of the Introduction.
In particular, let
K (0,2,n) = B (2).

In addition, we let §f C Ok be the conductor of the Hecke character ¢ of K
associated to E, and we let 7 :=1(p). Since E has good reduction at the
prime ideals above p, we have (p,f) = 1.

PROPOSITION 5.4. Let zp € C be a lifting of an f-torsion point of C/T.
Then for a € O, we have

eazo(az)mzv(af) _ A2N(af)(Na—1) H 9z0+z&(z)24N(af)’
za €Ea]

where zo 1s a lift of an a-torsion point of E, and the right-hand side is
independent of the choice of the lifts zg and z, on C.

Proof. Since for v €I" we have 0,,4~(2) = £x+(20/2)8,(2), the function
0.,(2)?N is independent of the lift zq if (Nf)zo € I'. The independence of
the lifts of zg and z, follows from this fact. The logarithmic derivatives of
both sides coincide by Proposition 3.10. Hence for each «, there exists a
constant ¢, (zp) such that

za €E[a]
If we compare this equality with the case zg = 0, then we have from the

definition of 0,,(z) given in (18) the equality

20Za — 20%a ) 2N (af)

ca(0) = ca(20) Hexp( 54

Za

= ca(20)-

Hence we see that ¢, := co(20) is independent of the choice of zy. We calcu-
late ¢, for the case zo =0 and Nf=1. Then we have

[T

zagEE[0f]

S| | (OREEE

2ap€ElaB)/Ela] za€Eld]
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= H C;Nﬁeazaﬁ (OZZ)2N(QB)
zapEL[af]/Ela]

_ C;N62CENa0(/8az>2N(aﬂ)_

NB? 2 N .
Hence we have cq A cév Y =cog = cjﬁv *Co A , or equivalently,

NBINB=1) _ CJﬂVa(Nafl).

12 _ No(

In particular, c¢;* = ¢, Ne=1) "On the other hand, we consider the constant

term of

9(2«2)8 = ¢y H QZQ(Z,)S'

22€E[2]—{0}

As in the proof of Proposition 2.8, we have

I 6.0=a"2

zp€FE[2]—{0}
Hence ¢y = 28A2 = A2, Our assertion now follows from these facts. []
COROLLARY 5.5. The function Z(z) := —log, 0(z) — L log, A satisfies the

distribution relation

Elaz) = Z E(z 4+ za)-

za€E[a]
Proof. By Proposition 5.4, we have

_Na—l

12 log, A + Z log, 0., (t ® ta)

ta€FEa]

log,, 5azo ([a]t)

on each residue disk |zp[. Our assertion follows from this formula since

~

— 1
:(az)hZO[ i= —log, Oz, ([a}t) 12 log, A

~ Na —
= - Z logp ezo (t D ta) - E IngA = Z :'(Z + Za)’]zo[
to €E[al] za€E[a]

on each residue disk. []

We now prove the p-adic second limit formula.
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Proof of Theorem 1.2. By the definition of Z(z) and (19), the derivative
of Z(z) is equal to —ﬁzO,l(t) on the residue disk ]zg[. By Definition 4.10, the
derivative of

K§°1(0,2,1) == E{9(2)

is equal to Egoll(z) := —F°!(2), and hence coincides with —ﬁzO,l(t) on |zol.
This implies that ¢(z) := =Z(z) — Ef"ll(z) is a constant on the residue disk |zo[.
By Corollary 5.5 and the definition of Efoll
c(z) satisfies the distribution relation. For any torsion point zg of order f,

we take N such that 7V =1 mod f. Then [7V]*(]z0[) =]20] and

(z), the locally constant function

[TFN]*C(Z)’]zO[: Z C(Z+w)|]ZO[.

weE[rN]
Since ¢(z)]),,[ is constant, the above relation shows that c(z)l},,; = 0. 0

The above result shows in particular that
— 1
E(z) = —log, 0(z) — B log, A

is in fact a Coleman function.

5.3. p-adic Eisenstein—Kronecker—Lerch series

We now give the definition of the p-adic Eisenstein—Kronecker—Lerch
series and then prove Proposition 1.3, which is a p-adic analogue of the
first Kronecker limit formula. We will prove the proposition by considering
p-adic counterparts of our proof in Section 2 of the classical case.

Let p > 5 be a prime of good ordinary reduction for E, and fix a prime
p of Ok over p. We defined in [5, Section 3.1] a p-adic measure i := oo on
Ly, X Ly interpolating the Eisenstein—-Kronecker numbers, or more precisely,
the special values of the Eisenstein-Kronecker-Lerch series K ,(0,0,b;T)/
A(T)* for a, b >0, where I' is the period lattice of E. We define the p-adic
Eisenstein—Kronecker—Lerch function as in the Introduction as follows.

DEFINITION 5.6. For any integer a € Z, we define the p-adic Fisenstein—
Kronecker—Lerch function by

KP(0,0,5) 52/ (@) Hy) "w(y)* dula,y).

Zy XLy
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The p-adic Eisenstein—Kronecker-Lerch function is analytic in s € Z,,.
The reason we view this function as a p-adic analogue of Eisenstein—
Kronecker—Lerch series is the following interpolation property.

PROPOSITION 5.7. For any integer a, b such that a>b >0 and b=1
(mod p — 1), we have

a

K(0,0,b) . ™ m\ K(0,0,b)
A St Ay G A — 1) I _ a7
(23) Q! (=) (b 1)'(1 p“‘bH)( pb> A(T)a=b "’
where Q) is a p-adic period of the formal group of E.

Proof. This follows from the interpolation property of the measure u:=
o0 given in [5, Proposition 3.5]. 0

We now give the proof of Proposition 1.3.

Proof of Proposition 1.3. We consider the function
(24) f(t):= Qp/ y~texp(y2, TA(Y)) dp(z, y)
VAV

on the p-adic residue disk |0[ around zero. If we take the derivative of f(¢),
the interpolation property of i given in [5, Proposition 3.5] gives the equality

ONFORy (951 0) o)
= Fi(t;0) =7 Fy ([7]t;T) — Fi(t;p0) +7 L Fy ([]t; pT).

Let E{)(z:T) := E{(xT) — p 'E{%(r=T). Then the differential of
E]Epl) (1) — E@(z;ﬁl“) is given by
Ffol 2 Tw — EFf‘)l(ﬂz;F)w + Ff (2 pD)w — —Ff°1(7rz ph)w,
p

which is equal to df(t) on ]0[, hence the function f(t) — Egl)(z;lj) +

E%pl) (z;pT") is a constant on the residue disk ]0[. By the definition of E&pl)
and substituting z = A(t) into (16), we have the distribution relation

S ER(tet.) =o0.

trEE[T]
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Furthermore, since the power series exp(€2, I\(t)) gives a homomorphism of
formal groups E and G, isomorphically mapping E [7] to the group of pth
root of unity (see [7, Section 2.2]), we have for each y € Z) the equality

Z exp(yﬁgl)\(t)) lt=tot, = exp(y(lgl)\(t)) Z exp (yQ;l)\(tﬂ)) =0.
tr€E[7] tr€E[n]

This gives by definition (24) of f(t) the distribution relation }-; ¢ g f(t ®
tr) =0. Since both E?’l) and f(t) satisfy the same distribution relation, the
same argument as that in the proof of Theorem 1.2 shows that we must
have f(t) = E%{Dl)(z;F) — E&)(z;ﬁf) on ]0[. On the other hand, the p-adic
second limit formula shows that

®) (.7 — o1 et
Eyi(z; 1) =log,0(%71) plogPQ(wz7F)+12 (1 p)logpA(F).

Noting that
log,, 0(z;T) — log,, O(z;pl) = log,, (0(2; I)/0(z; EF))

for z =0 is equal to log,(1) =0 and A(pI') =7 2A(I), we have

)

_ 1 _
£(0) = BX) (1) — BW)(25T) om0 = (1 - 2—9) log, 7.

Our assertion now follows from the fact that f(0) = QI,KO(p) (0,0,1). U

REMARK 5.8. In the interpolation formula of (23), if we let a =0 and
b =1, then the interpolation factor of the right-hand side vanishes. Hence
the value
QpKép)(O,O,l)—/ y~ du(z,y)

Ly XLy

is in some sense not the constant term 0 but the residue at s =1 of the p-adic

analogue of > 77 1 1/]v|?%®
is not a perfect p-adic analogue of the classical first Kronecker limit formula.

. Because of this fact, the formula of Proposition 1.3
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