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Abstract

Let G be a graph of order n, and let a and b be two integers with 1 <a <b. Let h: E(G) — [0, 1] be
a function. If a < 5, h(e) < b holds for any x € V(G), then we call G[F},] a fractional [a, b]-factor of
G with indicator function h, where F), = {e € E(G) : h(e) > 0}. A graph G is fractional independent-set-
deletable [a, b]-factor-critical (in short, fractional ID-[a, b]-factor-critical) if G — I has a fractional [a, b]-
factor for every independent set / of G. In this paper, it is proved that if n > ((a + 2b)(a + b —2) + 1)/b
and 6(G) = ((a + b)n)/(a + 2b), then G is fractional ID-[a, b]-factor-critical. This result is best possible in
some sense, and it is an extension of Chang, Liu and Zhu’s previous result.
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1. Introduction

For motivation and background to this work, see [15]. Readers are referred to [1]
for undefined terms and concepts. The graphs considered in this paper will be finite
undirected graphs which have neither loops nor multiple edges. Let G be a graph.
We use V(G) and E(G) to denote its vertex set and edge set, respectively. For each
x € V(G), we use dg(x) to denote the degree of x in G, and Ng(x) to denote the
neighborhood of x in G. We write Ng[x] for Ng(x) U {x}. For § C V(G), we denote
by G[S] the subgraph of G induced by S, and G — S = G[V(G) \ S]. If G[S] has no
edges, then we call S independent. The minimum degree of G is denoted by 6(G). If
G| and G are disjoint graphs, the join and union are denoted by G| V G, and G| U G,
respectively.

Let a and b be two positive integers with 1 <a < b. Then a spanning subgraph F
of G is called an [a, b]-factor if a < dr(x) < b for each x € V(G). If a =b =k, then
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an [a, b]-factor is called a k-factor. If k = 1, then we say that a 1-factor is a perfect
matching. A graph G is factor-critical [7] if G — v has a perfect matching for each
v e V(G). In [9], the concept of the factor-critical graph was generalised to the ID-
factor-critical graph. We say that G is independent-set-deletable factor-critical (in
short, ID-factor-critical) if for every independent set / of G which has the same parity
with |V(G)|, G — I has a perfect matching. It is clear that every ID-factor-critical graph
with odd vertices is factor-critical.

Let h: E(G) — [0, 1] be a function. If a <}, h(e) < b holds for any x € V(G),
then we call G[F}] a fractional [a, b]-factor of G with indicator function s, where
Fro={e€E(G):h(e)>0}. If a=b=k, then a fractional [a, b]-factor is called a
fractional k-factor. A fractional 1-factor is also called a fractional perfect matching.
A graph G is fractional ID-k-factor-critical [2] if G — I has a fractional k-factor for
every independent set / of G. In this paper, the concept of the fractional ID-k-
factor-critical graph was generalised to the fractional ID-[a, b]-factor-critical graph,
that is, a graph G is fractional independent-set-deletable [a, b]-factor-critical (in short,
fractional ID-[a, b]-factor-critical) if G — I has a fractional [a, b]-factor for every
independent set / of G.

Many authors have investigated [a, b]-factors [3, 8, 10, 12, 13] and fractional
factors [5, 6, 11, 14]. Chang et al. [2] obtained a minimum degree condition for a
graph to be a fractional ID-k-factor-critical graph.

TueoreMm 1.1 [2]. Let k be a positive integer and G be a graph of order n with
n > 6k — 8. If 5(G) = 2n/3, then G is fractional ID-k-factor-critical.

In this paper, we study fractional ID-[a, b]-factor-critical graphs, and obtain a
minimum degree condition for a graph to be a fractional ID-[a, b]-factor-critical graph.
Our main result is the following theorem, which is an extension of Theorem 1.1.

TueoreM 1.2. Let G be a graph of order n, and let a and b be two integers with
1<a<b. Ifnx={a+2b)a+b—-2)+1)/b and 6(G) = ((a + b)n)/(a + 2b), then G
is fractional ID-[a, b]-factor-critical.

2. The proof of Theorem 1.2
In order to prove Theorem 1.2, we rely heavily on the following lemma.

LemmA 2.1 [4]. Let G be a graph. Then G has a fractional [a, b]-factor if and only if
for every subset S of V(G),

66(S, T) =bIS| + dg-s(T) — alT| 2 0,

where

T={x:xeV(G)\S,dgs(x)<al and dcs(T)= Z dg_s ().

xeT
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Proor oF THEOrREM 1.2. By Theorem 1.1, the result obviously holds for a + b = 2 (that
is, a = b = 1). In the following, we assume that a + b > 3. Let X be an independent set
of G and H = G - X. Clearly, |V(H)| =n - |X|, n — |X| = 6(G) and 6(H) = 6(G) — |X].
In order to complete the proof of Theorem 1.2, we need only to prove that H has a
fractional [a, b]-factor. By contradiction, we suppose that H has no fractional [a, b]-
factor. Then, according to Lemma 2.1, there exists some subset S C V(H) such that

oS, T)=>b|S|+dy_s(T)—alT| < -1. (2.1)

We choose such subsets S and 7 so that || is as small as possible.
Claim 1. We shall show that dy_g(x) <a—1forany xeT.

Proor. If dy_g(x) > a for some x €T, then the subsets S and T \ {x} satisfy (2.1),
which contradicts the choice of S and T'. The proof of Claim 1 is complete. O

Since n — |X| > 6(G) and 6(G) = ((a + b)n)/(a + 2b),

2
b(a + b) S(G) — IX]) + lel bn _ b(a + l;)é(G) B b |§(| 3 b_n
a> a a a a a
b b)o(G b2 b
SLCLUCI ( _xp o b
a (l a
_ b(a + b2)5(G) N —(n _ XD - b(a +2b)n
a a
b(a + b)5(G) 6(G) b(a;b)n
b(a + 2b)(5(G) b(a + b)n
= 22 Rz
b(a + 2b) (a+bn b(a +Dbn 0
a? a+2b a
which implies
a
o(G) - IX] = P b(n - 1XD.
Combining this with 6(H) > 6(G) — |X],
S(H) > 8(G) — 1X| > —2—(n - |X]). 2.2)
a+b

Claim 2. We shall show that |T'| > b + 1.

Proor. According to (2.2),

>(a+2b)(a+b—2)+1 >(a+2b)(a+b—2)
iy b b b
(a+b)n
a+2b’

n—|X|>26(G) and d(G)=
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and
a (a+b)n an a (a+2b)a+b-2)
H) > . = .
OH) = ) %2 —a+2b ax2b b
ala+b-2) alb-1) a
= > =a——2>a-—1.
b > 5 a b_a 1

In terms of the integrity of 6(H),
0(H) > a. (2.3)
If |T| < b, then, by (2.1) and (2.3),

~1 > 64(S, T) = bIS| + dyy_s(T) - alT|
> |T|IS| + dys (T) - alT|
= > (S1+du-s(v) - a)

xeT
> > (6(H) - a) 2 0,
xeT
which is a contradiction. This completes the proof of Claim 2. O

According to Claim 2, T # (. Define
hy =min{dy_s(x) : xe T}
Choose x; € T such that dy_s(x1) = hy. If T\ Ny[x] # 0, let
hy =min{dy_s(x) : x€ T \ Nr[x1]}.

Choose x; € T \ Nr[x] such that dy_g(x3) = hy. According to Claim 1,0 < hy < hy <
a — 1. Obviously, dy(x;)) <|S| + h; fori=1, 2.

Case I. T = Nr[x1].
Using Claim 2 and T = Nr[x],
a-12h =dy_s(x))2INrIx]l-1=|T|-12b>a.
This is a contradiction.
Case 2. T\ Nr[x1] #0.

Note that [N7[x1]| <dp_s(x1) + 1 =h; + 1anda — hy > 1. Let |V(H)| = p. Then we
obtain p —|S| —|T| = 0. Thus,
(a=m)p—ISI=1T)—126u(S,T)=DIS|+du-s(T) — alT|
2 bIS|+ mINT[x1]l + ho(IT| = INT[x11]) — alT'|
=DIS| = (a = m)IT| = (ha = h)IN7[x1]]
2 DIS| = (a = m)IT| = (hy = hi)(hy + 1),
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that is,
(a+b—h)IS|<(a—hy)p+ (hy —hy)(hy +1)—1. 2.4)
From (2.2) and n—|X|= p, we have 6(H) > ap/(a+b). Combining this with
IS| = 6(H) — hy,
ap
S|> —hy. 2.5
1S M (2.5)

According to (2.4) and (2.5),

ap
a+

(a+b—h2>( - —hl)s(a—hz>p+<hz—h1)<hl -1,
which implies

(bp — a—b)hy < (a+ b)*hy — (a + b)(hy + D)k — (a + b). (2.6)

In terms of

(a+bn J@+2b)atb-2)+1

=n-|X|>d o) >
p=n—-1X|=26G), 6G)= o 2 5

and a + b > 3, we get

b(a + b)n S (a+b)a+2b)a+b-2)+(a+Db)

a+2b ~ a+2b
>(a+b)a+b—-2)>a+b.

bp > b6(G) >

Combining this with (2.6) and &, < hy,
(bp —a —b)hy < (bp —a—b)hy < (a + b)*hy — (a + b)(hy + Dhy — (a + b),

that is,
(a+b)l? + (bp — (a + b))hy + (a + b) <0. (2.7

Let f(h))=(a+ b)h% +(bp — (a+b)>hy + (a+b). If hy =0, then, by (2.7), we
have 2 <a + b <0, which is a contradiction. In the following, we may assume that
h; > 1. Since bp > (a + b)(a + b —2),

f'(hy) =2(a + by +bp—(a+b)2>2(a+b)+(a+b)(a+b—2)—(a+b)2:O.
Thus, by (2.7),

O2f(hl)zf(l):(a+b)+(bp—(a+b)2)+(a+b)
>2a+b)+(@a+b)a+b-2)—(a+b)*=0,
which is a contradiction.
In each of the above cases we obtained contradictions. Hence, H has a fractional

[a, b]-factor, that is, G is fractional ID-[a, b]-factor-critical.
This completes the proof of Theorem 1.2. O
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3. Remark

In this section, we show that the condition 6(G) > ((a + b)n)/(a + 2b) in
Theorem 1.2 is sharp. To see this, we construct a graph G = (an)K; VvV (bH)K; V
(bt + 1)K, where ¢ is a sufficiently large positive integer. Obviously, |V(G)|=n=
(a+2b)t+1 and

- 1.

(a+bn B B n-—1 _(a+b)n_a+b (a+b)n
Ty O =@ b= ) = e T av b av2b

In the following, let X = (b1)K;. Clearly, X is an independent set of G. Put
H=G-X=(@@)K, Vv (bt+ )K,,S =(a)K, and T = (bt + 1)K,. Then

ou(S,T) =bIS|+du-s(T) - alT|
abt —a(bt+1)=-a<0.

According to Lemma 2.1, H has no fractional [a, b]-factor. Hence, G is not fractional
ID-[a, b]-factor-critical. In the sense above, the bound of 6(G) in Theorem 1.2 is sharp.
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