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An elementary operational calculus
DRAGU ATANASIU and PIOTR MIKUSINSKI

1. Introduction

One of the standardmethodspresentedn an introductory courseon
differential equationss the Laplacetransformmethod. While it hassome
attractivefeatures,it presentddifficulties, like the unnaturalrestrictionto
functions of exponentialgrowth. Moreover, a rigorous treatmentquickly
leadsto non-elementarymathematics. In the 1950s Jan Mikusiriski [1]
proposedan operationalcalculusthat offered certain advantage®ver the
Laplacetransform. It has not replacedthe Laplacetransformmethodin
elementary courses, possibly becauseit still required a high level of
mathematicalsophistication. Even the simplified operational calculus
proposedby KosakuYosidaand ShuichiOkamotoin [2] (seealso[3]) has
not succeeded in becoming a standard textbook method.

In this note we proposea simple alternativeto the Laplacetransform
methodfor an elementarycoursein differential equations. The methodcan
be appliedto a larger classof functions, since growth conditionsplay no
role.

2. A simple approach

All functionsconsideredn this sectionarecontinuousunctionsdefined
on[0, ~]. The main tool is the convolution of functions:

t
fxg(t) = jof(s)g(t - 9ds.

We shall make use of basic algebraic properties of the convolution:
fsg=g=xf, (fxg *h=7F=x%(g=xh), af xg)=(af)xg="f *(ag),
f=@+h =f=xg+f=xh wheref, g andh are arbitrary functions,
anda is an arbitrary number. All thesepropertiesfollow directly from the
definition by elementarypropertiesof integration and should be easy
exercises for students.

In our approachthe function w (t) = t playsa specialrole. First, we
observe thaw = f = Oimpliesf = 0. Since

t t t
w % f(t) = fof(s)(t ~- 9ds = tJ'Of(s)ds - J'Osf(s)ds

by the FundamentalTheorem of Calculus we concludethat w = f is
differentiable and we have

t
(0 = )’ (1) = _fof(s)ds

If w=f =0, thenﬁ)f(s)ds = 0 for everyt e [0, ), andhencef = 0.
This gives us the first important property:

wxf = o % gimpliesf = g. (@8]
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To obtain the next formula we assumethat y is continuously
differentiable and consider the convolution: y':

t
oxy® = [ t-9y©ds
t t
tfoy(s)ds - '[Osy/(s)ds

t
ty® - y©) - ty® + [ y(9ds

t
[[yds - ty©.
This gives us the second important property:

wxy = o xy-y0o. 2
As a direct consequence of the above we obtain another useful property:
(0 - aw) * E, = o (€)

whereE, (t) = €.

Properties(1), (2) and (3) are sufficient for effectively solving any
equation of the form y — ay = f, where f is an arbitrary continuous
functionon [0, ). Moreover,the methodgives us an elementaryproof of
existenceand uniquenesof solutionsfor this classof equations.To deal
with linearequationf higherorderit is necessaryo generalisghe second
property. We replacgbyy in (2) and convolve both sides withto obtain

wxowxY =wxo xyY -yYOQo* o
Thenwe usethe propertyw * o = o’ * w andapply (2) againto derive
the following formula
wxo*xY =0 x0 xy-y0o *o-YOow*ow %
which holds whely is twice continuously differentiable.

Now we show how theseideascan be usedin practice. Considerthe
equation

y -% +6y="fy0 =ay(@0 =b ©)
wheref is anarbitrarycontinuoudunctiondefinedon [0, «) anda andb are
arbitrary real numbers.

Since it is a secondorder equation,we convolve both sides of the
equationwith o * @ andthenuseproperties(2) and(4). After regrouping
we obtain

(0 -2w)* (0 —3w)xy—aw *w+ (5a-b)w*w = w* v *f.

The presencef factors(ow’ — 2w) and(w’ — 3w) suggestsonvolvingwith
E, * Ezand then using (3). Thus we obtain

wxwxy—aw xwxExE3+ (5a-bwswxEyxE3=w*xwxEyx Bz« f.

(6)
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Note that fora = S we have
1
E, * Eg = —— (E, — Ep),
5 a—ﬁ( 5) @)

which can easily be derived from the definition of convolution:

t t
E, * Es(t) = J.Oe“("x)eﬁxdx = e joe(ﬁ ~¥dx

_ 1 (& - &) = 1 ﬁ(eat ey

B -a a —
By applying (7) and (2) we get
—aw’ * w * E, * E5 = a(2E, — 3E;) * 0 * . (8)
Using (7) and (8) we can rewrite (6) as
wxwxy=ow*ox*((3a-b)E+(-2a+b)Es+ (E3— E) = ).
Finally, after using (1), we obtain the solution
y=(3a-hbE + (-2a + b)E; + (Es — Ey) = f. 9

Note that the presentednethodcan be usedevenif f is not Laplace
transformable, for examplefifit) = e,

The definition of convolution gives us
E, = E, = wE,. (10)
If @ andf are conjugatecomplexnumbers,a = a + bi andg = a — bi
(b = 0), then using (7) we obtain
.+ E = ZES, (1)

whereS, (t) = sinbt.

Using formulae(10) and (11) we cansolve othertypesof secondorder
linear equations. It is clearthat the methodcanbe usedto solve equations
of higher order.

Now we considerthe equation(5) wheref is a specificfunction,namely
f = wE, thatisf (t) = te*. To use (9) we need to find

(Es - BE)) % (wEp) = Ej * (0Ep) — E;  (wEp).
Fora = B, using (7) and (10), we calculate
E, * (0E) = E, * (B * Ep)
(E, * Ep) * E;
1
a-p

(E, — Ep) * Eg
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1
= —a_ﬂ(Ea* Es — Es = Ep)
1 1
-~ (B, -E)- E..
- pp =B B
Since
(E, * wE,)(t) = J.t et xe™dx = e J't xdx = it%e"
* 0 0 =
we get
E, * wE, = 30°E,.
Hence

(E3 - Ep) * (wE,) = E3— E; — wE, — 30°E; = B3 — (1 + 0 + 30?)Es.
Consequently the solution of the equation

Yy -5 +6y =t y0) =ay@©0 =b

yt) = 3a-be? + (-2a+ be* + e - (1 +1t + i)

Notethat3a — b and—2a + b could be arbitrary constantsand hence
(3a - b + (-2a + b)e* canbewritten in the standardorm of solution
of the homogeneougquationy” — 5y + 6y = 0. It is the solution of this
homogeneougquationwith y(0) = a andy (0) = b. On the other hand,
e* — (1 +t + i) e is the solution of the non-homogeneougquation
Yy’ — 5/ + 6y = te? withy(0) = Oandy (0) = 0.

Anothertypical exampleof equation(5) is an equationwith a function
f where sineor cosineis involved. Consider,for example,the equation
y’ - 5y + 6y = cost with y(0) = a and y(0) = b. To facilitate
calculations we denotg(t) = sint andC (t) = cost and use the identities
E+Ei ad s-EBErE

2 2
Finding the solution requires calculatiffes — E,) * C:

E3 “ (E| +2E—i) _ E2 N (E| + E—i)

R(E; * E) - R(E, = E)

C =

(E3 - Ez) x C

2516 - B)) - a1 (5 - B)

3 2 1 1

- °E -S4+ -C-—
000 " 52 F 10¢ T 100

where% means the real part.
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Consequently, the solution of the equation
y' -5 +6y=cost, y0=a Yy(@O-=>b

y(t) = (3a- b)e™ + (-2a+ b)e* + 3e3l - ge2t + S cos — 1 sint.
10 5 10 10

3. A more advanced approach
In the formula
o xy=o0x*Yy +y0o,

obtainedin the previoussectionthetermw * y canbeidentifiedwith the
derivativeof y. If y is consideredasa function definedon therealline such
thaty(t) = Ofort < O, thenthetermy(0)w storesthe informationabout
the jump of y at 0. This meansthatw” = y is morethanthe derivativeof y.
We will call it thegeneralised derivativefy.

Consider the equation

o xy—a(w *Yy) = b, (12)

wherea andb are real numbers. We rewrite the equation as
(0 — aw) *y = bo,
convolve both sides witg, and use (3) to obtain
w *Yy = w % bE,
Hence, by (1),
y = bE,.

As mentioned above, this solution should be interpreted as

Jo - {beﬂt ft>0

0 ift <O.

Whena = 0andb = 1the equation becomes

o %y =w

1 ift >0,
yi =

and the solution is

0 ift<O.

This is the Heaviside function.

In a standarddifferential equationscourse the equation(12) is written
as

y — ay = hd. (13)
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In orderto give an elementaryandrigorousmethodfor solving equationsof
type (13) we have identifieglwith o = y, y with " = y, andd with .

We observethat the equalityw = o = f is not possiblefor any non-
zerofunctionf. Thisimpliesthatin ouridentificationf — o = f, thereis
no functiong such thag — .

For differentialequationf higherorder,the methodhasto be modified
as in Section2. For example,for secondorder equations,we use the
identificationy — o * w * V.
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