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Abstract

We give upper bounds on the Walsh coefficients of functions for which the derivative of order at least one
has bounded variation of fractional order. Further, we also consider the Walsh coefficients of functions in
periodic and nonperiodic reproducing kernel Hilbert spaces. A lower bound which shows that our results
are best possible is also shown.
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1. Introduction

In this paper we analyze the decay of the Walsh coefficients of smooth functions.
Walsh functions walg : [0, 1) = {1, wp, .. ., a)z—l }, where k is a nonnegative integer
and wp, = €2™/? were first introduced in [11] and further early results were obtained
in [2, 6]. See for example [9] for an overview. It is well known that Walsh functions
form a complete orthonormal system of L, ([0, 1)), see [2, 7].

In analogy to our aim for Walsh functions, consider Fourier series for a moment: a
classical result says that the kth Fourier coefficient of an r times differentiable function
decays with order |k|™". An analogous result for the Walsh coefficients of r times
differentiable functions has been missing in the literature and is provided here.

The Walsh coefficients of functions which satisfy a Holder condition were already
considered in [6]. Here we consider the decay of the Walsh coefficients of functions
which satisfy even stronger smoothness assumptions, that is, have at least one smooth
derivative. It has long been known from [6] that the only absolutely continuous
functions for which all Walsh coefficients decay faster than 1/ k are the constants. Here
we refine this result by showing that for r times differentiable functions, the Walsh co-
efficients decay with order b=~ ~%minw.r) where k = k1b“ 1 4 - - . 4+ k,b% ! with
O0<«1,...,ky <bandaj > ---> a, > 0. That s, only the coefficients kK which have
only one nonzero digit in their base b expansion decay with order 1/ k, the others decay
faster. We also prove a lower bound which shows that this result is the best possible.
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The question of how the Walsh coefficients of smooth functions decay plays
a central role in numerical integration of smooth functions. In [3, 4] this decay
was implicitly used to give explicit constructions of quasi-Monte Carlo rules which
achieve the optimal rate of convergence for the numerical integration of functions with
smoothness r > 1.

Throughout the paper we use the following notation: we assume that b > 2 is a
natural number, and that kK € N (where N denotes the set of natural numbers) has
base b expansion k = kb kb where v>1, 0 <k, ..., ky <b,
and a; > - - - > a, > 0. For k = 0 we assume that v = 0.

Let the real number x € [0, 1) have base b representation x = x1/b + x3 /b2 4+,
with 0 < x; < b and where infinitely many x; are different from b — 1. For k € N we
define the kth Walsh function by

waly (x) = wzlxal + Tt Ky Xay, i
where wp, = e271/%. For k = 0 we set walg(x) = 1.
For a function f : [0, 1] — R we define the kth Walsh coefficient of f by

1
Fo = fo FOwal () dx

and we can form the Walsh series
w ~
)~ flowal(x).
k=0

Among other things, it was shown in [4] that if a function f:[0, 1] - R has
r — 1 derivatives for which "~ satisfies a Lipschitz condition, then | f k)] <
C b~@ = ~min~v) for some constant C, > 0 independent of f and k. An explicit
constant was also given in [4].

In this paper we improve upon the results in [3] and [4] in several ways. We improve
the constant C, mentioned above and also obtain a constant for » = oo (in [4] we have
C, — oo for r — 00). (In the context of numerical integration this is interesting as we
want to know how the integration error depends on the smoothness.) If the function
and all of its derivatives are periodic, then the result can be strengthened. This was
already used implicitly in [3], but will be shown explicitly here.

We need the following lemma which was first shown in [6] and appeared in many
other papers (see, for example, [4] for a more general version). The following notation
is used throughout the paper: k' =k — «1b® 1 and, hence, 0 < k' < b1~ 1,

LEMMA 1. Fork € Nlet Jy(x) = [ walg(t) dt. Then

Je(x) = b~ ((1 — ;N twalp (x) + (1/2 + (w, " = D™ Hwal (x)

oo b—1
+ Y by - 1)—1wa1%al+c_1+k(x)).

c=19=1
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Fork =0, that is, Jo(x) = f(;c 1dt = x, we have

oo b—1

JoG)=1/24 "3 " b~ (w) — 1) 'walype1 (). (1)

c=19=1
We also need the following elementary lemma.

LEMMA 2. Forany 0 < k < b we have

11—, ™! and [1/2 + (0, — 1

S N -, i~ )_1| S ~N -, i~
2 sin(w /b) 2 sin(mr /b)

We introduce some further notation which is used throughout the paper: for v > 1
let K’ =k’ — kb~ and hence 0 < k” < b®~!. ForleNlet [ =1 b~ ... 4
Awbdw_l, where w>1, 0<Ay, ..., Ay <b, and d| > - - - > d, > 0. Further, let
I'=1—xb"Vandhence 0 <!’ < b1 Forw > 1let!” =1’ — Apb%>~!, and hence
0<!" <bbl

2. On the Walsh coefficients of polynomials and power series

In the following we obtain bounds on the Walsh coefficients of monomials x”. Let

1
Xro (@l o ooy Ay KL, -y Ky) :/ x"walg(x) dx.
0

For k = 0 we define y, o, which is given by

[oer
= X X = .
Xr,0 o P

We know from [4, Lemma 3.7] that the Walsh coefficients of x” are zero if v > r,
hence we have y,, =0 forv > r.

The Walsh series for x is already known from Lemma 1, thus (note that we need to
take the complex conjugate of (1) to obtain the Walsh series for x)

Xii(ars k) ==b"" (1 —w, )", )
It can be checked that |x1.1| < % Indeed, we always have

1 1 1
|X7‘,U(alv"'7av;K17"'7KU)|S/ xr|Walk(x)|dx:/ xr dx:
0 0 r+1

forall r, v > 0.
We obtain a recursive formula for the x;, using integration by parts, namely

1 1

x”Jk(x)dxz—r/ N x) dx. (3)
0

1
/ x"walg (x) dx = Jk(x)xrl(l) —r /
O O
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Using Lemma 1 and (3) we obtain for | <v <r and r > 1 that

Xro @i, o, aps K1, oo Ky)
=—rb™% ((1 — o, N 01 (@2 Ay K Ky)
+(1/24 (@, = D Demrlar, vk, )
oo b—1
+ Z Z b*C(wZ - 1)71X}’—1,U+1(a1 +Ca a17 AR ) av; ‘0’ Kla LR} KU))'
c=19=1
4)
From (4) we can obtain
-
Xrr (@1, s Qs KL e, Kp) = (=D rlp= 1_[(1 - wb_Kw)_l
w=1
and, with a bit more effort,
Xrr—1(Q1, oo Qr_15 K1, oy Kr—1)
r—1
= (=D TT = w0,
w=1
r—1
x (—1/2+ D172 4 (@, — 1)—1)b—“w>,
w=1
forallr > 1.

In principle we can obtain all values of y; , recursively using (4). We have already
calculated x;, for v =r, r — 1 and we could continue doing so forv=r —2, ..., 1.
However, the formulae become increasingly complex, so we only prove a bound
on them.

For any r > 0 and a nonnegative integer k we define

0 forr =0, k>0,
0 fork=0, r >0,
(k) =
a+---+a, forl<v<r,
ai+---+a, forv>r.
LEMMA 3. For1 <r < v we have x,, =0 and for any 1 <v <r we have
|Xroa, ..y ap; K1, oo, k)|

r 3min(1,u) 1 1 max(0,u—1)

< min p~Hu® . [ O —

0<u<v (r —u+ 1)! (2sin(w/b))* b bb+1)

PROOF. The first result was already shown in [4].
For the second result we use induction on . We have already shown the result for
r=v=1.
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Now assume that

|Xr—1,v(a1, LR ] aU; K17 LI ) Kv)l
—_ 1\ min(1,u) max(0,u—1)
< min b H® (r = D! 3, + 4+ — ] .
T O<u<wv (r —u)! (2sin(w/b))* bb+1)

We show that the result holds for r. We have already shown that |y, ,| < 1/(r + 1),
which proves the result for u = 0.
By taking the absolute value of (4) and using the triangular inequality we obtain

|Xr,v(al, LI ) av; K17 LECRLIE ) KU)|

— —K1,—1
Srb a](|1_a)b ll |Xr—1,v—l(a27--',av;/{%---,’cv)l

F11/24 @, = D7 i@, o avs k1, )]
oo b—1
+ ) Zb o — 117!
c=1 9=
X |Xr71,v+l(al +C, al? L) aU; 07 K13 AR} KU)l)' (5)
Using Lemma 2, |x,—1,»| <1/r and Zf‘;l b=¢=1/(b — 1), we obtain from (5)
that
3p4
ey > 9 ey S.—7
[xrv(ai, ay; K1 Ky)] 2 sin(e/b)

which proves the bound for u = 1.
To prove the bound for 1 < u < v we proceed in the same manner. Using Lemma 2,

and
|Xr—1,'U(a17 LR ] av; Klv LR ] K'U)|
_ in(1,u—1) max(0,u—2)
< b_ﬂu—l(k) (r 1)' 3mln ! 1 + l + ;
= (r —u + 1)! 2 sin(z/b))u—! b(b+ 1) ’
we obtain
IXrv(@y, ..., ay; k1, ..., Kyl
rb=%
<— Avtlar, ... ayi ko, ...,
< 2Sin(7t/b)<|xr Lu—1(az ay; K2 Kp)l
+ [ xr— lv(ala-- Ay K1y ooy Ky)|
+ Zzb “Ixr—1,041(a1 + ¢, al,--.,av;ﬁ,xl,--.,Ku)l)
c=1 9=
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7! 3min(1,u) 1 1 max(0,u—2)
<p7hu® : I+
r —u+ 1)! 2sin(/b))" b+ 1)

o p2—ai
| _
x( + + bl )

7! 3min(l,u) 1 1 max(0,u—1)
. T+t :
(r —u+ 1)! 2sin(x/b))* bb+1)

as ZS‘;I 3;11 b= = 1/(b 4+ 1) and a; > ap. Thus, the result follows.

< b_lflfu (k)

435

a

Letnow f(x) = fo + fix + fox> + - - - . The kth Walsh coefficient of f is given by

1
f(k)=/ f(x)ywali(x) dx
= Zfr/ x"walj(x) dx

= Z err,v(ala ce s Ay KT, e Ky).
r=v

We can estimate the kth Walsh coefficient by

R )
|f(k)|: }’U(al’-",av;Kly-"’KU)fr
o
=< Z Ixrv(a, ..., ay; K1,y ko)l frl
00 | min(1,u)
< Z | min b~H«®) i 3,
= O<u<v (r —u+ 1)! 2sin(zw/b))“

1 1 max(0,u—1)
1 -
( Tyt bbb+ 1))
3mm(1,u) 1 max(0,u—1)
< min b_l‘vu(k).— 1 —
O<u<v (2 sin(r /b))* b bb+1)
0 !
« Z r!l fr] ‘
= (r—u+1)!

Hence, we have shown the following theorem.

THEOREM 4. Let f(x) = fo+ fix + fox> +--- and letk € N. Then
3min(1,u)
(2 sin(ww/b))H

1+ 1 N max(0,u—1) oo r!|fr|
b(b+1) = r—u+

|f(k)] < min p~H«®)
0<u<v
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REMARK 5. This result cannot be obtained directly from [4], as there the constant for
a power series would be infinite.

The bound in the theorem of course only makes sense for u for which

Zroiv @ frl/(r —u + 1)!) is finite. We give some examples.

° For f € C*®([0, 1]) we have f")(0)=r!f.. If | f*)(0)| grows exponentially
(as for f(x) =™ witha > 1), then Y22 (| £ (0)]/(r — v + 1)!) will be finite
for any v € N. The theorem implies that the Walsh coefficients decay with order
O Ho®)y,

° Using Sterling’s formula we obtain that

r!
(r—v+ 1!
as r tends to infinity. For f(x) =1/(1 —cx) with 0 < ¢ < 1 we have f, =c".
In this case we have

i rigl i —v+ D)Vl =0t irv_lcr <00
(r—v+ 1! =

~(r—v+ D!

for all v € N. The theorem implies that the Walsh coefficients decay with order
O Ho®)y,
For f € C*([0, 1]) with f(x) =72 frx" we define the semi-norm

(r)
Il = Z £l = Z w

r=1
Then the (v — 1)th derivative of f is given by

(—1) o~ (v—1+47)! o r! il
Y (x):Zva_er’: Z = frx "

r=0 r=v—1 (}" —v+t 1)'

and

v o~ TS| 10O
I 1)||:;(r—u+1)zZr;(r—vﬂ)!'

Hence, we obtain the following corollary from Theorem 4.

COROLLARY 6. Let f € C*®([0, 1]) with || f@| < oo for all z € Ny. Then for every
k € N we have

R 3 1 1\
— (k) =1
lfl=b @i /b))" (1+ +b(b+1)) [P

Let us consider another example: let f, = r=% with § > 1. So, for example,
we can choose u = min(v, [§] —2) in the theorem above, which will guarantee
that Zf’;v # fr1/(r —u + 1)!) < 0co. On the other hand, this sum is not finite for
[61 —2 <u <v. The theorem implies that the Walsh coefficients decay with order
O(b~#minw.151-2(®)) - Note that this function f is only [8] — 2 times continuously
differentiable. We consider this case in the next section.
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3. On the Walsh coefficients of functions in C" ([0, 1])

In this section we prove an explicit constant C,, which is better than the constant
which can be obtained from [4].

Before the next lemma we introduce a variation of fractional order: For 0 < A <1
and f:[0, 1] — R let

N
[ f(xn) = f =1l
Vi) = sup i — 1 -
O=xp<xj<--<xy_1<xy=1 ;] |xn — Xp—1]

’

where the supremum is taken over all partitions of the interval [0, 1].
If f has a continuous first derivative on [0, 1], then

1
V1(f)=/0 | £/l dx.

If f satisfies a Holder condition of order 0 <A <1, that is, |f(x) — f(y)]| <
Crlx — y|)‘ for all x, y € [0, 1], then Vi (f) < Cy.

The following lemma appeared already in [6] (albeit in a slightly different form, see
also [4, 8]).

LEMMA 7. Let 0 < A <1 and let f € L7([0, 1]) satisfy V,(f) < oo. Then for any
k € N, the kth Walsh coefficient satisfies

|f (k)] < (b — DFp=2a1y, (£).

Thus, the decay of the Walsh coefficients of functions with smoothness 0 < r <1
has already been considered and we deal with > 1 in the following.

Now let f € £5([0, 1]) with Vy (f) < oo and let Fy(x) = f(;c f(y) dy. Then using
integration by parts as in the previous section, we obtain for k € N

1 1
Fi (k):/ F (x)walg (x) dx:—/ £ Je(x) dx.
0 0

Substituting the Walsh series for J; from Lemma 1, we obtain
Fi(k) = —b" ((1 —w, VT R + (124 (@, = D) f k)

+ ) D by = D) fbte 4 k)).

c=1v=1

Taking the absolute value on both sides and using the same estimations as in the
previous section, we obtain

2 L £/ £ _ - —c| 7 a+c—1
|F](k)|§2sin(n/b)(|f(k)|+|f(k)|+(b I)Zb | f (D™ +k)|)- (6)

c=1
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Thus, using Lemma 7 we obtain for k € N with v > 2 that

b - 1)1—4—)»

.Y
2 sin(m/b) (1+2675).

|Fi(k)| < b~ 72V, (f)

For k = ;6% we obtain

—ay

b n
|F1 (k)| < muf(on +2(b — DY, ().

Defining F,(x) = fo »—1(y) dy for r > 1, we can obtain bounds on the Walsh
coefficients of F, by using induction on r. Using similar arguments as in the proof of
Lemma 3 we obtain for v > r that

(b— D1 420" 1 1 !
(2 sin(z/b))" (1 R 1)> - @

|E, (k)| < b~ rr =2y, ()

and for v = r that

P ——
| |_(251n(n/b))’ * +b(b—|—1)

X (I £ (0)] +2(b — D! Tp=2arv; (£)). (8)

For 1 < v < r, we have

L p—r (k) X 1 1 v—1
E. - -
BOl= G5 </b))v< "5 +b<b+1))

X (|Fr—p(0)] +2(b — Db vy (F, ). 9)

Note that we also have

Fr(x) = / f(t) )S, dt,

where
(x — t)f[] =(x— t)r_ll[o,x)(t) forO<x,t<1 and 1y, (#)is1fortel0, x)

and zero otherwise.
A function f € C” ([0, 1]) for which V;(f)) < oo can be represented by a Taylor
series

f)=f0)+

(O =D
f () 4. +]Zr_1()v) =1 / f(r)(t) )lJ)r' dr.
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With this we can now obtain a bound on the Walsh coefficients of f. For v > r we
know from [4] that

M (r=1)
/(f(0)+f © —I—--‘—I-%x’_l)walk(x)dx:o.

To bound the Walsh coefficient of

o G0
[0t

for v > r we can use (7) to obtain

2 )=y (&= DA +2677) ( ! ! )r_l
If®I<b V) TG G )y e tiesn)

For v = r we can use (8) to obtain

- r(k) r—1
)| < L(l + 1y ;>
(2 sin(r/b))" b(b+1)
X (IF O] + 26 — D=2y, (£O).

For 1 < v < r we have

1 (1) r=1
V (f(0)+f (O)x—|—- +f (O)x’ 1)walk(x)dx
0 1! (r—1!

3 | 1 vzl 90
—pr (k) -
=b (Zsin(n/b))v(1+b+b(b+l)) = (s—v+ 1)

and, therefore, using (9), we obtain

. ) 1 1 v—l1
ol = (2si (”/b))v( T b(b-i-l))

r—1 (s)
X[3 (If (O]

1y (/@126 - DT Vx(f(”)))}

S=v

where f @) (0) denotes the zeroth Walsh coefficient of ). We have shown the
following theorem.

THEOREM 8. Let f € C" ([0, 1]) with V;L(f(’)) < 0o, and let k € N. Then, for v >r,
we have

2 k) —ha (r, b= D"*a +2b‘k)( 1 1 >"1
JOI=? I T Gy T e )
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forr=v
o < —pr (k) . 1 1 r—1
A <2sin<n/b)>r( Tt e 1))

1
X ( / £ (x) dx
0
and, for v < r, we have

\ b 1 LTS 120
O G sine by (1 T bt 1)) [3 Z: G—vt 1)

1
+ <V FOx) dx
0

We also prove bounds on the decay of the Walsh coefficients of functions from
Sobolev spaces. For this, we first need bounds on the Walsh coefficients of Bernoulli
polynomials, which we consider in the next section.

+2(b — D! TAp=rar vA(f“))),

+2(b — DI Trpha Vk(f(“)))].

4. On the Walsh coefficients of Bernoulli polynomials

For r >0, let B,(-) denote the Bernoulli polynomial of degree r and b,(-) =
B,(-)/r!. For example, we have By(x) =1, Bj(x) =x — 1/2, Bo(x) =x% —x 4+ 1/6
and so on. Those polynomials have the properties

1
b).(x) =b,—1(x) and / b (x)=0 forallr>1.
0

We obviously have bé(x) =0and fol bo(x) dx = 1. Further, B, (1 — x) = (—1)" B, (x)
and also b, (1 — x) = (—1)"b, (x). The numbers B, = B, (0) are the Bernoulli numbers
and B, = 0 for all odd r > 3. Further, for r > 2,

1

D R e for0<x < 1. (10)
i)

heZ\{0}

br(x) = —

It is more convenient to calculate with b, (-) rather than the Bernoulli polynomials.
Forr >1and k € N, let

1
Bro(ai, ..., ay; k1, ..., Ky) :/ by (x)waly(x) dx.
0

As for x;.,, we also have B, , =0 for v > r. Further, for k =0 let v = 0 and we have
Bro=0forallr > 1.
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The Walsh series for b; can be obtained from the Walsh series of Jy from Lemma 1
and is given by

oo b—1

bix)=x—1/2=Y > b (" = 1) 'walype1 (x).
e=1v=1
Thus,
Bri(ar; k1) =—b"(1 —w, )"
Using integration by parts and Ji(0) = Ji(1) = 0 we obtain for all r > 1 that
1

1
/ b, (x)walg(x) dx = — / by 1(x)Jr(x) dx. (11)
0

0
Using Lemma 1 and (11) we obtain for 1 <v <r and r > 1 that

ﬁr,v(ala "-aal);Kla "-aKU)

— —K —1
=—b" ((l—wb DT B—tu—1(a2, .. ayi K2, Ky)

+ (124 @, " = DB @t - Ay K s Ky)
oo b—1
+ Y b @) = D B
c=1 9=1
x(a1+c,a1,...,av;l?,Kl,...,KU)). (12)

From (12) we can obtain
,
IBV,I’(a17 ] ar; Kly.o., KI’) - (_l)rb_al_m_ar 1_[(1 - wb_l(s)_l
s=1

forall r > 1.
The first few values of B, , are as follows:
e r=Lpo=0p1a;k)=-b"(1—-w,
o r=2:0=0,Ba1(ar; ) =b"1(1 -, ) (1/2+ (@, = D7),
Bralar, ax; ki, k2) =b"72(1 — w711 — 0, )L
In principle we can obtain all values of B, , recursively using (12). We have

already calculated B, , for v = r and we could continue doing soforv =r — 1, ..., 1.
However, the formulae become increasingly complex, so we only prove a bound on
them.

For any r > 0 and a nonnegative integer k, we introduce the function

0 forr=0, k>0,

0 fork=0, r >0,
,ur,per(k)=

aj+---+ay+ @ —va, forl<v<r,

ar+---+a, forv>r.
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LEMMA 9. Foranyr >?2and 1 <v <r we have

b*l/br,per(k) 1 1 r-2
Ce Ay K, = Sarr ! '
Brolar, ... avi k1 = G by ( A 1>)

PROOF. We prove the bound by induction on r. Using Lemma 2 it can easily be seen
that the result holds for » = 2. Hence, assume now that » > 2 and the result holds
for r — 1. By taking the absolute value of (12) and using the triangular inequality
together with Lemma 2 we obtain

|13F,U(a17"'7aU;K19-‘-7KU)|
b~4
<— _1o—1lan, ..., ay; k2, ..., K
= 2 sin(z/b) <|.Br Lv—1(a2 vi K2 ]
+ |Br— lv(al,-- Ay K1y ooy Ky)|
+ZZb |ﬂr1U+1(a1+cal,...,av;ﬂ,m,...,xv)o.
c=1 9=

We can now use the induction assumption for |8, —1 y—1l, |Br—=1.v], |Br—1,0+1]. Hence,
for v > 1, we obtain

|ﬂr,v(a17 LR ] a‘U; K17 LR ] Kv)l

b Hr,per (k) ( 1

1 r—3 >
ar—aj
= @sn@my \ T T b+ 1)) (1 R ; =

b—1
b—2cba2—a1>
1

By noting that ) 02, Zg;ll b~ = (1/(b + 1)), and a| > a; we obtain the result.
For v = 1 note that §, o = 0. In this case we have

bfp.,_per(k) 1 1 r— oo b—1
|ﬁr,1(al;’<1)|§m<1+b+m> <1+;;b 2‘)
b~ Hr.per (k) 1 1 r=2
= (2 sin(rr/b))" <1 Tyt b(b + 1)) ’

which implies the result. O

The b, are polynomials, but using (10) we can extend b, periodically so that it is
defined on R. We denote those functions by b,.. Then, for r > 1,

bay (x) 2 ih*zr 2rhx  forx € R
h(X) = 5 cos2mhx forx ,
Qo)™ =

and
- ( 1)r+1 o) ot
byr41(x) = WZh "~lsin2whx  forx € R.
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From this it can be seen that gr(x) = (—l)igr(—x) for all r >2. Note that for
x,y€e[0,1] we have Dby (lx —y))=by(x—y) and byii(lx —y))=
(—1)1x<.Vb2r+1(x —y), where 1,y is one for x <y and zero otherwise. We also
extend B, (-) periodically to R, which we denote by B, (-). _

In the next section we also need a bound on the Walsh coefficients of b, (x — y).
For k, [ >0, let

1 1
Yok, ) = / / B (x — y)ywalgrywaly(y) dx dy
0 0

1

=——— > huAThl,
Q)" o

where

1
Thok =/ 2 yal, (x) dx.
0

We have y,(k, 0) = y,(0,1) =0 for all k, [ > 0, as f;ﬂ E,(x) dx =0 for any z € R.

Further we have y, (I, k) = (—1)"y»(k, [) and therefore also |y, (k, )| = |y (I, k)|.
We obtain bounds on y, by induction. In the next lemma we calculate the values

of y2.
LEMMA 10. Forallk,l > 0 we have y2(k, 0) = y2(0,1) =0. Fork, [ > 0 we have
1 1
p—2a1 (2— _ _) ifk =1,
2sin” kyw/b 3
b—al—dl (a)b_"‘ — 1)_1(a)21 — 1)_1 ifk/ =l > 0,
and k #1,

b—a1—d1(1/2_|_ (wh_M _ 1)_1)(0)}7_’(1 _ 1)—1
e =1 67212+ (@ = DTHA —w, )7 K =1,
b=~ (172 + (! — D™Dy — D!

6720 (1/2 4 (@, = DTHA =) k=T

b= 172 (1 — w, ") Nw, " — D7 ifk" =1,
b=h=(1 — )N o) — 17! ifk=1",
0 otherwise.

PROOF. Note that y»(k, 0) = »2(0,1) =0 for all k£, >0, as f;ﬂ Ez(x) dx =0 for
any z € R.

Now assume that k,/>0. The value of y,(k, k) has been obtained in
[5, Appendix A] (but can also be obtained from the following).

The Walsh series for

c=y)? =yl 1
2 2 6

ba(x —y) =ba(lx — y|) =
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can be calculated in the following way: we have x = Jo(x) and y = Jy(y) and so

(x —y)? _ (Jox) — Jo())?
2 2 ’

Furthermore,
1
lx —yl=x+y—2min(x, y) =x +y — 2/0 Lio,x) () 110,y (¢) dt,

where 1o ,)(t) is one for ¢ €[0, x) and zero otherwise. Note that Ji(x) =
Jo walc(t) dt = fol 1jo.x) (1)walg (¢) dt, which implies

o0
Ljo,0)(t) = Z Je(x)walg (7).
k=0
Thus,

1
min(x, y) = / Lo,x) (t) 10,y (2) dt
0

00 1
> In@) () f waly (f)wal, (1) d1
0

m,n=0
O —
=Y In()Im().
m=0
The Walsh series for Zg (x — y) is therefore given by

_ Go()? + Go)? = Jo(x) —
2

- J\ o 1
by(x —y) (&) + Z I () I (y) + &

m=1

We have

1 r__ -
va(k, 1) = /0 fo by (x — y)walg(x)wal;(y) dx dy

1 Ir 7 (+v)\2 2 7 00
Z/O /O [(JO(X)) + (Jo(¥))™ — Jo(x) — Jo(y) +ZJm(x)Jm(y)+é}
m=1

2
x walg (x)wal;(y) dx dy

00 1 1
> [ mmal ds [ omwalio) dy.
m=1

It remains to consider the integral fol Ju(x)walg(x) dx. Let m =nb®~! +m’, with
0<n<b,e>0,and 0 <m’ <b®"!. Then

1
f I (x)walg (x) dx
0

1
=b‘e((1 —wZ)‘1/ wal,y (x)walg (x) dx
0
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1
+ (1/2+ (w] — 1)1)f wal,, (x)walg (x) dx
0

b—1

1
+ Z Z b_c(a)b_ﬁ - ! /0 walypere-1 4, (x)walg (x) dx).

c=19=1
This integral is not zero if and only if either m’ = k, m =k or m + 9b¢*t¢~! =k for

some ¥, ¢. Analogously the same applies to the integral fol Jm(y)wal;(y) dy. Hence,
we only need to consider a few cases for which y»(k, [) is nonzero, and by going
through each of them we obtain the result. O

Note that many values for y»(k, [) are zero, in particular, if k and / are sufficiently
‘different’ from each other. This property is inherited by b, for r > 2 via the recursion

yrk, 1) = —=b~" <(1 — @, )7y K D+ (/24 (@, = DDy, D)

oo b—1
+ ) D b w) = DT e @b 4k, 1)).

c=1 9=1
This recursion is obtained from

1l
yr(k, l)=—/0 /o by—1(x — y)Ji(x)wali(y) dx dy, (13)

which in turn can be obtained using integration by parts. In the following lemma we
show that y;,(k, [) = O for many choices of k and /.
LEMMA 11. We have the following results.
(1) Foranyk, >0 we have y,(k, 0) = y,(0,1) =0.
(2) Fork,l>0with|v—w|>r wehave y,(k,[) =0.
(3) Letk,l > 0suchthat|v—w|<r.
(1) I.fvzl’ but (Kl,al)?é()‘w, dw)r then Vr(k, l)=0
() Ifw=1, but (1, dy) # (o, ay), then y, (k, ) =0,
i) Ifr—1<|v—w|<r, but
(avfmin(v,w)qtl, « ooy Qyy Ky—min(v,w)+1s + - - » Ky)
# (dy—min.w)+1> - - - » ws Aw—min@,w)+1> - - - » Aw),
then y,(k, 1) = 0.
iv) Ifv,w>1land0<|v—w|<r —2, but
(av—min(v,w)+2, <o Ay, Ky—min(v,w)+25 - -+ » Ky)
?é (dwfrnin(v,w)+2, e dwa )\wfmin(v,w)+29 e Aw),
then y,(k, ) = 0.
PROOF. (a) This follows from [“*' b,(x) dx = 0 forall z € R.

(b) Wehave y»(k, ) =0for [v — w| > 2, which follows from Lemma 10. Letr > 2.
Then by repeatedly using (13) we can write y,(k,!) as a sum of y,(m;, n;)
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for some values m;, n;; that is, y,(k, 1) = Zi’j aj jy2(m;, nj). However, if
|[v — w| > 2, then the difference between the number of digits of m; and n; will
be larger than two and, hence, y; (k, [) = 0 by Lemma 10.

(c) For r =2 the proof follows again from Lemma 10: if v=1 (w=1), then
k" =0 (I' =0 respectively) and we only have the cases k=1, k=1 (I =k,
respectively), and k =1" (I =k”, respectively) for which the result follows.
The case 1 < |v — w| <2 comprises the cases k' =1, k=1’ k" =1, and k =1".
The case v = w can be obtained by considering k =1, and k' =" with k # 1.
For r > 2, we can again use (13) repeatedly to obtain a sum of y,(m;, nj).
The result then follows by using Lemma 10. O

In the following we prove a bound on |y, (k, [)| for arbitrary r > 2. We set
/Lr,per(k, )= Ofgfl;(r //vs,per(k) + Mr—s,per(l)-

LEMMA 12. Forr >2and k,l > 0 we have

Zb_ﬂr,per(ksl) 1 1 r=2
<= (14— ) .
vk Dl =5 s1n(n/b))’( Tt 1))

PROOF. For r =2 we use Lemma 10, and [1/2 4+ (w,” — DY, lw, ™ — 17 <
(2 sin(7r /b)) ! to obtain the result.

Let now r > 2. By taking the absolute value of (13) and using the triangular
inequality together with |1/2 4 (w, " — DY, lw, ™ — 117" < @sin( /b))~ we
obtain

—ay

lyr(k, DI = 7 e (Iyr—l(k/, DI+ lyr—1(k, D

n(/b)

oo b—1
+ Y by @b 1k, 1)|>.
c=1v=1
By using integration by parts with respect to the variable y in (13) we obtain a similar
formula to (13). Hence, there is also an analogue to (14).
Without loss of generality, assume that k > [ (otherwise use the analogue to (14))
and assume that the result holds for » — 1. Then

—a 1 1 r—3
vk, D) < ———— 1+ -+ ——
vk Dl = 5 s1n(7r/b))’< T Tt 1))
X (bﬂr—l.per(k/vl) _i_b*,ur—l.per(kvl)

o0
+ (b -1 Z bclur—l.per(bal_'—c_l‘H{,l)) .

c=1
We have a; + Mr—l,per(k/» D= Mr,per(ks 1), a1+ ,U«r—l,per(kv D> Mr,per(k, [), and
a + ,l/Lr—l,per(bal-i_C_1 +k,D)=2a;+c+ //Lr—Z,per(ky D>c+ //Lr,per(ky D).
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Therefore, we obtain

2b—llr,per(ksl) 1 1 r—3 1 h—1&
r k’l =< e~ 1 - — 1 — —_— b_zc .
7 )|_(2sin(7r/b))’( +b+b(b+1)> ( M ; )
As Y20 b2 = (b* — 1)7!, the result follows. 0

5. On the Walsh coefficients of functions in Sobolev spaces

In this section we consider functions in reproducing kernel Hilbert spaces. We
consider the Sobolev space H, of real valued functions f:[0, 1] - R, for which
r > 1, and where the inner product is given by

r—1 1 1 1
=3 [ fOwar [ 0w art [ 0w dx
s=0

where f®) denotes the sth derivative of f and where f© = f. Let || Il = /{f. f)r.
The reproducing kernel (see [1] for more information about reproducing kernels) for
this space is given by

" By(x)B, L Boy(x —
Koo y) = 3 BBy B =)

— (512 @2r)!

bs ()b (y) — (—1) ba, (x — y),
s=0

see, for example, [10, Section 10.2]. It can be checked that
FO) = Kr 5 y))r

r 1 1
=) /0 @) dx by(y) — (1) /O FO@)b(x - y) dx.
s=0

A bound on the Walsh coefficients of bg(y), ..., b-(y) can be obtained from
Lemma 9. For the remaining term we use Lemma 12. We have

br(x —y)= Y yrlk, Hwalg(x)wal; (y)
k=1

and therefore the mth Walsh coefficient for the last term is given by
1 pl
-1’ / / FO @by (x = y) dx waly () dy
0 Jo

00 1 1
=" Y vk 1D /0 £O (xywale(x) dx /0 wal; (y)waly, () dy

k=1

00 1
=Y yr(m. k) / £ (x)walg (x) dx.
k=1 0
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We can estimate the absolute value of the last expression by

o0 1
Zm(m,knfo £ ()] dx

k=1
Lo 2
< r dx —
—/0 Ol S G b))y
1 1 r—2 00 -
1 _ b_l/vr,pcr m, .
X<+b+b(b+1)) ];
i (m )0

It remains to prove a bound on the rightmost sum, which we do in the following lemma.

LEMMA 13. Foranyr > 1andm e N

o0

k=1 b b-1
yr (m,k)#0
PROOF. Let m=nb*' '+ ...+ n.b%"!, where 0<n,...,n,<b and e >

-+ - > e; > 0. We consider now all natural numbers k for which y,.(m, k) # 0. From

Lemma 11 we know that y,(m, k) =0 for |[v — z| > r. Hence, we only need to

consider the cases where |[v — z| <r.

° v =max(z — r, 0): If z — r <0, then this case does not occur; otherwise there is
only one k for which y, (m, k) # 0, and we obtain the summand b~ Hrper(m)

° v=max(z —r + 1, 0): Again if z —r 4+ 1 <0, then this case does not occur;
otherwise we can bound this summand from above by b~ Hrper (=1,

. max(z —r+1,0) <v <z: First, let v=1. Then «; =1, and a; =e;.
Therefore, k is fixed, iy, per(m, k) = iy, per(m), and b= Hrper (MK = p=trper(m),
Let now v > 1, which implies z > 1 (as z > v) and z — v + 2 < r. In this case

(QZs AR ] alh K27 LR ] KU) = (eZ—v+23 AR ] eZa T]Z—U-‘r27 LR ) nZ)'
Thus,
:Uvr,per(my k) = Mz—v+1,per(m) +ar + I'Lr—(z—v+2),per(k/, k/)
= Mr,per(m) + a1 — ay—z4r.

Note that v —z +r > 1. Leta, = aj — dy—;4r > v — z +r — 2. Then the sum
over all k for which 1 < v < z is bounded by

z 00 00
b—llr,per(m)(b —1) Z Z b—d' < b Hrper (m) Z pvt2 < b—,ur,per(m)b b -
v=2 -

v=2 a'=v—1
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° z+1<v<z+4+r—2Ifz=1,then2 <v <r — 1 and, by Lemma 11, we have
N1 = ky and e = ay. In this case  per(m, k) = [y, per (k) and

Mr,per(k) - Mr,per(m) =@ —ay)+-+(a—ay) + @ —v)(ay —ay)
=da +---+a,_y,

where a; =a; —a, and a] > --->a,_, >0. The sum over all k for which
2<v<r —1,and y.(m, k) # 0, is then bounded by

rii(b _ l)U*I Z b*ﬂr,per(k)
v=2

ap>->ay_1>ay=e1>0

r—1
< pHrper(m) Z(b — ! Z pU
v=2

ay>-->a, >0
r—1
< b_llfr,per(m) Z b_(v_z)
v=2

< b—ﬂr‘per(m)

b—1
Forz>1landz+1<v<z+r—2wehave
(aU—Z+27 <, Ay, KU—Z+27 ---,Kv):(€2, "'5627 7725 "'7772)

and v — z + 2 <r. Thus,

/’Lr,per(m’ k=a+---+ ay—z+1 t e+ l/Lr—(v—z—i-Z),per(m/’ m/)
> Urper(M) — tr—1,per(m’) +ai + -+ 4+ ay_z41
+ Wr—(v—z+2),per(m’, m")
= Mrper(m) Fay+ - a,_y,

where a; =a; — ey =a; —ay—z42 and @y > --->a;_ ., > 0. Thus, the sum
over all k for whichz 4+ 1 <v <z +4r — 2 and y,(m, k) # 0 is bounded by

z+r—2
b_llr,per(m) Z (b _ 1)U—Z+1 Z b_ai_m_a;fz+1
v=z+1 a;>...>a;_z+1>0
z+r—2
< b_l‘vr.per(m) Z b—l_..._(v_z)
v=z+1
b_ﬂr.per(m)
<
- b—1
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L4 v=_z+r: In this case /Lr,per(m» kKy=a1+---+a — //Lr,per(m) + Mr,per(m),
where iy per(m) < ray41. Thus,

ap+---+ar — Wrper(m) = (a1 — ary1) + - - - + (@ — ar41)

and a; > - -- > a, > a,41. Hence, the sum over all k for which v=2z+47r is
bounded by

(b _ l)rb*llr.per(m) Z b*alf"'*ar < b*l/ﬂr.per(m)b*r(rfl)/;

ay>-->a,>0

° v=z+r—1: in this case yper(m, k) =ay+---+ar — py,per(m) +
Mr,per(m), where now a, = ey and k, = 1 are fixed. Hence, the sum over all
k for which v = z 4+ r — 1 is bounded by

(b _ l)r—lb—l/«r,per(m) Z b—al—u._a,_] < b—,ur.per(m)b—(r—1)(r—2)/2'

ay>-->a,_1>0

By summing up the bounds obtained for each case, we obtain the result. O
This implies the following theorem.

THEOREM 14. Letr > 1. Then for any k € N we have

r 1 — s per (k) max(0,s—2)
o b Hs.p 1 1
k)| < / ©) (%) dx| ———— (1 + — )
|f (k)| SE:U A f b +

(2 sin(w/b))* b(b+ 1)
1 2 b~ Hrper(k) 1 1 r=2
+ /0 O dx (2 sin(z /b))’ (1 Tyt et 1))
§ (3+g+2b+1)’
b h—1

for all f € H,, where for v > r the empty sum Y __, is defined as 0.

REMARK 15. This theorem can easily be generalized to tensor product spaces, for
which the reproducing kernel is just the product of the one-dimensional kernels.

6. On the Walsh coefficients of smooth periodic functions

We consider a subset of the previous reproducing kernel Hilbert space, namely,
let H,per be the space of all functions f € H, which satisfy the condition

fol F®(x)dx =0 for 0 <s <r. This space also has a reproducing kernel, which
is given by

By (x — y)

o = (=1 by (x — y).

Krper(x, y) = (=)'
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The inner product is given by

1
(fa g)r,per = [O f(r)(X)g(r)(x) dx.

We also have the representation

1 ~
fO) =Dt /0 FO)b(x — y) dx.

For this space we can obtain an analogue to Theorem 14.

THEOREM 16. Letr > 1. Then, for any k € N, we have

1
w1 = [ 1501 dx
0
2b_,Uvr4,per(k) ! n 1 n 1 r=2 7 I 2 + 2b 4+ 1
X —_— — — — —
(2 sin(r/b))" b bb+1) 2 b b—1)
Sorall f € Hy per.

REMARK 17. This theorem can easily be generalized to tensor product spaces, for
which the reproducing kernel is just the product of the one-dimensional kernel.

REMARK 18. For 2 < b <4 we have

2sin =~ o pplg 1
sin — -4 — ) <1,
b bbb+ 1)

and so, for these cases, the constants in the theorems above decrease as v, r increase.

REMARK 19. Because the Walsh coefficients considered in this paper converge
quickly, the Walsh series for functions f with smoothness r > 1 converges absolutely
(we have Y 72 b Hreer®) < 570¢ =) < 00 for r > 1 and 332 b~ 742 < 00
for A > 0) and we have (see [4])

f) =) fkywal(x) for0=<x<1.

k=0

7. Lower bounds

Fine [6, Theorem VIII] proved that the only absolutely continuous functions whose
Walsh coefficients decay faster than 1/k are the constants.

This result can be extended in the following way. Let f have smoothness r > 1
(that is, the [r|th derivative has at least bounded variation of order r — [r]). Let
KD =1/, k@ =k” and k® = k6D — g b® =1 =k b%+1 71 oo i, b1 for
1 <s <vandletk™ =0.
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Using [, f()walg(x) dx = — [ f'(x)Jx(x) dx and Lemma |

flo = =71 =, F'&K) =71 (1/2 4 (0, 7)) F' (k)
oo b—1

b Y Y b ) — T et ),

c=1 =1

where f ’(k) denotes the kth Walsh coefficient of f.
Using Lemma 7 we obtain for fixed k) and «; that

lim 5% f(k) = —(1 — 0, )1 F/ (kD).

a;— 00

Applying this result inductively we obtain for s < min(|r], v) and fixed k> and

K1, ..., ks that
lim % .- lim b® lim b% f(k)
ag— 00 ar— 00 ap— oo
=— lim b%--- lim b®(1 —w, )~ f/(kD)
ag— 00 ar— 00

=1 [Ta =0, ")~ fO &),
s'=1

This implies that if f(k) decays faster than b=%1~""~% for all k =k D~ + ... +
kpb® 1l with0 <1, ..., ky, <band v > s, then &) (k) =0 for all k and, therefore,
f® =0, that is, f is a polynomial of degree at most s — 1.

THEOREM 20. Let f have smoothness r > 1. Then if for some 1 <s <r, f(k) decays
faster than b= =% for all k = kib kb With O < kp, oo ky < b
and v > s, that is,

lim »% ... lim b™ lim b‘”f(k) =0 forallk withv>s,
a;—00

as—> 00 ar— oo

then f is a polynomial of degree at most s — 1.
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