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ABSTRACT. V ario us spatial di scre tizations for th e ice shee t are compared for 
acc uracy against a naly tica l solutions in onc a nd two dimensions. Th e computa tional 
efli ciency of \'a rious iterated a nd non-itera ted marc hing schemes is compared . 

The stability properties of different marc hing schemes, with and without iterations 
on th e non-linear eq uations, are compared . N ewton- Raphson techniq ues permit the 
largest time steps. A new techniqu e, which is based on the fact tha t the d yna mics of' 
unsta ble itera ted maps contain inform a tion a bout where th e unstable roo t lies, is 
shown to improve substan ti ally the performance of Pica rd iteration a t a negligible 
computationa l cost. 

INTRODUCTION 

The ice-shee t thi ckness-evolution equ a tion (where the 

m echa ni cs are computed acco rdin g to the shallow-ice 
approximation ofHutler (1983)) is ofa highl y non-linea r 
difIusion-reaction type a nd ge nera ll y needs to be solved 
numericall y. The time steps used in the solution of thi s 
equa tion a re limited by the requirements of sta bility: if 

the tim e steps are too large, then spurious oscillations a re 

created in the ice-shee t surface . Unlike the linea r diffusion 
equation , this does not necessa rily res ult in blow-up 
beca use non- li nea r coup ling of the instab ility prevents 
unbounded g rowth. 

A number of approac hes exist for th e numerical 
solution of thi s eq uation. They can be grouped as explicit , 

semi-implicit (where there is no sub-time step non-linea r 
itera tion ) a nd fu ll y implicit (whcre there is full sub- time 
step non-linear iteration ). The former two schem es a re 
ITlOSt often used in operational ice-shee t models. Th eir 
stability cha rac teri sti cs limit the maximum time step used 
in most practica l a pplica tions to 1- 10 yea rs. This is 

consid erably shorter than the na tura l time-scale of ice 
sheets and limits th e number of experiments that can be 
made with continenta l ice-shee t mod els. 

Budd a nd J enssen ( 1976 ) have ilwes ti ga ted the 
sta b ility of exp li cit schemes for so lving the ice-shee t 
equations. However, since then, considera b le progress has 

been m ade in the th eo ry of iterated maps (which is what 
num erica l solutions are), a nd th ere has been widespread 
adoption of semi-implicit schemes (e.g . l\l aha ffy, 1976; 
Hu yb rechts, 1992 ), a nd implicit or Crank N icholso l1 
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schemes w'hi ch itera te to so lve the non-lin ear simulta ­
neo us equ a tion s using Pi ca rd or Newton- R a phson 
itera ti on (e.g. Hindmars h and o thers , 1987; H indmarsh 
a nd Hutter, 1988). All 0 [' these method s have tim e-step 
limits, which should be contrasted with th e lin ea r 
diffusion eq uation where C rank-Nicho lson a nd imp licit 
schemes a rc uniforml y stable . 

In this paper, we will look a t th e theory a nd prac ti ce 

of time-step limitat ions for th e ice-shee t equation. First, 

we se t out sC\'e ra l of th e m ore commonly used discre tiza­
tions of the ice-shee t eq ua tion. \Ve then present compar­
isons between these d ifferent discret izations in terms of' 
accuracy, sta bility a nd efIi ciency. This is done in two 
idea li zed ex perim ents [o r which a nalyti cal solutions a re 
a\'a il ab le: th e onc-dimensional case flow -law ex ponen t 

(n ) is equal to 3 a nd the two-dim ensiona l case where the 
exponent is eq ual to I. Fina lly , wc present th e concept of 
th e itera ted map and introduce Cl method fo r improving 
the stability properti es of the time-stepping method Ll sed 
to solve the ice-sheet equa ti on. 

1. BACKGROUND: THE ICE-SHEET EQUATION 
AND ITS FINITE-DIFFERENCE DISCRETIZA TIONS 

Th e ice-sheet eq ua tion is 

where H is iee thickness (throughout we deal on ly with Cl 
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nat basal topography) and a is th e accumulation rate, C 
is related to the now law parameter A by 

c = 2A(pg)" 
n+2 

wherc p is the d ensi ty of ice , 9 is acce leration d uc to 
gra\' ity, A is th e ice-now constant , n is its exponent and 
th e flow relation between strain rate e a nd de\'iator stress 
T is gi\'en b y 

\Ve d eal on ly with constant A (i,e, with iso thermal ice ), 
\7 is the two-dimensional horizontal gradient operator 

and th e m agnitude of th e grad ient of 1\7 HI is computed 
by 

I 
(
OH) 2 (OH) 21~ 

I\7HI == ox + oy 

Th e non-linea r diffusion Equation ( I ) IS so h-cd by 
disc re ti z ing th e independent variab les as 

x = iiJ" i E (0, Nr); y = jiJ'J' j E (0, Ny) 

for th e horizon tal dimensions x and y o\'er the domai n 
-L,c <:::: :1' <:::: L ,., - L !J <:::: Y <:::: L !J; a nd 

t = ki1t, k E (i,oo) 

for tim e t, where !Vc and Nil are the number 01' grids In 
the l' and y direc tions, 

1.1. The horizontal space discretization 

Th e discrcti zation 0(' th e non-linea r diffu sion term 

(2) 

ca ll s for some comment. There arc many wa ys ol'carrying 
out a discret ization of thi s operator. Here \\'e define three 
meth ods that are in co mmon use and which are 
schemali zed in Figure I , It is cOI1\ 'enient to defin e a 

coclliciellt D somcwhat a nalogous to the dilfusi\'ity of a 

th f' rmal medium 

(3) 

so th a t Equa ti o n ( I ) becomes 

oH at = \7 ' (D\7 H ) + a == - \7 ' q + a ' ( .cl ) 

In melhod i , D is e\'a lu ated at g rid centres which a re 

Hiudmarslt alld Payne: Time-stefi limitsfor slable soluliolls 

Position of evaluation 
Ox-slope l:) Coefficient D 

o y-slope (,':, Discharge q 

F(g , I, Illuslraling lite differenl grids liSI'd 10 (omfillle lite 
coefficienl D alld Ihe discltarge q, The I~Jihalld column 
S/zOl£'S u,/Zid, /loilllS are liSI'd ill Ihe com/mlalion 0/ Ihe 
al'erage m/Ill' 0/ H alld 1\7 H I lIsed ill Ihe colII/){{/alioll of 
D , [dlile the I'lj!,ht/wlld (0/1111111 S/LOU'S Ihe Loratioll cif D alld 
jJo/llls {{sed ill lite el'a/lIalion of oH/ox required 10 
comjJlIle q, 

stagge red In bo th :1:' and .IJ accordi ng to 

where 

and 

1 
(\7H) i+4)+4= 2,,1,1 (Hi+l.) + H i+l.J+l - H i,) - H i,.i-"- I) 

(5) 

1 , 
+ 2,,1 (Hi,.i+1 + Hi+1,.i+l - H i,j - Hi+I.J ' 

iI 

The x-direction nux ql' is then c\'a lu ated at x -midway 
points accord ing to 

a nd similarly (o r q;~~j , 
Th e .I)-direction nu x qil is e\'a lu atcd at y-mich,'<)y 

points accord ing to 

and similarl y for <j_~ ' 
For !llflhod 2, D -is e\'aluated a t ,1:-midll'<l\' a nd y­

michl'ay points \\-hic il are staggered in the direction of 
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no\\' onl y 

where 

a nd 
1 

(\7 H)i+~.i= 2L\" (Hi+l.j - H i,j) 

1 
+ 4L1 ( H i,)+ 1 + H i+ l.)+ I - H i.j- I - H i+ L)- I) ' 

!J 

Th e x -direc ti on nux q' is th en e\'a lua ted at th e sa m e 

x -midway points according to 

,r , ,= - D , " H i+ l.) - H i,) 
q'+"j '+" j L1,e 

a nd : imil a rly for ql' I " 
1-'5d 

T he y-direction flLl x qY IS eva lua ted a t y-midway 
points acco rding to 

!J, = _ D ' , H i,)+ l - H i.j 
q"J+~ ".1+, A 

- D !J 

a nd simila rl y for qY, " This scheme d erives from Y1 a ha ITy 
L.)-Cj 

( 1977 ) , -

In method 3, D is eyalu ated a t th e g rid po illls 
th emse lves 

1 1

" - / 

D i ,)' = C H "+2 (\7 H ), , 
I,) I.) 

where 

The x -direc tion flux qT is then C\'a lu a ted a t th e 
staggered x -midway points accord ing to 

and simi la rly [o r qir_~,j , 
Th e y-di rection -nu x q!J IS e\'a lua tecl a t y-mid\\'ay 

points acco rding to 

a nd simila rl y for qr)-~ , This scheme d eri ves from O erl e­
ma ns a nd V an d er V~en ( 1984) (in one dimens ion) a nd 
Huybrechts ( 1992 ) (in two dim ensions) , 

In a ll three methods, th e flu x divergence in Equa ti on 

(4 ) is computed according to 

ql I _ ql I q~ . I - q~ . I 

(\7 ' q ),)= '+" .1 ' - ,,) + "j+, ".1 - , 
L1 , L1 !J 

(6) 

A ll these m ethod s a re conservati\'e beca use th e 

thi ckn ess calcu la ti ons a t two adjacent g rid points (i,j) 
and (i + 1, j) bo th use exac Ll y th e sam e formul a tion for 
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q:~~.j ' A ll th e ma tcria l lea\' ing one grid point a rm'es at 
adfacen t grid POiIllS, except of course a t th e bound a ry, 

H o\\'e\'Cr, while m eth ods I a nd 2 ha \ 'e a 9 point 
com puta ti o na l molec ul e (for com puting th e nux g rad i­
Cllt ) . method 3 has a 13 point computational molecule . 
This is a \'Cr)' important fea ture o f method 3 a nd can be 
interpre ted as incorpo rating an add iti ona l, art ifi c ia l 

di!1usion (or smoo thing ). 

The acc uracy of the m e thod a nd 2 spati a l 
discretizations is no t unifo rm: in the interi or o f th e ice 
sheet it is second-ord er, but th e sing ul a r marg ins impl y 
that th e ice-shee t surface is no t a na lyti c a nd thus that 
T ay lor se ri es do no t constitute a ya lid app roxim a tion a t 
th cse points, Numerica l res ults indica te th a t th e schcm e is 

something like first-o rd er acc ura te in space. 

1.2. The tilne discretization 

'Ve now turn to th e discre tization of Equation (4 ) in time, 

which we denote by 

(7) 

where the supersc ripts refer th e time a t which the term is 

calcul a ted. In pa rti cular, th e two superscripts on th e nu x 
q refer ( 0 th e time a t which the two fac to rs (D k+O a nd 
(\7 H )k+W) of q a re ca leulated . 

' Ve define three time-stepping sc hemes. \\'hen w = 0, 
e = 0 we have a n ex plic it scheme. \Vhen w = 1, e = 0 we 
have the so-ca ll ed sem i-implic it scheme, \I'hich is prob­

a bly the most wid ely used scheme in glac iology, Wh en 
w = 1, e = 1 we have a full y im pli cit sc hem e, In addition 
to th ese first-order time di scre tizati ons, there is the 
second-order accura te Crank Nicholson scheme \I'here 
w = 1/2 a nd e = 1/2. 

The sem i-i mplicit a nd implicit schemes imply a linea r 

it e ra tion (e,g. a re laxa tion o r a conjuga te-g rad ien t 
method ) o r a direc t ma trix -i l1\ 'e rsion technique (e.g, 
Gaussian eliminat ion ) to so lve th e linear matrix eq ua tion 
implied by Equation (7) , The implicit scheme impli es a 
furt her, no n- linea r iterati on lo co pe \\'it h the non-linear 

na ture of D, This non-li near iteration m ay be acco m­

p lished by either Piea rd or Newton- R ap hson itera tion, 
T hese a re both we ll -es ta b lished techniques which a re 
d escribed in tex ts on numeri ca l ana lys is (e.g. J ohnson a nd 
Riess 1982; Ekm a n 1987 ) , 

\Ve will return to the subj ec t o[time stepping in a later 

sec tion , where the concept of th e itera ted map \\'ill be 

introduced a nd used to a na lyse the stabilit y properti es of 
th ese time-stepping m ethod s, "Vc now turn to the 
com pa rison of th e d i rfercn t d isc re ti za tion methods ill 
space and time. 

A cOlTlparison exercise 

I n this sect io n we pro\'icl e com pa ri sons of th e acc uracy, 
clTi c iency a nd stabi li ty of th e spati a l and tempo ra l 

discre tiza t ions desc ribed above. We use two experiments 
\\'hi ch ha \'C a nalyti ca l solutions avai lab le to il1\ 'Cstiga te 
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T able I . f) il'ifle Ihir/.:lles.l.fill/lld IIsillg /!lelhod.1 2 alld 3./or l'ariolls Lly ill 1'\/ll'Iillll'lll 1 

Crid 

km 

10 
25 
50 
75 

,\ '1Il1lbn of 
/)() ill 1.1 ill)' 

Scheme 2 

15 1 3580 ,0226 
6 1 3587.6.')80 
3 1 3600.5068 
2 1 36 13,3609 

th e ellec ts o f' spa ti a l di scre li za tio n o n th e acc uracy o f' th e 

ca lcul a ted s tead y-sla te ice thi ckn ess . W e th e n go o n to 

assess th e s ta bil i ty a nd e lTi cie ncy of the \'a ri o us time­

ste pping m e th ods . 

Des cription o f the experixnents and the ir analy t­
ical s olutions 

W e first d e.'cr ibe th e t\\·o a na lyti ca l solutio ns a\'a il a bl e fo r 

stead y-sta te ice thi ckn ess, 

E I/Jerilllelll I : 0111' dilllflls/oll l('ilh 11 = .') 

1 n o n e dim c nsio n \I'ith co ns ta nt a, \\ 'e h a\'(' fro m 

continuity (\ ' ia lo\ ', 1958; i'\ ye, 1959 ) 

O\'e r th e h a lf~d om a in y = 0 (di\'id e) to y = L y (m a rg in ) 
\I·ith bo und a ry cond itio ns H (O) = Ho a nd H (Ly ) = 0, 
a nd ta king n = 3 we o bta in 

",h ich ca n be integra ted to 

, (20a) 1 ( 1 ) ( 1 ') H ] = A pg Lt - y] , 

,\ t .IJ = 0 

g'l\ 'ln a 
, b 

(8) 

E ljJeri ll/ ('I{l 11: 11('0 dill/ellsiolls wilh 17 = 1 
In this ex perim ellt , \I 'e co nsid er the ice-shce t equ a ti o ll fo r 
a lill ea r rh eo logy . The flu x fo rmul a is simp ly 

_ 2Apg 1'I:3 H q ---- 7. \l 
3 

D i l' ide thirklle.I.1 

SrllCl/l f 3 Schellle 2 Scheme 3 

erro r x 10- :1 

3562.89 13 1.+ - 3 .+ 

35+60067 3 .5 8.1 
3520.0 I 02 7. 1 15,+ 
3+96, 1669 10 .7 22. 1 

a nd th e conditi o n fo r s teady sta te is 

\l ' q =a 

\I·ith finit e nu x-bo un da r y co n d iti o ns o n 1.' = ±L" 
y = ± L y of' H = O. \\'e m a\' ", ri te 

q = _ Apr] '\7 H I 
6 

a nd b y d efining a ne\\' \ 'a ri a ble Lt = H I \ \ T see 

a nd th en o btain 

A pg 
q = --- '\7'u 

6 

D 2 6([ 
v 1L=---

A pg 

",hic h is s impl y th e Po isso n equ a ti o n o n a rec ta ng iC', 
which has a n a nal y ti cal so luti o n C a rsla \\' and J aege r , 
1988, p . 17 1 . On c Ill ay th en write d ow n th e so lutio n Co r 
H (.T', V), \Ih ic h is 

, 
H( ) 1 (6a { (L~. - x2

) 1 6L~. F})' T,Y = U' = -- ---' 
A pg 2 7r;l 

(9) 

",here 

F= t (-l )ieos( {2 j+ 1}7r'1'/2L,,! cosh ( {2j+ 1 }7ry/2 L ,) 

i=O (2J+ 1) eosh ({2J+ 1}7r Ly/2 L., ) 

1.3. The accuracy of various spatial dis cretizations 

Th e [irs t se t o f exper im ents a ims a t assess ing th e 

beha \'io ur o r t\\·o spa ti a l di scre ti za ti o n m e th od s o\'('\' 

\ 'a ri o us g rid resoluti o ns. The disc re ti za ti o n me th od s a re 

th e 9 point m o lec ule m e th od 2 a nd th e 13 po int m o lec u le 
me th od 3 d efined a bO\'C . 

,\ co nsta llttim C' s te p o f' 10 \-ears was used 1'0 1' m C' th od 2 

a nd a t im e s tep of 0 .1 yea r \\'as used in me thod 3. These 

tim e s te ps ass ure a sta ble so lutio n but a re no t the larges t 

stabl e time s tep lo r eac h sc heme. T im e s tepping \I'as ru ll y 

implici t \\' ith so lutio n or th e no n- li nea r a lge bra ic equ a­
tions by '\e \I'[011 R a p hson itera ti o ll in mcth od 2 a nd \I'as 
ex p li c it in m ethod 3, a lth o ug h th e \ 'a ri o Ll s tim e-ste pping 

m e th od s yield th e sa me res u lts I(l r a g i\ 'e n sp a ti a l 

d isc re ti za t io n a nd g rid spacing, as \\'e a re d ea ling \\'ith 

steady so lut io ns. 
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Fig. 2. A comparison cif tlte numerical errorJrom mmgin to divide lIsing different i1y,Jor sjJatial discretizations 2( a) and 
3( b) ill experiment I. 

In a ll ex perimellls, th e ice-thickn ess evo lution Equ a­
ti on ( I) was integra ted from ze ro ice thickness for 
100 kyears, by whi ch tim e a stead y sta te had been 
reached . A consta nt acc umula ti on ra te (a) of 0 .3 m yea r- 1 

was used and the viscosity of ice (A ) was se t to 
10- 16 Pa- 3 yea r- 1 in experiment r and to 2.1 x 10- 7 Pa- 1 

yea r- 1 in experiment II (resulting in simila r ice thi ck­
nesses to those of experim ent I ). In addition , p a nd 9 were 
taken as 910kg m- 3 and 9.8 1 m s-2, respec ti\'eiy. A Oa t 

topogra ph y was used throughout. 

Experiment 1: one dimension with n = 3 
This ex periment was condu cted on a rec ta ngul a r grid on 
which .0.x = .0.y . The leng th of the domain in the y 
direc ti on wa held co nsta nt a t 1500 km (i. e . 2Ly 
= 1500 km ). At the upper a nd lower edges of the g rid , 
thi ckness was et to ze ro. Cyclic bounda ry conditions 
were employed on the left and ri ght edges of th e d oma in , 
so th a t inform a tion passed free ly from on e bounda ry to 
the o ther. The domain was th erefore cy lind ri ca l. The ice 

shee t whi ch evolves should a lways have symmetry in th e y 
direction a bout y = 0 km a nd will have constant thi ckn ess 
a long x for a ny given y . The advantage of this se t-up is 
tha t, although a two-dimensiona l problem is so lved , the 
one-dimensiona l a na lyti ca l soluti on a bove is ava il a ble for 
com pa rison wi th th e res ul ts. 

T a ble I shows the stead y-sta re di vide thi cknesses for 
each run a ft er 100 kyea rs. In thi s ta ble and elsewh ere, the 
error [; is d efin ed as 

E = H ilum (x , y) - Hana(X, y) 
Halla(x, y) 

where Hnum is the numeri ca l thi ckne's a nd Hall". th e 
a na lyti cal one. 

The a na lyti cal so l u tion fo r th e stead y-s ta te di vide 
thi ckness is 3575 .058m. A linea r regression on the four 
runs for method 2 yield ed 

Hnum = 3574.862 + 0.513i1 y 

T able 2. Divide th ickness Jound llsing methods 2 alld 3 Jor various i1.1'.Y in experiment f 1 
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Grid 

km 

10 
25 
50 
75 

N umber oJ 
/ )0 ints in x fy 

Scheme 2 

151 35 75.0527 
61 3607 .5904 
31 3656.74 18 
21 3700.6105 

Divide thickness 

Scheme 3 Scheme 2 Scheme 3 

error x 10- 3 

3538.8643 6. 5 - 3 .7 
3519.824 1 15.7 - 9.0 
3488 .8749 29.5 - 17. 7 
3458.7609 41. 9 - 26 .2 
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Fig. 3. f l cam./Jarisoll oJ the 1Il/lllerical errorJrolll l71aJgin to diuide Ilsing different L}.I".y.Jor s/Jatial discretizations 2( a) and 
3( b) ill eI/Jerimenl 11. 

where L} y is th e grid spac ing in ki lometres . This re la ti o n 
has a cor rela ti on coe ffi cient of 1. 0. The in tercept is within 
5 .5 X 10- 5 (0.196m ) ofrh e a na lyti ca l so lu tion. 

Th e stead y-sta te di vide thi ckn esses o bta ined in th e 
meth od 3 ex perim ents a re a lso shown in Table I. A linea r 

regress ion on th e four runs yie ld ed 

H ilum = 3572 .263 - 1.025 L} y 

with a corre la ti o n coe fli cien t of" 1.0. The intercept for 
meth od 3 is within 7.8 x 1O-~ (2.795 m ) of th e a nalyti ca l 

solutio n. 

The very hig h correla ti on coeffi cients indi ca te th a t 

bo th spa ti a l disc retiza tion meth ods a re first-ord er acc u­
ra te a nd ha\ 'e a linea r convergence to the ana lyti ca l 
so luti on as th e g rid spacing goes to zero. M e th od 2 is 
partic ul a rl y accu ra te. 

Fig ure 2a a nd b show's th e variation o[ error from th e 

m a rgin to th e divide in each o[ th e ex periments using, 

respec ti ve ly, meth ods 2 a nd 3 . The rela ti onship be twee n 
the two sc hemes' error rema ins fairly consta nt from 
m argin to di vide a nd " a ri es between x 2 a nd x 3. In a ll 
cases, th e error g rows dra ma ti ca ll y towards th e m a rgin. 

EX/Jeriment 1/: two dimensions with n = 1 
This ex perim ent was conducted on a rec ta ng ula r grid on 
which L}.,- = L}y. The leng th o f th e do ma in in th e x a nd y 
directions was held cons tant at 1500 km . Ice th ickn ess was 
se t to ze ro a long a ll [our ed ges of the grid . 

T able 2 shows th e steady-sta te divid e thi ckn esses [o r 

each run after 100 kyea rs. The a na lyti ca l so lution for 

di,·ide thi ckn ess is 355 1.862 m . A linea r regress ion on th e 
[our runs fo r met hod 2 yield ed 

H num = 3557.883 + 1.928L}.,-y ' 

This rela tion has a correla tion coe ffi c ien t o[ 1.0. The 

inte rcep t is within 1.7 x 10- 3 (6.02 1 m ) o[ th e a nal ytica l 

so lution. 
The stead y-sta te di"ide thi ckn ess ob ta ined in th e 

meth od 3 ex periments a re a lso shown in T a ble 2. A linear 

regress ion on the [o ur runs yielded 

H lIlIlIl = 3550.852 - 1.232,d,.,u 

with a co rrel a ti o n eoeflicient of - 1.0. Th e inte rcep t [o r 
m ethod 3 is within 2 . 8x l0-~ ( 1. 0 10 m ) of th e an a lyti ca l 

so lution. 

Again , th e high correla ti on coe ffi c ients indica te th a t 
COll\ 'C rgence to th e a na lyti ca l so luti on is a lmost linear. 
HQ\\'(~ ' 'Cr, method 3 is now the mo re accu ra te. 

Figure 3a a nd b shows th e , 'a ri at ion of e rror from the 

margin (x = 750 km , y = 750 km ) to th e di"ide (x = 0 
km , y = 750 km ) in eac h o f th e ex periments uSIng, 

res pec ti, 'C ly, meth ods 2 a nd 3. 
Bo th ex periments indi ca te that the acc uracy of th e 

spa ti a l discretizations is a pprox im a tely linea r with ,dJ"v . 

Th e 9 point molecu le disCTetization (meth od 2) O\'er­
es tima tes stead y-sta te ice thi ckn ess m ainly beca use of 

error in th e a rea of steep surface slopes near the ma rgin . 
This is particul a rl y true in the n = 1 expe riment , where 
th e near-m a rgin surface slopes a rc much la rge r th a n th ose 
in th e 11, = 3 ex pe rim e nt. Th e 13 point molecule 
discretization (m e th od 3) co nsiste ntl y und erpred ic ts 

Table 3. Divide thickness Jound using methods 2 and 3 Jor 
variolls ,d.r.u in eI/Jerimenl I11 

Grid 
sjJacing 

km 

10 

25 
50 
75 

J\ 'IImber of 
/Join Is ill _Y fy 

151 

6 1 

3 1 
21 

Divide thickness 

Scheme 2 
m 

3401. 9364 

3409. 1807 
3420.5050 
3430.6 165 

Scheme 3 
m 

3385 .4924 

3369.0222 
3342 .6250 
33 17.1001 
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Tab!e -I. Com/JariJoll of s/Jatia! disrreli::.alioll alld lillle-.llejJ/Jillg IIlflhods for L1.r .!I = 75 kill 

.Sjlalia! discrel - Time-sleppillg T illle jlejJ . \ '/lmber q/ . 'Vlllllber oJ linear • \ '11 m ber q/ILOn- 0\ 'orma! 

iOllal)' method melhod 1II ) 'ears I illle sle/Js ileratiolls Iillear ileraliolls CPL ' lillle 

2 Im p li c it 10000 10 537 36 1.0 
2 I mp li cit 100 1000 6989 1233 24.0 
2 Semi- imp li cit 11 2 892 1840 7.0 
2 Explic it 23 4347 14.0 
3 Sem i-i mp li cit 62 1 161 1262 2.0 
3 Exp li ci t 51 1960 3.0 

Tab!e 5. Com/Jarisoll q/ sjlalia! disCFeti::.alioll alld lime-.l/eNJillg melllOds for L1.r .!/ = 50 kill 

.~j)(llia! diSCI'el- Tillle- .llejJJJillg Time .111'/) . \ 'lImber 0/ . \ 'IImber of linea r 0\ 'IImber 0./ 11011- 0\ 'oul/a! 
iOl/m)! lIIelhod melhod III ),earj lime slej}j ilfraliolls linear ileraliolls C:PC lilllf 

2 Im p li cit 10000 10 870 41 1.0 
2 I m p lic it 100 1000 9 11 9 1235 13.4 
2 Semi- impli c it 45 2222 4059 8.0 
2 Explic it 10 10000 15.2 
3 Semi-i m plic i t 33 1 302 1618 1.8 
3 E x pli c it 21 476 1 3.2 

Table 6. Comparisoll of s/la/ial discreli::.aliol1 alld lime-slejl/ling melhods for L1.r .!I = 25 km 

Spalia! diSCI'el - T ime-slejJping Time sle/) /villn!m if A umber of linear . Vumber 0/ 1l01l- . 'vo/'maf 
ional)' melhod lIIelhod l/l )'ea rs li/l/e sle/lS ileraliolls lillear ileraliolls CPC lime 

2 Im pli cit 10 000 10 1907 57 1.0 
2 I mp li c it 100 1000 14968 1239 9.2 
2 Sem i-i m p i ici t 10 10 000 15662 15.1 
2 Expli cit 2 50000 30.2 
3 Sem i -i m p li ci t 96 1041 3835 2.0 
3 Ex pli c it 5 20000 5.4 

thi ck ness . This is pro ba b ly because o f th e a ppa re n t 
a rtifi c ia l diffusio n introduced in thi s discrc ti za ti o n (di s­
c ussed a bO\'C ) . In th e 11 = 1 ex perime n t, thi s diffu sio n 

lead s to a be ller O\'era ll es tima ti o n or stead y-state ice 

thi ckn ess. 

1.4. The stability and efficiency of various tiIn.e­
stepping discretizations 

This expe rim e I1l is a rep li ca ti o n or th e E IS :\ ll NT fi xed­

m a rg in ben chm a rk , w hi ch is two-dim e nsio na l a nd ta kes 
n = 3 (Hu ybrcchts a nd o th crs, 1996). First, th e acc llracy 
o f th e two spa ti a l di sc re ti za ti o ns di sc ll ssed a bove is aga in 
com pa red, howc\'er w ith out th e o p portunit y o r compa r­

iso n w ith an a na lytica l soluti o n . 

T a bl e 3 shows th e s tead y-sta te d i\·id e thi c kn esses fo r 

80 

each run a ft er I 00 k~'ears . A Iinca r regrcss io n o n th c fo ur 
run s ro r m e th od 2 yieldcd 

H Il1lm = 3397.914 + 0.441L1 ,..y 

with a correla tio n coelTi cient o f 1.0. Th c linear regress io n 

ror me th od 3 yield ed 

HlI lIlIl = 3395.606 - 1.051L1.r .!J 

w ith a co rrel a ti o n codTi cicnt o r - 1.0. Th ese res u lts a re 

close to th ose fo un d in th e 11, = 3 o ne-dime nsiona l 

ex perim cnt a bove . 

Th e m a in purpose or thi s cx perimcnt is to compa re th e 
e fTi c ie ncy or \ 'a ri o us tim e-stc pping m c th od s. Thrcc 
m e th od s a rc uscd in combina ti o n wit h spa tia l discre ti za ­
ti o n m e th od 2. T hese were th e ex pli cit , semi-implic it a nd 

imp licit m e th ods. I n additi o n , the ex p li c it a nd se mi ­

imp licit m e th od s we re used \, 'ith spa tia l disc re ti za ti o n 
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(a) 

1.5 

0.5 41 
0 

,~ 
0 0.2 0.4 0.6 O.S 

T ime step 

(c) 

1.5 / 
0.5 

oL-----~-=~==--~ 
o 0.2 0.4 0.6 0.8 

Time ~tep 

~ 
~ 

(b) 

1.5 

0.5 

0 
0 0 .2 

Time step 

(d) 

1.5 

I 

0.5 

0 
0 0.2 0.4 0.6 0.8 

Time step 

Fig . 4. Bifurcation majJs Ior the zno-dilllellsiolla{ ODE 
model. T'ertical (/.l is is [ , /lIJriz.olltal a\ is is i1 /.(a) is (I ll 
eI/J/icli scheme, (b) is an implicit scheme, (() is a Piwrd 
itemtioll and (d) is a A el.l'lolI-Ra/Jhsoll scheme. T he 
/Joints represent slIaessil'e vallles of l h' as k ~ 00 (a and 
b) and succmive values oJ I H as e ~ 00 (c al/d d) . 

m eth od 3 . N o \'ec toriza ti on o r pa ra llel tec hniqu es we re 

used in th e compu ta tions. 
The semi-impli cit a nd impli cit m e th ods reqUIre th e 

so lution 0 (' a spa rse, linea r sys tem beca use of th e' tIVO­
dimensiona l na ture of th e p ro blem. H ere, a co njuga te 

g radi ent a lgorithm f'rom Press a nd o th ers (1992 ) was 

used . This will be refe rred to as th e linea r ite ra ti on . In 

additi on , th e implicit m eth od requires th e soluti on of a 
no n-linea r sys tem beca use of th e na ture of D in Equ a ti o n 
(4). A ~ewton-Ra phso n pa rti a l d e ri\ 'a ti\'e m e th od was 
used. This will be call ed th e no n-linea r it era ti on. Th e 

implicit m eth od th erefo re has two nes ted itera ti ons: a n 

o ute r, non-linear one a nd a n inne r, linea r one. 

Th e m ax imum sta ble time step [or each combin a ti on 
of m e th od s is reported in Ta bles 4-6 fo r 6..c . .I/ = 75,50 a nd 
25 km , re's pec ti \'e ly. Eac h m aximum sta ble tim e step \\'as 
chec ked to th e nea res t I yea r. Th e impli c it m e thod 

prm'ed to 1)(' \ 'e r1' sta ble a nd tes ting lVas stopped a ft er a 

10 kyea r time ste p had been reached . C lea rl y, thi s time 

step is fa r longe r th a n tha t required in m os t prac ti ca l 

pro blems. Th e r uns using th e implic it sc hem e \lT IT 
th e re' fo re re pea ted using 100 yea r time steps, g i\'ing a 
I)(' ll er impression of th e' e fTi ciency of thi s sc hem e for 

prac ti ca l a pplica ti ons. 

The numbers o f lin ea r a nd non- lin ear ite ra ti ons, a nd 

th e n orm a li zed (within each ta ble ) C P U requirements 

a re a lso reported in th e' ta bles. A lth o ug h th e indi\ 'idu a l 
runs las ted [or 100 kYe'a rs, th e ice' shee t LOok a pprox i­
m a tely 25 27 kyea rs LO reach equ ili b riu m . A ft er thi s tim e 

th e number o f' linea r a nd no n-linea r itera ti ons requi red 

fell dra m a ti ca lly. 

The onse t of insta biJity d e' p ends o n th e m eth od of tim e 

stepping. Fo r ex pl icit a nd N ewton- R a ph so n implicit 
s tepping, ice thicknesses grow e'x p los i\'e h-. H owe'H' r , in 
th e semi -i mpli cit m eth od , thi cknesses slow ly d eve lop 
osc illa ti ons. The criteria for assessing sta b il ity was th e re-

H illrilllars/z alld Pa)'lle: Time-ste/) limits Jar stable soluliolls 

fore th a t the di \·ide thi ckn ess sho uld no t d ifle r b y mo re 
tha n I x I O-~ III [t'om th e' stab le thi ckn e'sses gi\'e' n in T a ble 3. 

Th e use o f th e me thod 3 spat ia l d iscre ti za ti on a llo \l's 

fo r a 2- 10 times increases the in th e m ax imum stab le time 

step o\Tr m eth od 2, \ \'hi ch red uces C PU requirement by 
3 4 ti mes. Th e co mbin at io n of semi-im p lic it ti me' 
ste'pping \\'ith this spa ti a l di scre ti za ti on is p a ni cula rh­
e fTi cie' nl. 

The use o f sem i-i m plic it ra th e r th a n ex pli cit tim e 

step ping increases th e max im um sta b le time step by Cl 

facto r of 5 fo r spatial discrc tiza tion 2, a nd 10 fo r spa ti a l 
di sc re ti za ti o n 3 . In te rms of C PU req uirem ent , th e' 
m e thod is usua ll y t\l'ice as efTi cien l. 

The co m pa ri son of implicit tim e stepping \I' ith th e 
o th e r m e th od s is difTi cull. C lea r ly, when \T ry large time 

steps a rc ta ken , i t is m uch m ore effi c ient th a n ei the I' se mi ­

implicit or ex p li c it m e th od s. ~ l u c h of thi s ach-a ntage is, 

ho\\'c\'er, los t w hen shorter time ste ps a re used , a lthoug h 
i t rem ains competiti\ ·e . 

2. THE DISCRETIZED ICE-SHEET EQUATION AS 
AN ITERATED MAP 

2.1. Scaling 

W e sha ll now co nside r the ice-shee t e\'o lution equa tio ns in 

scaled fo rm . \\'e a rc still using th e equa tion se t (3 ) a nd 

(4) . B\' choos ing sca les fo r th e thi ckn ess [H ], th e span [L ], 
th e acc umula ti on ra te [a] a nd [Cl fo r th e q ua ntit y 
C = 2A (pg)"/(n + 2) \\'hi ch sa tisfy th e rel a ti onship 

we ca n co nsid er th e ice-shee' t e'qu a ti on 

in dimcnsionkss fo rm. This scaling is th a t used in th e 
sha llow-i ce a pproxi ma ti on (e .g. Hutter, 1983 ) a nd is 
d e'sc ri be'd in th is vo lu me by Hindm a rsh (1996) . Th e tim e 
sca le is g i\T n by 

[H] 
[t] = TaT . 

" 'e w ill res tri c t consid era ti on to on c dimension a nd , In 
th e [o llo \\' ing section , ze ro d im ensions. 

2.2. Theory: iterated IIlaps of zero-diIIlensional 
IIlodels 

If we m a ke th e \'e ry erucl e ass umpti ons th a t H (:r:, t) = 
l (t) J (x), it is easy LO sho\l' th a t a sca le o r ze ro-dimen­
sio na l re p rese n ta tion o[ th e ice-shee t e\'olu ti on eq ua ti on is 

th e o rd ina ry diffe rentia l equ a tio n (ODE) 

cll = 1 _ [ 211 -1- 2 

elt 

w here l (t) repre'sents th e ice-shee t th ickn ess , where we 
h a \'e sca led o ut th e acc umu la ti on ra te a nd th e ra te facto r. 
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W e no te here th a t the stead y so luti on 1 = 1 is easil y 

shown to be sta ble. For th e reco rd , this eq ua ti on d oes 
have a na lyti ca l solutions fo r pa rti c ul a r va lues o f n, 
includ ing 3, where the soluti on is g i\ 'en impli citly by 

IS 

1 4' (arctanh(l (t)) + arctan(I(t))) 

y'2 (1
2(t) + 1(t) 12 + 1) +-In 

16 I2 (t ) - l (t) 12 + 1 

1 
+ 8' h(arctan(I(f) h + 1) 

- arctan(1(t)12 - 1)) = t . 

A sta temen t of a r a nge of poss i ble in teg ra tio n sc hemes 

1 /,;+1 = l k + (1 -(4>I/,;+1 + (1 - cjJ) l ht,+J 

. (w1k
-

1 + (1 - W)1") ) Ll/ 

w here l,; is a co unting ind ex a nd th e pa ra me ters 
cjJ,wE [0,1] cont ro l the itera ted ma p. T his ma p can be 
written 

l
k+l k 1 - (1 - w) D Llt 

= 1 1 + wD + -l -+-w-D- , 

D = iJ. t (4)Ihl + (1 - cjJ) I"/" 1 . 

This will be call ed " th e ma rching scheme". No te tha t 

schemes with cjJ> ° invo lve the so lution of a no n-linea r 
a lgeb raic equ a ti o n thro ug h th e depe nd ence of D on 1 k-t-I . 

In th ese schemes. there a rc two kinds of iterat ions: the 
itera ti o n with cou nting index k, corres pond ing to a time 
seq ue nce, and a nother sequ ence with co unting ind ex e 

{ 1k+U} 
(= 1 .... 111 

where th e l "+u represent (we hope), be tt er a nd better 
a pproxima ti ons to I h+ l, com puted from 

1"+1,1+1 = i ,l- (l -w)D( + 1 
1 +wD( 1 +wD' 

with 

W e sha ll ca ll thi s th e " no n-lin ea r it era ti o n". Th e 

com puta ti o n of sequence is termin a ted when 

I
l k+I.1I1 _ 1" 1 - (1 - W) D"I _ 1 I < 'Ij; 

1 +WD '11 1 +wD/ -

where 'lj; « 1 is th e cO Il\ 'e rgence cri teri o n or the non­

linea r itera ti on. ' Ve sha ll be co nsiderin g fo ur itera ted 
maps, some co rrespond ing to typica l O D E integrat ion 
sc hemes, while o thers a re not lyp ica lly used fo r ODEs, 
but a ll ha\'e bee n used for pa rtia l d ilkren tia l equ at ions 
(PD E) a nd a re incor po ra ted fo r the sake of compa ri son. 
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I . Exp li cit (for \l'ard Eu ler) schemes: w = 0, cjJ = O. 

1"+1 = l kU - D ) + Ll/ . 

2. Implicit (bac kwa rd Eu ler ) non-i tera ted schemes 

w= l ,cjJ= O. 

l A- 1 = lk_1_+~ . 
l + D l + D 

3. Implicit Pica rd itera ted schemes w = 1, cjJ = 1. A 
res idua l, T, is computed , where 

a nd used in the itera ti on as fo ll o \l's: 

4 . I mplicit i'\e\\' ton- R a phson iterated sc hemes w = 1, 
cjJ = 1. The same residu a l is used but now a T ay lor 
ex pans ion is used to upda te th e so luti on: 

' Ve shall imTst iga te these ma ps as a fun ction of th e 

time-step pa ra meter 6./. Th e resu lts arc disp layed in 

Figure 4. The fi rs t 1\1'0 cases (a ) a nd (b) a re the soluti o ns 
as k -> 00 as a (u nc ti on of th e time step. The so lution 
points whel'e compu ted o nce tra nsients had decayed . Th e 
a na ly ti ca l so lution, respec ted for sma ll lim e steps, is 
1 = 1. The ma ps show th a[ for too la rge tim e' steps the 

l ············· .. . . . 
1.20 

j 
2.5 0.5 

1.4 

1.3 

UOL--0-'-.0-2 --0.04'--- 0-'-.0-6 -0--'.0'-8--0-'--.1--0--'.1-2--0.-'--14--0--'.1-6--0.-'--18--'0.2 
c 

l : : : 51·:·· .. : .. ··:· ...... ·· .... ·j 
1.20 0.D2 0.04 0.06 0.08 0. 1 0. 12 0. 14 0.16 0.18 

Fig. 5. Bifurcation ma/)s Jar the iterated ma/)s corm/Jolld­
ing la lite /Jarlia! dU/eret/lia! equaliolls. I 'erliw! (lIis is 
elel'Olioll al Ihe dil 'ide, hori;:,ollta! (l\is is iJ. /. (a) iJ tlOlI ­
iterated schemes; all el/)licit scheme (circles) ([nd all 
im/Jficillloll-iterated scheme (dots), (b) is PicaI'd schemes 
wilhout (circles) ([lid with (dots) ullstable mal/i/old 
ileralioll . alld (c) is ,, '('wtOIl Ra/Jhsoll schemes without 
(circles) {llIdwilh (dais) lIItslablem([lI!fo!d ileralioll. T he 
/)oilllS rejJreset/1 successive l'Olitl'J oJ H " as k -> 00 ((/) 

alld surcessive values qf H U as e -> 00 (b alld c) . . \ 'ote 
hou' the IIIIJtabfemal/ifolditeratiollsubstal/tiaI0. illl/Hol.es 
tlte slabiLil)l jJrojJerties qf the iterated schemes, ill jJartiru/ar 
the Picard itnalioll. 

0.2 
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sys tem does not necessari ly "blow up" as do rel a ted linea r 
equ a ti o ns 

clI 
-= I-I 
dt . 

but go through Cl period doub ling seq uence . This occurs 
a t a large r time step [or th e impli cit case than [or the 
ex pli cit case, but not a t a very much grea ter tim e step. 

Th e ex plicit case b lows up eyentua ll y (points no t plotted ). 
Cases (c) a nd (d ) represent th e iterate as C -t 00 . The 
Pica rd iteration has worse stabi lit y prope rti es than the 
simple bac kward Eu ler sc heme o n whi ch it is based , whil e 
the Newton- R ap hson schem e looks ve ry sta ble. 

The solution of partial differential equations as 
itera ted Inaps 
By discre tizing in time, we are ma kin g a fundam enta l 
change to the dynamics of the sys tem under consid era ­
tion , cha nging it from a d yna mi ca l sys tem to an itera tcd 
map, I. e. a sys tem o[ the form 

Uk+ l = f (u k ) + a . 

The iss ue of the sta bility of num eri ca l schem es is based on 
es tabli shing som e kind o f equiva lence between th e 

d ynamics impli ed by the iterated map a nd tha t of the 
differential equation which is being in vest iga ted. 

In solving pa rtial differenti a l equa tions, we typi call y 
a rrive at a scheme 

where the first superscript represents the tim e step and th e 
second th e itera te; thi s equ a tion is solved repea tedl y fo r 
increas ing e until the res idua l 

is sma ll in some suitable sense. Certa in schemes arc no t 
iterated; these can be incorpora ted in this scheme by 
considering a ny residua l to be suffi cientl y sma ll. Cer­
tainl y, if one maintains a time step short enough to 

prese rve stability a nd acc uracy, the residua l will be sm a ll. 

In one dimensio n, the ope ra tors DE, Dr are tri-diagonal 
m a tri ces with rows gi\'en by 

( ) 
/I D k+<f;,f 

D · .· D ·· D ·· = 1 [ 
1 - W L..l t ; - 1/ 2 

[E.I- l .1 E.I .7 E,,+ l.?] L'l~ 

L'l (1 - w) (DkH.f + D k+6.f) (1 - w) L'l D k+o.( 
_ t 'I _~ 'I+~ I z+~ ] 

2 ? 
.d.l' .d: 

where D:~t· [ e te. a re eva luated acco rdin g to, for exam­
ple, Equation (5) a nd th e supersc ript refers to the tim e 

leve l k + cjJ and iteration C of the vector Hi. In this case we 
ma y id entify uk+9.f with HtH .e. Simila rl y, 

[ 

.dtwD k+,<{J.f 
[DJ ' l ' DJ ' . DJ ' l '] = - 1-, 1 .'- .1 .'.' .• + ., .d~ 

/I (D k+<l>.e + D "+<I>·() /I D k+<I>.e 
L..1 /w i-~ i+~ L..1 t

W i+ c_~ ] + - -
L'l~ L'l;. 

I-findlllarsl! and P(o'ne: T ill1e-sle/) limits Ior stable sO/l/lions 

Zero margi n-cleva ti o n bou nd a ry condi ti o ns si m pi y re­
quire that th e diago na l entry in the m a trix be onc. 

Then, we can writ e down th e followin g iterated maps: 

I . Expli cit schem es 

U ' + I = DE(u',) uk+ a . 

2. Implicit non-itera ted schem es 

Dt(uk) u,·+ J = DE(u") u l.: + a . 

3. Impli cit Pi ca rd itera ted schemes 

whi ch can a lso be written 

or 

uk+U+l = uk+l.l + D;-l (uk+oJ ) (DE (uk+o.l ) u l.: 

+ a - DJ (uk+9.f ) u k+ l.f) . 

4 . Implicit Newton-R a ph o n itera ted schemes 

Uk+l.f+l = u '+ l.f + J- 1 (uk+<I>'c ) (D E (uk+9.€ )uk 

+ a - Dr (Uk+9 .{) uk+U) 

where 

8(D d uk+O.f)u" + a - D] (u l.:+9·€)uk+ U) 

8u k+U 

There is a n important distinc ti on bet\\'ecn the first two 
cases, where the ind ex in the itera ted map is the time step, 
and the la tter two cases, where th e ind ex in the itera ted 

map is the itera ti on number. W e are going to a na lyse 

these itera tions as a function of L'lt in ord er to find the 
tim e steps where the m ap becomes ull stable. 

2.3. Stability Inaps for SOIne finite-difference 
s cheInes 

vV e co nsider som e ex perim e nts In one dim ensioll , 
symmet ri ca l a bout th e divid e a nd with a Vialov- N ye 
fi xed margin. The initi a l elevati ons a re se t to be 0.98 (an 

a rbitra ry number ) tim es the ele\'a ti ons required for 

stead y state for the dise re tizatio n und er consideration. 
Th e schemes are run for vari ous rim e steps, iterat ing 
ei ther as a ma rehi ng scheme (ex plici t a nd semi-i m pliei t 
schemes) o r as non-lin ea r iteration schemes (Pi ca I'd or 
Newton- R a phson) . For each time step a nd each sc heme, 
a sequence in k (ex plicit and semi -implicit ) or e was 

computed for 1024 steps, a nd th e last 256 entries plotted. 
C lea rl y, if the stead y-state so lution is reached or the 

iterat ion conve rges, a ll th ese points will be co incid ent. If 
the itera tion fa il s to conve rge or th e stepping is no t ta ble, 
th en for a g ive n time step there will be seve ral points, 

often renec ting d ecay o n to a periodi c or chao tic 
attracto r. \ \ 'e emph asize that these are ma nifes tati ons of 
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f-l illdmarsh alld PqYlle: T ime-ste!) limitsfor stable sO/lI lions 

num eri ca l instab ility a nd h(1\'e no ph ysical m eanin g , 

Linea ri zed th eo ry (Hindm ars h , unpublish ed ) p red ic ts 
ex po nemi a l d ecay o n to th e a na ly ti ca l solutio n, 

The res ults a rc p lo tted in Figure 5 , Fig ure 5a shows 

th e res ults fro m no n-ite ra ted sc hem es, T he ex pli c it 

sc he m e g ives a m aximum tim e step three ti mes sm a ll er 

th a n the m aximum tim e ste p pe rmiss ibl e fo r th e no n­

itrra ted sc hem e, whi c h is indi ca ted by th e brea k in slo pe , 
T h is occ urs a t tim e ste p o f' a ro und 2 x 10-:1; fo r so m e­
whe re like' Gree n la nd , \l'h e re [t ] = 10 000 a; this co rre­

spo nds to a time step o f a ro und 20 yea rs, Th e ex pli cit 

sche m e b lows up for too la rge a tim e step, 

lf we turn no\\ to th e it era ted sc he m es ( Fig , 5 b a nd c ) 

the co rres po nd ing cases a re fo r wh e n th ere is " no un sta ble 
m a nilo ld co rrect ion", This term \I·ill be ex pl a ined in th e 
nex t sectio n, The Pica rd ite ra tio n is unsta ble fo r the 

wh o le ra nge 0 (' th e g ra ph , w hil e th e N ewto n- R a p hson 

ite ra tio n sho\l's a s ta ble tim e step up to a ro und 0,0 7, 
co rres ponding to 700 years in G ree nl a nd a nd 7000 yea rs 
in E as t Anta rc ti ca, 

No te th a t, fo r bo th Pica I'd itera ti o n a nd i\' e \\' ton­
R a phso n itera ti o n , th e first m a nifesta ti o n of insta bility is a 

H o pf bifurcatio n to a n oscillato ry s tead y s tate \I'ith 

(impli ed ) a n unsta ble s tead y sta te , 

Application: the correction vector and sub-space 
under-relaxation 

It has bee n see n th a t durin g no n-lin ea r ite ra ti o ns, using 

bo th th e' Pi ca I'd a nd N e\l'to n- R a phso n m e th od s, th a t if 

th e tim e step is sulTi c ientl y la rge, a H opf bifurca ti o n 
occ urs a nd a limit cyc le em erges , Assoc ia ted with this is 
th e fac t th a t if the tim e' ste p is sm a ll eno ug h (p res uma bl y 
re la ti\'e to th e spa tia l d isc re ti za ti o n in so me unspecifi ed 

way ) th e n th e itera ti\'e m a p ' 'spira ls'' o n to th e stead y 

so lutio n , Further increases in th e time s tep res ult in a 

typica l Feigenba um-like bifurca ti o n sequence : peri od 
do ubling, poss ibl y a ch ao ti c regio n , a nd, fin a ll y (no t like 
a F eigenba um seque nce) blow up, 

D e ta il ed in ves ti ga ti o n no t re p o rted h e re o f th e 

itera tio n seque nces shows th a t onl y o ne m ode bi furca tes 

as th e time s tep is in creased, Th e o ther mod es rem a in 

s ta ble, meaning th a t afte r a few ( typ ica lly t\l'O o r three 
ite ra ti o ns) th e co rrcc ti o n \Tc to r sim pl y m o \'('s bac k a nd 
fo rth a lo ng the sam e lin e in co rrect io n sp ace', w ith th e 
impli ca ti o n tha t it is o \'e rshoo tin g th e unstabl e so lu tio n 

equi\'alcm to ze ro error. I f o ne ass umes th a t th e m o\'C­

m cn t a lo ng thi s co rrec ti o n line is simpl y pro po rti o na l to 

th e erro r (in e ffect. linea ri z ing aro und th e soluti o n ) , th e n 
it is poss ibl c to com/Jllte a co rrec ti o n vcc to r o f op ti ma l size, 
w hi c h is m o\'ing a lo ng th e co rrect io n line a nd sho uld , i f' 

th esc ass umptio ns are co r rec t, reac h th e solutio n exac tl y, 

T hi s p rocedure a m o untS to a nume ri ca l T aylo r ex pa nsion 

o f' th e ite ra ti o n procedure proj ected o n to th e unsta ble 
m a nifo ld , 

O f cou rsc there a re p rob lem.s: th e d ecay of th e 
itera ti o n o n to th e co rrec tio n line is no t ins tan ta neo us, 
so o nc h as to dec id e whc n to sta rt thi s co rrec ti o n 

procedure; a lso, o ne infe rs th e correc ti o n lin c [ro m th e 

co rrec ti o n \ 'ec to rs. so thc directio n w ill onl y bc a p p rox i­
m a tel y co r rec t. Nc\'e rthcl ess, th c rcs ults a rc ve ry p ro mis­
ing: no t o nl y is cO I1\'C rge nce o r th e no n-linea r itcra ti o n 
accelera ted but cO l1\ 'e rgc nce occ urs \V ith thi s sub-space 
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m e th od wh e n th e it e ra ti o n wo u ld o th e rw ise h a \'e 

di\'e rged , beca use th c di\'e rge nce is a lo ng th e co r rec tio n 
line : th e unsta ble m a nifold on ly has dime nsio n o nc (a t 
leas t in th e reg ion o f' th e so luti o n ) w h ile (loca ll y) th e 

rem a ind er o f th e space is a sta b le m anifo ld , 

W e sh a ll wo rk in correc ti o n space a nd no t refe r to 

res idu a l space, L e t us co nsid er a n ite ra tive so luti o n o f 

som e no n- linea r eq ua ti o n w hic h ge ne ra tes a se ri es 0 (' 

a pproxim a te so luti o ns .1/,:1'1+l, .. " sequ e n cc be in g 
upd a ted by a seq ue nce of co rrec ti o n \'ec to rs cf . C(->- I , "" 
suc h th a t Xl+[ = Xl + cl, a nd le t th e erro r el, e l+1 , " , in 

the soluti o n vecto r xi, X(+ l , . , " re f'e r to th a t w hi ch exists 

befo re th e co rrec ti o n is m ad e , Our heuris ti c is simply th a t 
(cf , ri + L , ", ) = a (el , e l + 1 , ' , , ) , By thc ass umpti o n tha t 
th e decay is o n to a s trai g ht line in th e co rrec ti o n sp ace, 
wc can a lso simply sta te th a t 

Ile'll = Ilel
+ ' - el II =} allel'll = alli->- l - efll =} allelll 

IJrI+1 
- elll ' 

\I 'hence we o bta in 

a nd wc com p ute' o ur modifi ed cor rec ti o n \ 'Cc to r accordin g 
to 

A ll th ese no rms re fer to th e t\l'O no rm . C learl y, thi s 
technique wi ll o n ly work if't he itna ti o n h as con\'C'l'ged o n 
to th c sub-space , The dircc tio n e be twecn successi\'e 
correc ti o n \ 'ecto rs is easi I)' com pu ted acco rd i ng to th e 

norm a l proj ec tio n rule 

( 
d + l.rl ) 

e = a reeos Ild+'II.lldll 

a nd th e he uri sti c o f' th e itera ti o n is to d ec ide wh e n thi s 

a ng le is nea r eno ug h 0 or 7r fo r th e sub-space ite ra ti on to 

be \ 'ia ble , W e have o nl y looked a t itera ti o ns whi c h we re 

o \ 'C rshoo tin g ( thus requiring und er-relaxa tio n ), a nd we 
\I'em as fa r as sub-space itera ting wh e' n e ::=: 57r/6, A 
typ ica l ite ra ti o n sequ ence, as re/kned in th e \'a lue of e, 
th e sub-space a ng le , consists o fthi , a ng le d ecay ing o n to a 

\ 'a lue g rea ter th a n 57r/6 in two o r three iterati o ns, a t 

w hi c h point th e sub-space itera ti o n is a pp lied . The rea fte r, 

the a ng le sho wed a certa in a mount o f \ 'a ri at io n but 
seemcd to ha \'C a \'a lu c a ro und 7r/2, w hi c h is w ha t o nc 
wo uld expcC'l: th e co rrec t m agnitud e o f n is be ing 
co rrec tl y computed b ut th e a ng le is wro ng beca use of' 

in comple te COIl\ 'C rge nce o n to th e sub-space, res ul ting in 

th e so lu ti o n \ 'Cc to r being wro ng, 

Th e res ults or using th e un sta ble m a nifold co rrectio n 
a re sho \\'n in Fig ure 5 b a nd c, Pi ca I'd it erat io n is 
sta bili zed to a ti me step or a ro un d 0,08, w hil (' i\' ewton 
R a phso n itc rati on is sta b le to tim e ste ps \I'Cll bcyo nd 0,2, 

The unsta bl e ma nifo ld correction pe rmits sig nifi cantl y 

cnha nced ti m c s teps [o r a sm a ll co m pu ta li o na l i Il\ 'CS t­

mc nt. \\ 'he n used w ith Pi ca rd ite ra ti on , th e prog ra mming 
compl exity is ra r less tha n th a t ro r t'\n\"lo n R a phson 
it e ra ti o n , 

https://doi.org/10.3189/S0260305500013288 Published online by Cambridge University Press

https://doi.org/10.3189/S0260305500013288


3. CONCLUSIONS 

W e ha\ 'e ill\Tstigatedthe stab ility and accuracy ora nUlll­

ber or dilTerent disc reti za tions or the ice-sheet eq uation 
from a n e mpiri cal a nd a theorctical point of'\·iew. 

Our ana lysi s or the 9 a nd 13 point molecu le spatial 
discre ti za ti ons indica te th at bo th arc firs t order and th a t 
th ey hmT comparable acc uracies. It sho uld be stressed 

that this findin g is true o nl y or th e stcady-s ta te ice 

thi c kness \yith co nstant \·iscos it\·. \\'e find th a t full\-, . 
impli cit tim e-steppillg mcthods ca n increase th e max­
imum sta ble tim e step \"Cry dramat ica ll y a nd that they 
a lso remain com pet iti\ 'c when used \\'ith sho rt e r tim e 

s teps. 

The stud y o f a sca led ODE model o r the ice-sheet 

equatio n ca n be used as a tool fo r und ers tanding the 
mechan ism s beh ind nail-linea r instabilit y . For increas­
ing ly large linl<:' steps. thi s in sta bilit y has thc pcriod­
doub ling property typ ica l or a FeigeniJa um bifurcation 
sequcnce , \I'hi ch !:'\ 'entua ll y (not immediatel~') leads to 

n um eri ca l b lOlI' up. Th ese findings prompted the dewl­

op ment ora ge neral technique f(l r enhanc ing th e sta bility 
of it erated maps using th e unstab le m a nifo ld co rrect io n . 
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