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Abstract

We give an explicit upper bound for the number of zeros of Hecke—Landau zeta-functions in a rectangle.
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1. Introduction

Let K denote any fixed totally imaginary field with discriminant A = A(K) and degree
[K : Q] = 2r,, where 2r; is the number of complex-conjugate fields of K. Denote by f a
given nonzero integral ideal of the ring of algebraic integers Og and by H (mod f) any
ideal class mod f in the ‘narrow’ sense. Let y(H) be a character of the abelian group
of ideal classes H (mod f) and let y(a) be the usual extension of y(H). Let s = o + it.
The Hecke-Landau zeta-functions associated to y are defined by

x(a)
(Na)s’

{(s,x) = > 1,

aeOxk

where a runs through integral ideals and Na is the norm of a. Throughout, y( denotes
the principal character modulo f. Let N,(T) denote the number of zeros of {(s, ) in
the rectangle 0 < o < 1, |¢f| < T. The aim of this paper is to prove the following explicit
estimate for N, (7).

TueoreM 1.1. Let T > 1 and y # xo be a primitive character modulo §. Then

<2r(A;logT + Ay loglog(T +5))

w0 D v

+2r2(A3 1og(JAINT) + A log log(JAINT) /2™ + As),
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where
1 2 1 1
S A =15 Az = 5 A = 1A
2rlog2’ ? T log2’ 7 4mlog2’ 7t log2
1 A 1/2ry \—1
As = As(T, A, f) = (1+ 3 los(AIND )
mlog?2 log(T + 3) log(T +3)
5
1 +25(T) 1 (1 ) T) log(IAIN
+2ﬂ (+TI( ) log|1 + 41 277()0g(||f)
1 AIN 1/2r,
N 3rz log((l )( og((JAINT) ))
2log 2 log((|A|NT)1/2r2(T +3)) log(T + 3))
+3.347190
and

n(T) = (log(e* (AIND)/*(T +3)))™' < 1.

For the Riemann zeta-function {(s), estimates of this kind were obtained by
Backlund [1] and Rosser [9] and improved by Trudgian [10, 11]. Estimates for the
Dirichlet L-functions L(s, y) and for the Dedekind zeta-functions {x(s) are due to
McCurley [7] and Kadiri and Ng [5], respectively. Recently, Trudgian [12] made
significant improvements to the results for the Dirichlet L-functions and the Dedekind
zeta-functions by a generalisation of the method introduced by Backlund [1] for the
Riemann zeta-function. Theorems of this type for the Hecke—-Landau zeta-functions
exist in the literature, but do not have explicit constants. Our proof is similar in spirit
to that of Trudgian [12], although the explicit expressions for the numerical constants
do not contain the parameter 0 < 1 < Wthh appears in [12].

Explicit results of this kind are useful for estimating the computational complexity
of an algorithm which generates special primes [4]. Such primes are needed to
construct an elliptic curve over a prime field using complex multiplication. In order to
calculate exactly the running time of the algorithm, one needs an explicit bound for the
number of special primes from the interval [x,2x] and this involves estimating sums
over the zeros of {(s, y). Because of this application, we consider only Hecke—-Landau
zeta-functions of a totally imaginary algebraic number field.

2. Lemmas used in the proof of the main theorem

The function (s, o) is regular in the whole complex plane, except for a simple
pole at s = 1. For y # xo, {(s, x) is regular in the whole complex plane. If y # yo is
a primitive character modulo f, then (s, y) satisfies the functional equation [6, Satz
LXI, page 100]

O(s, x) = WO)D(1 = 5. x), 2.1)
where @(s, ) = AF)T(5)24(s, x), AH) = (27)7" VIAINT and [W(y)| = 1.

The T'-function, I'(s), can be extended over the whole complex plane as a
meromorphic function with simple poles at the negative integers and zero. We need an
explicit version of Stirling’s formula (for the first part, compare [8, page 294]).
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Lemma 2.1. For |arg s| < %n,

1 1 Ci
log I'(s) = (s - E)1og s= s+ 5 l0g2m+ Ra(e). RIS T

C
10g 27+ Ra(s),  |Ra(s9)l < TE

1 1
logI'(s) = (s— E)logs— s+ 25 - 360s2

where C| = % and C, = 0.0065.

Proor. The proof of Lemma 2.1 follows [3]. Let the ‘split plane’ be the set of all
complex numbers other than the negative reals and zero. Throughout the split plane,

_ B, By B»,
[(s) = V2rs©™1/? (— + =+ ++—————+R ),
(9= Varst P expl s + 70+ 23 202n — st 0
where o
R :_f“’ Bu()dx _ (7 Bun(n)dx
2 o 2n(s + x) o n+ 1)(s + 02+
and

B,(x) = By(x = [x]), By = B,(0)
and B,(x) are the Bernoulli polynomials. For |arg s| < %n,

logI'(s) ( 1)10 + L logan+ By Ba +R
=(s—-= s—85+ = T+ =+t — -
=87 3)8 2 0BT o 2n(2n — 1)s2n1 *

We use the above formula with n = 1, 2. For x € [0, 1],

2-(2n)! cos(Zmnx)

By (x) = (=1)""!

(2 )2n m2n
Hence,
S Loy ]
IBy(x)| < mz = 5(@)=1¢
2401 244! 1 © dy
Ban)| < < 1+ — + —)=0.033104.
Bil < G Z e (Zn)4( 2 fg »
Moreover,
f‘x’ dx 3 i
0o 2(s+x)?  2s
and

f‘” dx <f°° dx 1~ 1
o Is+alt T Jo (sP+a2? 7 IsP Jo (1422

n 2
:sz ;dxz Lf"/ cos? xdx = ——.
IsP Jo 1+tan%x Is* Jo 4)s?
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Since B,(0) = and B4(0) = we obtain |[R»>(s)| < 1/(12]s]) and

30’

0.033104 7=  0.0065

R < _
IR4(s)| < TRRTE T

This completes the proof. O

For 6 > 0, x # xo, we define A, arg{(s,y) to be the change in argument of
{(o +iT, x) as o varies from % to % + 0, and we define A_ arg {(s, x) to be the change
in argument of (o + iT, y) as o varies from % to % - 0.

Lemma 2.2. Fixoy > 1. Let s=o0 +iT and 6 < oy. ForT > 1,
|AL arg (s, x) + A_arg £(s, x)| < %72(80'] + 128 (0'1 + 30’3) + 307+ 3)
Proor. Since @(s, y) = (1 — 3, x), (2.1) shows that
Ay arg O(s, ) = —A_ arg D(s, y).
It is easy to check that A arg A(f)* = 0. Hence,
A, arg £(s,x) + A_arg {(s, )| = A, arg T(s)” + A_arg [(5)".

For T > 1, Lemma 2.1 shows that

|A; argT(s)”? + A_arg['(s)"?| < rzArg( +6+ zT) + rArg (— -0+ zT)

S ) D et A
+rT 1o —+r 0g—— + ——
R I R I
& +6 §* -6
SQTlog(l+ * )+r—2T1 (1+—)
2 112/ 2 T2
367rr2+ 123
2 3T
rn(8 ., 128 3 2)
<=(= — 3 3 =
_2(56 + 81(6 +367) + 6zr+3
This completes the proof. O

Lemma 2.3. Let [K : Q] = 2ry and n(t) = (log(e*(|AINT)/2"2(|t| + 3)))~!. Then
(0 + it )l < (1) + 3)* "V (AIND 7 Qog(e (IAINT 2211 + 3)))*"
for —n(t) < o < 1 + (1), where y # o is a primitive character modulo §.

Proor. Let s = o + it and y # yo. Consider

£(s,.x)

v E— 2.2
=50 2

g(s,x) =
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where y is a primitive character modulo f. From the functional equation for {(s, x),

(T = 8)\?
80 = WoOAD >(—=2) 23)
I'(s)
We estimate g(s, y) onthe line s =-n+it,0 <n < JT, using the inequality
I'(1 -
‘ (F(s)S) < L4max(1, |s|'*") (2.4)
(see [2, page 58]). From (2.3) and (2.4),
lg(=n + it, )l < 1.4 AD "+ (max(1,| - n + if "+7))” (2.5)
for —co <t < c0. Fix &,1,0, where 0 <7 < i and -7 <6 <1+ 7. Define G(s, y) =
G(s,&,00,x) by
G(s.x) = (=1 =37 =26 + s)(=1 = 37— )21 (s, x). (2.6)

The function G(s, y) is regular in the strip - < o < 1 + 1, —c0 < t < 00, since
t(Arg(—1 —4n - 26 +it) + Arg(—1 - 2 —it])) > 0,
and so, from (2.2) and (2.5),

IG(—n + it, )| < €11 + 4n + 26 — it] |1 + 2 + if) T2/ £ (s, )|
<147 AD N + 1 + it )|
<1472 A 21 (1 + ). (2.7)

On the other hand,
IG(1 + 7+ it )l < e PIE(1 + 1 + it )l < k(1 + 7). (2.8)

We use the estimate |£(s, )| < Aje®?, valid in the strip —n < o < 1 + 17, where A1, A,
depend on K, y and f. This yields

G(§ + it, ) = O(e™! (2.9)

for -n<o<1+n, —o<t<oo. From (2.7)-(2.9) and the well-known theorem of
Phragmen-Lindelof,

IG(6 + it, x)| < Cx(1 + 1) max(1.472e 1A 21, 210,

From (2.6),
06 + it Ol < 1+ 3+ 6 + it 010 £ (14 ),
where
log A(f) + —2—log 1.4
E =10 4.
& T+2y 8
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Hence,
(6 + it, )l < (It] + 3)* T OAINH O£ (1 + ).

Using

Gl +m) < @+ < 1+ f:, ﬂ)zm =(1+ l)%

14 n
and putting 17 = (log(e>(IAIND'/22([t] + 3)))™! < { yields

(8 + it )l < e (It + 3)” 'O (AINT 'O log(e* JAINT) /> (Jt] + 3)))>".
This completes the proof. O

Lemma 2.4. For o> 1,

|{(o +it, x)| > {chr)'

Proor. Let s = o + it. Then
X(v) 1 1\l
|§(S Xl “—[ (Np)f l:[(l * (Np)cr) < 1:[(1 - (Np)g) = Lk (0).

This completes the proof. O

3. The proof of the main theorem

Proor oF THeoreMm 1.1. Let o > 1, o1 =01(T) and R be a positively oriented
rectangle with vertices at oy = iT, 1 — oy £ iT, where +T does not coincide with the
ordinate of a zero of {(s, x). Let C be the part of the contour R with o > 5. By

2
Cauchy’s theorem,
q)l
22N (T) = Agarg (s, x) = 3 f E(S’X) ds. 3.1
R
From the functional equation,
q)l( )= (1 X)
> S, X) = D $,X)-
Since @(s, x) = @(s, ),
1-o=iT @’ — @’ -T @’
N — (s, )()ds—f R—(A -0 +it,x)dt = —f R—(o1 —it,x)dt
1—o+iT D T D T ()
—T / o +iT ’
[} LR ()]
- R—(o +it,y)dt=3 —(s,0)d
fT o (o1 + it x) o @ (s, x)ds
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and
(1/2)+T 1/2 , 1/2 ’
3 LIHT E(S,)()dSZ f(;l 56(0- +iT,x)do = - i 86(1 —o—il,y)do
1/2 ’ 1=o1+iT v
= IJ—U-0c+iT,x)do=93 —(s,x)ds.
o o ap+ir @
(3.2)
Similarly,
(1/2)~iT gy l-0—iT
N f —(s,x)ds=3 —(s,x)ds. (3.3)
o-ir @ (1/2)~iT
Consequently, Ag arg D(s, x) = 2A¢ arg D(s, ). By (3.1), it is obvious that
1 1 1
N((T) = ~Acarg A7)’ + —Acarg () + ~Acarg £(s.v) (3.4)
and a trivial verification shows that
Ac arg A(f)* = 2T log A(§). 3.5)

By Lemma 2.1,

AcargI'(s)? = rg(ﬁ log F(% + iT) — Jlog F(% - iT))

2Tr2 4Tr2
+
3(1+4T?%)  45(1 +4T2)?

T 1
=2Trlog—+Tr1 (1+—)+
rylog =+ Trylog(1 +

1 1
+ I”zSR4(§ + lT) - r25R4(§ - lT)
r r r 21’2 4r2 2C2

T
<2Trlog — + 22 _ SLE T
SEROR T T3 T T s T2 T (L 12

T
<2Tr,log — + 0.370150r,
e

for T > 1. From this, together with (3.4) and (3.5),

T

N,(T) - ; log((—)zrzlAle)

1
< —Acargl(s,x) + Cara, (3.6)
2me g

where C, = 0.117823. We now give an estimate for |A¢ arg {(s, y)|. To do this, we
divide C into C;, i = 1,2, 3, as follows:

Ci:3-iT to o-iT,
Cr:01—iT to o +iT,
Cs:o+il to 3-iT,
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where o) = 01(T'). We start by estimating the change of argument of {(s, y) along C:

o+iT s my |
‘5 f wds,
o (Npyns

o'+zT
|Ac, arg {x (s, x)| = Sf —(s x)ds| =

) G)
=9 Z Z m(]\//\{p)‘jm(UHT) Z Z m(]\)l(p)pm(tf iT)

p m=1

— x(p™) sin(mT log Np)
=P Z Z m(Npy"™ <2), Z m(Np)"w

p m=1
<4rzzz mpm‘f

p m=1

=4, )" log(1 - l%)] = 4, log({(c)
p

p m=1

for o > 1. Hence,

2 2 1\
< Zlog £ < —log(l + —) . 3.7)
b Vg (o]

1
‘;ACZ arg g(s9X)

We next give an estimate for Ag, arg {(s, x). Let N be a positive integer. For any
primitive character y # yo modulo f, define

f(s) = 2L +iT. )N + {(s = iT. )0)Y).
Since £(s, x) = {(s, ), for o real,
f(o) = Re(o +iT, ).

Let m be the number of zeros of R (o + iT, x)", where % < o < 0y. The interval
[%, o] is divided into m + 1 parts, throughout each of which R¢ (o + iT, )V > 0 or
R(o + iT, x)N < 0. Hence,

(m+ Drm

1
|AC3 arg §(59X)| = NlAC3 arg g(SaX)N| < T (38)

We now give an estimate for m. Let
n=n(T) = (log(’ (AIND'?2(T| + 3))) ™" < §.
We define
oo =0o(T)=1+1(T), o 1(T) =g+ 5(3 +n(T)).
We apply [12, Lemma 2] with F(s) = {(s, x). Lemma 2.2 shows that

Ay arg £(s, x) + A_argL(s,x)| < E = E(T, ry) = 14.200774r,
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for T > 1. Firstly, we assume that

NE
IAc, arg {(s, )| <3 + {—J
N T
By (3.6) and (3.7),
T
2me

Secondly, assume that there exists m > 3 + [ NE/x] such that

2, 4 2E
) (|A|NT))‘ < (— log Z(or1) + 0.1178230)r2 220
Ve T

N,(T) - glog(( o

mm < |AC3 arg{(s,)()NL

By [12, Lemma 2], there are at least m distinct zeros g; of R{(o + iT, x)V, where
oj=x;+iT for j=1,...,m and % <X, <---<Xx1 <01, and there are at least
m —2 — |NE/n]| distinct zeros p; of R{(o + iT, x)V, where Q;- = x} +iT for j=

L...,m=2—|NE/n]and | =0 S X{ <--- <X, yp <5
NEJ
— |

Moreover,

x> 1-x, j=1,...,m—2—{ (3.9)
Fix R=R(T) =1+ 2n(T). (We remark that Trudgian [12] takes R = r(% + 17), where
r > 1, and optimises R over r.) Let n(T) be the number of zeros of f(s) in the circle

|s — ool £ R.

To estimate n(7'), define k to be the number of zeros o; = x; + iT of f(c) such that
oo <xj<oy, where j=1,...,k. From (3.9), there are zeros ¢’ of f(o) satisfying
l-0y< x;. <-n,where j=1,...,k Let x,_2_|NE/x| < Xj < 0. From (3.9), there are
zeros 0’ of f(o) such that x; > —1. Since f(s) is regular in the circle |s — 0| < R and
f(oo) # 0, Jensen’s theorem shows that

R2m—l<—2—LNE/7rJ 1 3m/2

log =— log|f(oo + Re™)| df — log | f(co)| = J; — log|f (o),
M 27T —x/2

where

k m—2—|NE/n] m

M=[Tloo-x1 [] loo-xloo-xI ] loo-ux
j=1 j=k+1 j=m—1-|NE/r]
and
37/2 A
Ji= — log|f(co + Re™)| db.
21 J a2
For j=1,...,k,
log >2log2

> log
loo — x;] loo — o1
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and, for j=k+1,...,.m—-2—|NE/n],
R? 43 +n)?

=1lo
0 = xlloo —x] ~OC (0 - 201+ x)

log >2log?2

and, for j=m—1-|NE/n],...,m,

> log >log?2,

log
loo — ;]

oo — 31
whence
NE NE
Ji —log|f (o)l = 2log Z(m —k-2- {—J) +2klog?2 + log 2(2 . {—J)
T T

and, consequently,

1 1 NE
< Ji — 1 +1+—. 3.10
M S S1e” Tiega OB @0 = (3.10)
To estimate J;, write
1 /2 3r/2 )
= —(f +f )log f(co + R(T)e™)\ d6 = T, + Js. G.11)
2r —r/2 /2

From Lemma 2.3,

N 372
J3 < e f log | (oo(T) + R(T)cos 6 + i(R(T)sin0 + T), x)| d6
T Jn/2

N 37/2
< 22 RM)log(T +5) f (= cos 6) df
2 72
N 37)2
RSN log(IR(T) sin @ + T| + 3) d6
2 7/2

3n/2

+ ]Z—:: log(JAINT)R(T) f (= cos ) db — %n(T)er log(|AINT)

/2
N
+ Nryloglog(T + 5) + Nr; log log(JAINT)/*2 + Nr, loglog e* + %
1 1
< —=NnrR(T)log(T +5) + 2—R(T)Nr2 log(|A|INT) + Nr, loglog(T +5)
b Vs
1/2r 4, Nn
+ Nry loglog(|AINT) /<" + Nry loglog e™ + -
Moreover,
1 2 1
Jr < ENlogg’(l +n(T))"? < Nnr, log(l + —)

n(T)
< Nry loglog(¢*(|AINT) (T + 3)).
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To complete the bound for m, we estimate —N log(|f(c)|). To do this, we write
(1 +n+iT, ) = re¥.

Choose a sequence of integers N tending to infinity such that N¢ tends to O modulo 27
(by Dirichlet’s approximation theorem). It follows that

f (o) B
im ————— =
N=w |{(0o +iT, Y)Y

By Lemma 2.4,

1
—log|f(co)l < Nlog T < Nlog k(o) < Nlog £(1 + n(T))*"

< 2r;Nloglog(e*(|AINDY?2(|IT| + 3)) (3.12)
as N — oco. From (3.8), (3.10), (3.11) and (3.12),

1
—Ac, arg §(s,x)‘ <3 SR 1og(1 4+ )
/4

2r 1
loglog(T +5) +

r
R(T)log T +
log2 (T)log

+

n
o3 Triega (D loaAIND

+

1
erzgz(log log(|AINT)/?2 + loglog e* + 5)

3r, E
* 350 22 log log(e*(IAIND/2"2(T + 3)) * o (3.13)
By (3.2) and (3.3), the same bound holds with C; in place of C3. From (3.7) and (3.13),
with R(T) = 1 + 2n(T),

1 r 4
—A )l < log T + —2 loglog(T + 5 log(JAIN
[acare s < oz 108 T + 3o 5 Toglog(T +5) + 72— Tog(AIND
+ lo’? log log(AINT) 22 + C5(T, 12, A, ),
where
2 log(|AINT)!/22\~!
Cy(T, 1 A ) = —22 ( bty B0 )
mlog?2 log(T +3) log(T +3)
5
+ (1+27](T))10g(1+ ) 2 S1(T) log(AIVD)
2rlo 2rlog
4 log((JAINT)!/?7
3 o g((1+ )(1+ og((|AINT) ))
T log2 log((AINT)12(T + 3)) log(T + 3))
E 4ry 9 %) ( 4 1)
Z 2002 logl —).
+—+ 0g5+10g20g0ge+2
From (3.6), Theorem 1.1 follows. O
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