ABSOLUTE REGULARITY OF THE NORLUND MEAN

B. KWEE
(received 15 April 1964)

Let {p,} be any sequence of real or complex numbers subject to the
sole restriction

Pﬂ:p0+pl+"‘+pn¢0 (n:0:1)2:'..)'
And let
- Pn50+?n—131+ e +?Osn

¢

Iff, — sasn — oo, we say that the sequence {s,} is summable Nérlund
or summable (N, ) to s.

If ¢, — s whenever s, —s, we say that (N, ) is regular.

1t is known [3] that the necessary and sufficient conditions for the
regularity of (N, ) are that, for any fixed %,

(1) l)n——k = O(Pn)
as # — oo and that
(2) IpoH‘IPlH“ e +lpn| = O(Pn)'

We shall say that the sequence {s,} is absolutely summable Nérlund
or summable |N, p| to s if

(3) z Itn-“tn—1| < 0,
n=0

where {_; = 0, and

(4) i, —>S$

as # — 0.
If (3) and (4) hold whenever s, — s and

(5) S ja,] < oo,

n=(0(

where a, =s,, @, =S$,—s,, (»=1), then we say that (N, p) is ab-
solutely regular.
The aim of this paper is to discuss the relation between regularity and

1
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absolute regularity of the Norlund Summability, and for this purpose we
require the following theorem.

THEOREM 1. I'n order that (N, p) should be absolutely regular it is necessary
and sufficient that

® | P, P,
6 nm__ n—m SH
() "gm Pn Pn—l - ’

where H 1is independent of m and P_, = 0 and that (1) should hold.
For the proof of this theorem we require the following theorem on
general summation matrices (c,;), proved by F. M. Mears [1].

THEOREM. The necessary and sufficient conditions that 3o, |u,|, where
,=U,—U, 1, U,=32,CuxSe, and s, =agta;+ -+ +a,, should
converge whenever o |a,| converges are

(A) %2, Cnp converges, for all n;

B) o1 1252m (Cox—Cnrx)| = H, for all m where H is a positive

constant.

Proor oF THEOREM 11, The conditions are necessary. We suppose
(N, ) is absolutely regular and wish to prove (1) and (6) must then hold.

Since
P PuSotPnaSit - +PoSa
n Pn
= %so’{‘ ﬁ—;;lﬁ‘i‘ i %sn;
we have

1 An alternative proof of this theorem is possible by appeal to a theorem of H. Hahn,
Monatshefte fiir Math. und Phys. 32 (1922), 3—88. This theorem is quoted in Math. Rev. 9
(1948), 579, by R. P. Agnew in a review of a paper on absolute regularity by Z. Schurr. The
theorem of Hahn is as follows.

““Necessary and sufficient conditions that ¢, = Z:’;O CaxSk Should converge (as # — o)
whenever s, converges absolutely are:

(i) Cnp —> Ay,
oo
(i) > —> &,
k=1
o0
(iii) S Cnx| < F for all m and #;
k=m
and then o
g > ds+ X dilsp—s),
where k=1
s =lims,.
n—-oo

This theorem was pointed out to me by the referee.
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3} Absolute regularity of the Noérlund mean 3

?n—-k
_ Enk B=0,--,n),
Cn,k P" . ( )
Cn,k =0 (k > %)
Since (N, p) is absolutely regular Mears’s theorem tells us that
2|2 (Co—Cn1,)
n=1 |k=m

is bounded. Putting in the c,, appropriate to (N, $) we find that the above
sum is equal to

§ Pn—m . Pn—m—l .
n=m P’n Pn—-—l

Hence (6) holds.
Take s, =1, s, =0 (n % k). Then >3, a, converges absolutely to
0 and hence, when £ is fixed,

as # — oo. (1) is also necessary.
The conditions are sufficient. There are two things to be proved:
(i} that, if s, — s absolutely, then ¢, — s,
(ii) that #, converges absolutely, ie. 3%, [f,—Z, 4] << 0.
Since X%, ¢, is a terminating series for each #, it is convergent,
and Mears’s condition (A) is fulfilled. And since, by the algebra above,

P (o]
=2
n=1

< Pn——m n—m—1
ngm Pn B Pn—l
and the left side is bounded by (6), Mears’s condition (B) is fulfilled. So
by Mears’s theorem, >%, |t,—¢, | < oo and (ii) is established.
To prove that (1) and (6) imply (i), suppose first that 35 @, converges
absolutely to 0. Then we can choose % so that

M3

(an*‘cn—uc)

bl

m

™) @yl w4 - el < 5
and
(8) k1] < 3—8ﬁ

Now, by partial summation,

_ PrSotPpaaSit c +PoSn

tn
P,
— Pna0+Pn-1al+ e +P0an
P,
= 4,+B,,
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where
A _ P.ay+P, a4+ - +P, 41054
n P" ’
B — Pty +Po g 1@yt +P0an-
n Pn
Since, for all m < #,
Pn—m < Pr—m Pr—m—l
P2 ( P, P )
(9) n r=m r r—1
< § Pr—m Pr—m—l < H
- r=m Pr PrAl - ’
we have, by (7),
P, P, . P
Bl = 1 52 o+ | 2552 ol -+ 22

= H(laFlapal+ - Hla) < o

and, by partial summation,

14, = PuSoFPnaSit T PrriaSeat Prgi1Se
n Pn
< ?n30+ﬁn—131+é' *+Purr2Sk—2 + ]P'r;k+1 I5,_4].
By (8) and (9),
— £
P:“ skl < 5
Since % is a constant, it follows from (1) that
PrSoFPnyS1t * " TP ryaSi2 < £
P, 3
for all sufficiently large #. Therefore
2¢
A ]
4.l < 5
and hence, for sufficiently large #,
] <.

Thus ¢, — 0 as # — c0.
If 3%, a, converges absolutely to s, which is not zero, then 33, a;,,
where ay, = ay—s, a, = a, (n =% 0), converges absolutely to 0 so that
}}
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/o ?nst;+f’n—131+ ce ‘f‘?os; N

. 0.
P,

As n — o0. But, on substituting s,—s for s,

by = t,—S.
Hence ¢, - s as n — 0.

If we take p,, = 1, $y,.; = 0, we see that (1) and (2) are satisfied
but (6) is not when m is an odd integer. Hence a Norlund method can
be regular without being absolutely regular. The question naturally arises
as to whether it is true that an absolutely regular Norlund method is
necessarily regular. I have not been able to solve this problem. I have,
however, obtained the following two theorems.

THEOREM 2. If (N, ) is absolutely regular and P, is bounded, then
(N, p) is regular.

Proor. It follows from the absolute regularity of (N, p) that

Pn~m Pn—m—l
P

(11) g

is bounded and this implies that $,/P,, is bounded, so that for all m

n n—1

(12) P, =c¢>0,

where ¢ is a constant.
Now the sum (11), which is equal to

s ! P, Py —P, P
n=mml n—1+ n—m™ + n—m—1 n!:

is bounded. Since we are restricting ourselves to the case in which P, is
bounded, | P, P,_,| is also bounded so that the boundedness of (11) implies
the boundedness of

o0

Z J‘Pn—lpn—m—‘Pn—m—IPn,

N=m

= S (Py—p)Pon— (Poom—bnm) Pal

n=m

I
Me

IPnpn—m—pn Pn——'ml

n

Il

m

IPn+mpn—?n+mPn]‘

M

n=0

Thus we have
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%‘Pﬂ+mpn_?n+mpn\ é k

Hence, for any fixed N and all m,

N
z 'Pn+m¢n*?n+mpnl é k,

n=0
and hence
N N
(13) §0|Pn+mﬁnl é k + §0|?n+mPnl'

Take N as fixed and make m — co, then

N
z l?n-#mpn’ - O:

n=0

because, by (1), p, = o(P,) = o(1).
Since [P, | = ¢ > 0, by (12), for all %, m, it follows from (13) that

bl k
n=0 4
Hence
> [Pl
n=0
converges.

Hence, by (12),
ol +1p1l+ - - - +1pal = 0(1) = 0(P,),
and (N, ) is regular.

THEOREM 3. If (N, p) is absolutely regular and P, is not bounded, then
[P, — 0.

Proor. If | P,| does not tend to infinity, we can find a positive number
G such that |P,| < G for arbitrarily large values of #. Also by Theorem 1,

x [P P
6 n—m n—m—1 < H
(6) ngm P P =

for all m. Since P, is unbounded, there is & such that |P,| > HG. Then
there is N > k such that |Py| < G. Let m = H—Fk, a positive integer. Then

PN—m
Py

> H.

Hence
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7 Absolute regularity of the Nérlund mean 7

b Pn—m Pn—m—l i Pn—m Pn——m—l
— > —
ﬂgm Pn Pn—-l o ﬂg’m Pn Pn—l
N
> 2 (Pn—m . Pn—m——-l)
- Ne=m Pn Pn—-l
P
g N—m - H,
N

which is in contradiction to (8). Therefore |P,| — 0.

Using the above two theorems, we see that only the case in which
|P,] — oo is left to investigate.

It is worth remarking that it is possible for a Norlund method to be
absolutely conservative without being conservative. This will be shown
by an example.

We say that a Norlund method is conservative if s, —s implies
t, >t

If follows from Theorem 1 of Hardy’s book [2] that necessary and
sufficient conditions for (N, $) to be conservative are that (2) should hold
and that for some 4,

(14) P, = [0nt0(1)]P,

as # —> 0.

A Nérland method is said to be absolutely conservative if (3) holds
and ¢, -t whenever s, - s and (5) holds.

By Mears’s Theorem, a necessary and sufficient condition that (V, p)
should be absolutely conservative is that (6) should hold.

We note that (6) does not imply (2). For if we take P, = ¢"*® where
6 is any constant not a multiple of 2x, we see that (6) is satisfied but (10)
is not. Thus the remark is proved.

Finally I should like to express my thanks to the referee for some
useful suggestions and to Dr. B. Kuttner for help in writing this paper.
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