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ON THE RADON-NIKODYM DERIVATIVE WITH A
CHAIN RULE IN A VON NEUMANN ALGEBRA

BY
GEORGE A. ELLIOTT

1. The purpose of this paper is to show that by a reorganization of the proofs
of the main results concerning Radon-Nikodym derivatives in a von Neumann
algebra of Pedersen and Takesaki in [12] and of Connes in paragraphs 1.1 and
1.2 of [5], considerable technical simplification can be achieved. Roughly speaking,
the analytic vector techniques developed by these authors for the study of weights
on a von Neumann algebra can be replaced, to a large extent, by the tensor product
methods introduced by Connes, which are essentially algebraic in nature. In the
exposition which follows, analytic vectors are not used at all (see, however,
4.4).

The present approach does not lead to Proposition 5.9 of [12] (or its conse-
quence in 1.1.2 of [5]), or to the most general case of Proposition 5.10 of [12]
(the case that the modular automorphisms of the two weights, while they are
permutable, do not leave both weights invariant). These results indicate that
analytic vectors will continue to play an important role in the study of weights
(and states). This is confirmed by the work of Araki in [1] and [2] and of Connes in
[7] and [8] on the analytic properties of the Radon-Nikodym derivative, which
reflect various order relations between the weights that the derivative compares.

2. In terminology and notation we shall follow [3], [4] and [13]. We shall denote
by M a von Neumann algebra which will be fixed throughout. Let us recall the
definition of a weight on M, and some basic properties of weights that we shall

use.
A weight on M is a function ¢ defined on M+, with values in the interval [0, o],

such that
p(x+y) = p()+¢0),  x,yeM’,
P(Ax) = 2p(x), xe M*,Ae Rt  (here 0. co = 0).
A weight ¢ is said to be faithful if
XEMY, @(x) =0=x=0,

and to be semifinite if the linear span M, of x € M* such that ¢(x)< o is ultra-
weakly dense in M. It is equivalent to say that the set 9, of y € M such that
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@(y*y)< o is ultraweakly dense. 9, is a left ideal of M such that
NN, = (N, N NE)* =M,

A weight @ on M is said to be normal if for every bounded, upward directed

set Sin M,
@(sup S) = sup ¢(S).

It has recently been shown by Haagerup (1.8, 2.1 and 2.2 of [11]) that a normal
weight is a supremum of finite normal weights (i.e., normal positive functionals).

Let @ be a faithful normal weight on A/. Then an inner product is defined on
%, by

]2y =00*x), x,yeR,

By 2.13 of [4] (coupled with the results of [11]), the antilinear map

N, N NE2x 1> x*

is densely defined and preclosed in the completion of 9t, with respect to the inner
product determined by ¢. Denote by S, the closure of this map in the completion
of N, and denote the domain of S, by Z(S,). Then by 2.13 of [4],

N, ND(S,) = Ny, NN

Let ¢ be a faithful semifinite normal weight on M. Denote by m, the represen-
tation of M by left multiplication in 9N,; =, is injective since ¢ is semifinite.
For each x € M, my(x) may be extended to a bounded operator in the Hilbert
space completion of M, which we shall denote by m,(x). Set S;S,=A,. Then
A, is nonsingular and for all te R,

Atz (M) A = ,(M).
This is the main result described in [13]. (For a proof free of analytic vectors,
see [14]; simultaneously, a different short proof was given in [10].) It makes

possible the definition of a one-parameter group fi—of of automorphisms of M
such that

Az (x) A, = m(c?(x)), xeM, teR,

By 2.13 of [4], =, is a normal isomorphism, whence for each x € M,t— o}(x)
is strongly continuous. The group ¢ is sometimes called the modular automor-
phism group associated with ¢.

3. Invariant clements.

3.1. LeMMA. Let ¢ be a faithful semifinite normal weight on the von Neumann
algebra M. Let h be an element of M such that o{(h)=h for all t € R. Then hd,<
M, Mp<IM,. and @(hx)=@(xh) for all x € M,

Proof. Adding a scalar to % if necessary, we may suppose that 4 is invertible.
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The hypothesis may then be stated as w,(h) A,m,(h)=A,. Using the identity
N, N NE=N, N D(A.*), we deduce that the maps xishx and xi>xh=(h*x*)*
are bijections of 9%, N Ny. From this and the relation M,=(N, N N¥)? follow
the inclusions A9, <M, and M A<IN,,.

The first of the preceding maps is of course =,(h); denote the second by R,.
Then for x e N, N iR:,

RS, (h*)x = Ry(h*'x)* = x* = Sx,
whence, with S¢=J¢Al¢’ ? the polar decomposition of S,
Rix = S,m,(h*)S,x = J, A?m (h*) A2 x = J 7, (h*)J .
This shows that
Ry = J,m (W), | N, N N
Hence, if x, y € R, N N;:

p(xyh) = (yh | x%), = Ray | x¥), = (J,m (¥, | x¥),;
@(hxy) = (y | x*h*), = (v | Rp*x®), = (v | Jomp(B)T pX %)
@(hxy) = @(xyh).

3.2. LeMMA. Let ¢ be a faithful semifinite normal weight on the von Neumann
algebra M. Let v be a unitary element of M such that v*pv=g, that is, such that
M * =M, and p(vxv*)=q@(x) for x € M,. Then of(v)=v for all t € R.

Proof. From v*@uv=¢ follows Jt,v=N, and hence that x—»vx and x>xv are
unitary bijections of %, N N, with respect to the inner product determined by
@. The first is 7,(v); denote the second by R,. For xe t, N N7,

RS,

s0)x = R,(vx)* = x* = S x.

Hence, since 7,(v) and R, are unitary,
R,S,m,(v) = S,.
Then
A, = 838, = m,(0)*SFR;R,S,7,(v) = 7,(1)* A,m,(v);

this is equivalent to the conclusion of the lemma.

3.3. ProBrLEM. 3.1 is (i)=>(ii) of Theorem 3.6 of [12]. 3.2 is a special case
of (ii)=>(i) of Theorem 3.6 of [12], and is the only case that will be required below.
This is fortunate, since it is not clear how to obtain the general result without
using the fact that 9, contains analytic vectors for A,. More precisely, it does
not seem to be known whether, if 9t is a dense subset of the domain of Al/2 and
h is a bounded operator such that A<M, A*M<M and (AV2hE | AV/2yg)=
(AY2E | AY2p*q) for all £, n € I, then 4 and A commute.

3
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4. The Radon-Nikodym derivative of Connes.

4.1. DEFINITION (see 1.2.2 of [5]). Let ¢, and ¢, be faithful semifinite normal
weights on the von Neumann algebra M. Denote by M, the algebra of all linear
operators on the two-dimensional Hilbert space C2, and by (e;;) the system of
matrix units of M, associated with the standard basis of C2. Define a weight 0
on the von Neumann algebra M®M, by

0(Zx;;Qe;;) = Zpix;,), Xx;,;0e; € (MQM,)™ .

It is clear that 0 is faithful and normal. Semifiniteness of 6 follows from the equiva-
lence of 3 x,;®e;; € Ny and x,; € N, . By 3.2 with v=10(1—2ey), 07(1®ey;)=
1®ey;, all t € R. Hence for each 7 € R there exists a unique u, € M such that
of(1®egl+1®e12)=ut®e21+u;" ®ey,. Since 1®ey+1Qey, is unitary, so is each u,.
The map t—-u, will be called the Radon-Nikodym derivative of @, with respect to
@;, and will be denoted by (Dg,: De,).

4.2. THEOREM (see 1.2.2 of [5]). Let @, and @, be faithful semifinite normal weights
on the von Neumann algebra M. Then, with u,=(D@,: D¢,),,

(l) us+t=uso":l(ut)s S, te ‘Ra
(i) o?2(x)=u, 0 (x)uy, teR,xe M.

Proof. Since (%, n N, J®en <Ry N Ny and S| (R, N Ny )®e11—S¢1®
1%, N ‘ﬁ )®eu, ol | M®eu—a"’1®1 for all e R. Hence, as in [5], for
s,telR, and x EM:

Ug Qe = °f+t(1®‘321) = Og(ut®e21) = Ug(1®921)0'g(“t®eu) = Uo7 (U)@ey;
o7 (X)@ep = 0YxRey) = 0((18exn)0{(x@e)o (18 e1) = 0} (X} e,

4.3. REMARK. Property 4.2(i) is sometimes expressed by saying that u is a
cocycle with respect to the one-parameter group of automorphisms ¢®1. Cf. 6
below.

4.4, ProeLEM. The properties 4.2(i) and 4.2(ii) determine # only up to a one-
parameter unitary group in the centre of M. In Theorem 4 of [6], Connes described
a property of u in the case that ¢, and ¢, are finite which, coupled only with the
property u,=1, determines u completely. This property may be reformulated as
follows for general ¢; and ¢,: for any x, y* € ER:I NN, there should exist a
bounded continuous complex-valued function f on the strip 0<Imz<1, holomor-
phic in the interior, such that

F® = @(07°OWux), f(+D) = @i(xu0P’(y), teR.
(Connes stated this with y equal to 1, which is not in general an admissable value
of y.) Unfortunately the proof of Connes is no longer valid; the inequality in the
third line of the proof of Lemma 5 of [6] is not available for an infinite weight.
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It can be shown that if 4.2(i) and 4.2(ii) also are verified by « then u is unique.
Indeed, the property 4.2(i) implies that the one-parameter family ti—(1Qe;;+
#,0€,0) (67®1) (- )(1Qeyy +u,Rez0)* of automorphisms of M®M, is a group, and
the property 4.2(ii) together with 4.4 of [4] and the property stated above ensures
that this group verifies the so-called Kubo-Martin-Schwinger boundary con-
ditions with respect to 0 (see definitions 13.1 of [12] and 4.1 of [4]), whence by
4.8 of [4] this group must be tc; it follows immediately that u,=09(1 ®e,,).

4.5. REMARK. It is an interesting question how various possible relations
between y and ¢ are described by properties of (Dy: D). It is easy to see that
two relations considered in [12], respectively ¢ o%-invariant for all £ € R, and
o?, of permutable for all s, f € R, are expressed by the property that (Dy:Dy)
is, respectively, a group, and a group modulo the centre of M.

5. The chain rule.

5.1. THEOREM (1.2.3(a) of [S]). Let @1, ®,, and @ be faithful semifinite normal
weights on the von Neumann algebra M. Then

(D@s: Dgy); = (Dgs: Do) Dgo: D)y, tER.
Proof. We repeat the argument of [5]. Define a weight p on M®M; by p(Z x;®
e;)=2 @,(x;). As in 4.1, p is faithful, semifinite and normal. Then
(Dgs: Dgy)®e5 = 0f(1®eg) = 0f(1®e3)07(1®e5) = (D@s: Do) (Dgs: Dopy),®es-

5.2. THEOREM (see 1.2.4 of [5]). Let @, vy, and v, be faithful semifinite normal
weights on the von Neumann algebra M. Suppose that (Dy,: Dp)=(Dv,: D). Then

P1=Ys.
Proof. By 5.1,
(Dy,: Dy, ) = (Dy,: De)(Dg: Dyy) = (Dyy: De)(Dg: Dyy)
= (Dy,: Dyy) = (Dy;: Dy, )(Dy;: Dyy) = 1.

This means that ¢(v)=v for all £ € R where 0 is as in 4.1 with @, replaced by y;,
and v=1Qe, +1®e;,. Hence by 3.1, for x € M+,

Pi(x) = 0(x®eyy) = 0(v*(x@ey)v) = O(x@ess) = Pa(x).
6. Every cocycle is (Dy:Dg) for some 3.

6.1. LEMMA (5.12 of [12]). Let @ be a faithful semifinite normal weight on the
von Neumann algebra M. Let t—u, be a strongly continuous one-parameter group of
unitaries in M such that

o?(u)=u, s teR.
Then there exists a faithful semifinite normal weight v on M such that

(Dy:Dg) = u.
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Proof. We shall assume first that the infinitesimal generator of the group u is
bounded, so that there exists a bounded invertible 2 € M+ such that u,=h*,
t € R. Then of(h)=h, t € R, and by 3.1 the maps xrhx, x+>xh and xr—>h'/2xh/?
are bijections of I, onto itself. Hence the weight

Mtsx - ¢(h1/2xh1/2)

on M is faithful, semifinite and normal. Since by 3.1, @(h'/2xh /%)= p(hx)=@(xh)
for x e M, we may denote this weight by g#.
We have M,,,=M,; hence N,,=N,,. It was shown in the proof of 3.1 that

xh = J,m,(WJ,x, xeR, NN,
(recall h=h*). Hence J,m,(h)J, € 7,(M)'. If x, y € N,=N,,, then

(x I y)q)h = ?)(hy*x) = ‘P(()’h)*x) = (x l J¢7Tq)(h)J¢y)(p'

Hence, since |[A7Y|7<J,m,(W)J,<|h| the inner products on N,=N,, deter-
mined by ¢ and @h are equivalent, so that the completions, as topological linear
spaces, may be identified.

We shall show that

o?(x) = h'e?()h™™,  teR, xeM.

We have S,,=S,. If T is any densely defined preclosed linear (or antilinear)
operator in the completion of 9t, with respect to the inner product determined by
@, and if T* denotes the adjoint of 7" with respect to this inner product, then the
adjoint of 7" with respect to the inner product determined by ¢# is

I, (W), T*T (1),
Hence, since Afp/ 2m,(h)———'rrq,(h)A;,/ 5

Agn = J,m (W), SET 7, (h)J],S,
= J, 7, ()T, AT J 7, (h)],S,

= J,m, (W () AL2T T, AY?

L4

= J 7, (hy Ty, (h) A,

Here we have used (twice) J,J,=1; this, and also J,,,A‘,,J(,,=A;1 follow from
S(,,=S(;1 and uniqueness of the polar decomposition of S,,. Since (/) and (since
J¢A¢J¢=A;;1) also J,m,(h)"YJ, are permutable with A, and since J,m,(h)~2J, is

in 7,(M)’ and in particular is permutable with (%),
A, = T, (W), (h¥) A, te R

(recall that J,, like S,,, is antilinear). The assertion at the beginning of this para-
graph follows (see 2).
It is clear that with 0 defined on MM, by 0(X x,;Qe,;)=@(x11)+ @(x55) (see
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4.1) the weight = x,;®e,;>@(x11)+ @h(x,,) is 0k where k=1®e;; +h®e,,. Hence

(D@h: Dg),®e; = off(1Qey) = k*oi(1®e,)k ™™
= k'(1®exn)k™ = (h"®@ep)(10es)(18e1)
= h"Q®ey = u;Qey.

Now, if the exponential of the infinitesimal generator of the group u, say A,
is not bounded and invertible, the preceding construction may still be carried out
in eMe for each projection e in {#}" (therefore by 3.1 such that (1 —2e)p(1 —2e)=¢)
such that e# is bounded and invertible in eMe. The sum of the weights ge;h for a
family of such projections with sum 1 is clearly a faithful, semifinite (cf. 4.1),
normal weight with modular automorphism group #u,0%(-)u;. (Denote the
weight by ». If e is a finite sum of the e;, then the projection (e)J, m,(e)/,
commutes with S, and if H, denotes its range, Swl H,=S,,=8,..) Although,
a priori, this weight depends on the family (e,), the calculation in the preceding
paragraph shows that its Radon-Nikodym derivative with respect to ¢ is u, as
desired, whence by 5.2 the weight is independent of (e;) and may be denoted by
@h.

6.2. THEOREM (1.2.4 of [S]). Let ¢ be a faithful semifinite normal weight on the
von Neumann algebra M. Let t—u, be a strongly continuous family of unitaries in
M such that

Uy, = uot(u), s, telR.

Then there exists a (unique) faithful semifinite normal weight v on M such that
(Dy:Dg) = u.

Proof. Uniqueness follows from 5.2. Existence in the case that u is a group was
proved in 6.1. In the general case we shall construct, in order, weights @, @',
W 9, ¢" and . The first four will be weights on M@M ,, where M, =B(L2(R)),
and the last two will be weights on M.

The weight ® on M®M,, is constructed as the tensor product of ¢ with the
trace on M. Explicitly, choose a family (v;) of partial isometries in M, such that
the vv*’s are minimal projections with sum 1 and the v*»’s are equal to a fixed
projection e,. Necessarily, e, is minimal in M, so that (1Qe))(MOM ,)(1®e,) is
equal to M®e, and may be identified with M. Then for x positive in MM,
set T @(v;xv,)=0(x). ® is faithful, semifinite and normal (cf. 4.1). By 3.2 (with

& D %y __ * : *__ D —
v=1-20v;), oy (vv;)=v;, t € R. Hence, since v,Qv; =0, 0®(v,)=v, and

P(x®y) = o?(x)®y, xeM, yeM, teR.
The weight @ on M®M,, is constructed so that

o} (x®y) = ?(X)QUyUSY, xeM, yeM,, teR
where #—U, is the left regular representation of R (recall M ,=B(L*(R))).
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Since 0P(10U)=1QU,, s,t€ R, the hypotheses of 6.1 are verified with M=
MQOM,, p=® and u=1Q U; the weight yielded by 6.1 has the property desired
of @'

The weight ¥ is defined to be u®'u*, where u is considered as a unitary in
L*(R, M) cM®L®(R) cM®M,,. Since o' (u) is the unitary s—o?(u,_,) the
cocycle condition on u implies

usf (u*) = u,®1, telR.
Hence
o) (x®y) = uo?(X)urQUyUY, xeM, yeM, telR.
The weight ¥ is constructed so that
o; (x®y) = uo?(xX)ufey, xeM, yeM, teR.

Since o (1QUF)=1QU}, s5,t € R, the hypotheses of 6.1 are verified with M=
M®M,, p="" and u=1® U*; the resulting weight on MQM,, possesses by
4.2(ii) the property desired of ¥”.

The weight ¢’ on M is defined by

Y(x) =¥ (x®e), xeM,

where e, is a minimal projection in M. Since o} (1®ey)=1®e,, t € R, by 3.1 we
have (1®eg)My-(1®e,) =My, so that ¢’ is semifinite, as well as faithful and nor-
mal. Moreover, o7 (x)®e,=0% (xQe,), x € M, t € R, whence

0¥ (x) = uo?(x)uf, xeM, teR.
We shall now repeat the argument on page 150 of [5] to show that for some
positive A affiliated with the centre of M,
(Dy': D), = h''u,, telR.
With (Dy': Dp)t=v, and u,;=a,, t € R, a, is central in M. Hence, for s, t € R,
gy = Uy = 4,05 (U)(0,05(0))"
= "sgf(ut)af(”:‘ )U:‘ = uao':’(utvt* )U:‘ = A,

(o} fixes elements of the centre of M, as follows directly from the definition—
see 2).

The preceding paragraph shows that the hypotheses of 6.1 are verified with
g=y’ and u,=h". The resulting weight y verifies (Dy: Dy"),=h~*, t € R. Hence
by 5.1

(Dy: D) = (Dy: Dy')(Dy': Dp) = u.

6.3. THEOREM (7.2 of [12]). Let v be a normal weight on the von Neumann algebra

M. Then v is a sum of finite normal weights.

Proof. As shown in the first paragraph of the proof of 7.2 of [12], it is enough
to suppose that v is faithful and semifinite.
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Let ¢ be a faithful semifinite normal weight on M which is a sum of finite normal
weights. For example, ¢ could be taken to be the sum of a family of finite normal
weights on M the supports of which are orthogonal and have sum 1. Then by 4.2
the cocycle (Dy: D) verifies the hypothesis for # in 6.2. Hence by uniqueness of
y with given (Dy: D), p must be obtained from ¢ by the construction in the proof of
6.2. It is easily verified that the property of being a sum of finite normal weights
is preserved at each step of this construction. For example, consider the last step.
If for some projection e, (1—2e)p(1—2e)=¢, and if p=2, ¢, with each ¢,
finite, then ge=>, ep,e where (eg,e)(x)=@;(exe), x € M.
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