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Polarization of Separating Invariants

Jan Draisma, Gregor Kemper, and David Wehlau

Abstract. 'We prove a characteristic free version of Weyl’s theorem on polarization. Our result is an
exact analogue of Weyl’s theorem, the difference being that our statement is about separating invariants
rather than generating invariants. For the special case of finite group actions we introduce the concept
of cheap polarization, and show that it is enough to take cheap polarizations of invariants of just one
copy of a representation to obtain separating vector invariants for any number of copies. This leads to
upper bounds on the number and degrees of separating vector invariants of finite groups.

1 Introduction

We begin with a description of the standard invariant theory setting and recall the
concepts of separating invariants and of polarization. Let K be any field and let V' be
a finite-dimensional vector space over K. We write K[V'] for the symmetric algebra
of the dual space V*. If {x;,...,xx} is a basis of V*, then K[V'] is the polynomial
ring in the indeterminates xi, . . ., xx.

Now suppose that G is any group acting linearly on V. Then there is a natural
action of G on V* which induces an action of G on K[V']. The ring of invariants is the
subring K[V ]¢ of K[V] consisting of those polynomials fixed pointwise by all of G:

K[V :={f eK[V]|o(f)= fforallo € G}.

The main problem in invariant theory is to find a set of invariants S C K[V']¢ which
generates K[V]© as a K-algebra. Such a set S is called a generating set.

Since generating sets are often very complicated, and in some cases no finite gen-
erating sets exist, the concept of a separating set of K[V']¢ has emerged as a useful
weakening of a generating set. Loosely speaking, a separating set is a set of invariants
that has the same capabilities of separating G-orbits as all the invariants from K[V ]€.
More precisely, if for two points x, x” € V there exists an invariant in K[V ] taking
different values on x and x’, there should also exist an invariant from the separat-
ing set with this property. For more background on separating invariants we direct
readers to [2, §2.3.2] and to [3].

Polarization is an important classical technique used to describe invariants of cer-
tain representations. Before giving the general definition we illustrate the idea in a
simpler setting. With V and G as above, take a,b € K arbitrary and consider the
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G-equivariant surjection

(ba’b:V@V—)V

(u,v) — au + by,

where G acts diagonally on V @ V. On the level of rings the map ¢, induces a
ring homomorphism ®,;: K[V] — K[V @ V] given by (®,,(f))(u,v) = f(au +
bv). Since @, is G-equivariant, it carries invariants to invariants: ®,;: K V] —
K[VeVv]©.

If we treat a and b as new indeterminates, rather than as elements of K, we obtain
aring homomorphism ®: K[V] — K[V @ V][a, b] and a corresponding homomor-
phism ®: K[V]¢ — K[V®V]%[a, b] where G fixes aand b. Thusif f € K[V]°, then
O(f)=>2> ifi ja'bl. The coefficients f; ; are invariants called the polarizations of
f and we write Pol%(f) ={fij} CK[V® V]e.

We will give a more general and formal definition of polarization at the end of the
introduction and state Weyl’s polarization theorem now. Note that in the standard
situation one has W = {0}.

Theorem 1.1 ([9,11.5, Theorem 2.5A]) Let G be a group acting linearly on two finite-
dimensional vector spaces V and W over a field K of characteristic zero. Let n and m be
positive integers such that m > min{dim(V),n}. If S C K[V"™ & W]C is a generating
set of invariants, then Pol!, (S) C K[V" & W€ is also generating.

A proof of Theorem 1.1 can also be found in [5, §7.1].
The following examples show that the hypothesis that K has characteristic zero is
necessary in Weyl’s theorem.

Example 1.2 (i) Let K be a field of characteristic 3 containing a primitive 4-th root
of unity w. The invariant ring of the group G C GL;(K) generated by w is

K[V]? =K[x]® = K[x'],
and the vector invariants of two copies are
K[V?]¢ = K[x, y]¢ = K[x*, £y, x*y*, x°, y*],
where the given generating set is minimal. However,
O(xh) = (ax+by) =x* -a* + Xy - a’b+xy’ -ab® + y* - b,

0 golf(x‘*) = {x*,x’y,xy’, y*}. Thus polarization misses the necessary generator
) yA'part from demonstrating the necessity of the hypothesis on the characteristic
in Theorem 1.1, this example also shows that the paradigm that “any theorem in

invariant theory of finite groups that holds in characteristic zero also holds in the
case where char(K) does not divide the group order” does not carry over directly
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to Weyl’s theorem. It should be mentioned, though, that a weaker form of Weyl’s
theorem does hold in this case; see [4].
What we also see in this example is that the polarizations form a separating set.

Indeed, we have

(xSy)Z

x4

2y = ’
so for any point in V2 where x* takes a non-zero value, the value of x*y* can be
reconstructed from the values of x®y and x*; and for a point where x* vanishes, xy?
also vanishes.

(ii) Consider the two-dimensional indecomposable representation V' of the cyclic
group G of order p over a field K of characteristic p. It is known that K[V?]¢ has
five generators of degrees 1, 1, 2, p and p. Furthermore, [7] showed that for n >
3, the ring K[V"]¢ requires a generator h of degree n(p — 1). Since polarization
preserves degree (see below), we see that h cannot be obtained from polarizations of
the generators of K[V2]°.

There are several known results which show that positive characteristic anomalies
of invariant theory tend to disappear when the focus is shifted from generating to
separating invariants (see [2, §2.3.2]). It is therefore natural to ask whether Theorem
1.1 holds in arbitrary characteristic if one replaces every instance of the word “gener-
ating” by “separating”. In this paper we give an affirmative answer to this question.

In Section 2 we deal with the case where G may be infinite. In fact, we start by con-
sidering a more general setting which does not necessarily involve invariant theory.
The key result is contained in Lemma 2.1, which leads to our characteristic free ver-
sion of Weyl’s theorem (Theorem 2.4 and Corollary 2.5). We find it remarkable that
although the statements of Theorems 1.1 and 2.4 are in perfect analogy, the proofs
are altogether different.

Section 3 deals with the case of finite groups. We introduce the concept of cheap
polarization. This is a special case of the generalized “¢-polarizations” introduced by
[6]. We prove that for G finite, the cheap polarizations of a separating set S of invari-
ants in K[V ] yield a separating set of invariants in K[V"]¢ for every n (see Theorem
3.4). In particular, Pol{(S) C K[V"]¢ is separating (see Corollary 3.7). This result
has no parallel in terms of generating invariants, even in characteristic zero. We con-
clude the paper by giving upper bounds on the degrees and number of separating
invariants. In particular, for G finite, we obtain a bound on the number of separating
invariants in K[V"]¢ which is linear in n (see Corollary 3.12). We also show that no
such bound can exist for generating invariants (see Theorem 3.13), again underscor-
ing the benefit reaped from shifting focus from generating to separating invariants.

We finish the introduction by giving the general definition of polarization. Let V
and W be finite-dimensional vector spaces over any field K, and write V™ for the di-
rect sum of m copies of V. We write K[V @ W] for the symmetric algebra of the dual
(VW) . If {x),...,x} isabasisof V*and {yi, ..., y;} is a basis of W*, then we
obtainabasis {x;, |[i=1,...,mv=1,....,k}U{y1,...,y} of (V" ®W)* in the

obvious way by defining x; , (v1, . . ., Vi, w) 1= x,(v;) and y;(v1, ..., vV, W) := yi(w)
forvi,...,v,m € V,w € W. Then K[V"™ ® W] is a polynomial ring in the indeter-
minates x;,, (i = 1,...,m,v = 1,...,k)and y; (i = 1,...,]). Let n be a further
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positive integer, and fori = 1,...,mand j = 1,...,nlet g; ; be an indeterminate.
Form a homomorphism ®: K[V"@&W] — K[V"®&W][a1,,...,ams] of K-algebras
by
n
(1.1) D(x;,) = Zai’jxj,y i=1,....mv=1,...,k),
j=1

q’(}’i)iz)’i (1:1771)

So, pretending for a moment that the g, ; are elements of the field K, we obtain for
every f € K[V" @ W]andwv,...,v, € V,w e W that

n n n
@01, o w) = F(Darwi Yo vy Y amgviow),
j=1 j=1 j=1

which connects the definition of ® with what we said about the simpler situation
above. Now we take the a; ; again for what they really are. For f € K[V"™ @& W] let
Pol, (f) C K[V" & W] denote the set of all non-zero coefficients of ®(f), consid-
ered as a polynomial in the “main” indeterminates a; ;. It is easy to see that if f is a
homogeneous polynomial, then deg(h) = deg(f) for all polarizations h € Pol,,(f).
If S C K[V™ @& W] is a set of polynomials, we write Pol;,,(S) C K[V" ® W] for the
union of all sets Pol,(f) for f € S. Note that if S is a finite subset of K[V™ & W],
then Pol, (S) is a finite subset of K[V" & W], which by construction has the follow-
ing property: for any f € S and any m by n-matrix A with entries in K, inducing a
natural linear map ¢4: V" @ W — V™ @ W, the polynomial f o ¢, is a K-linear
combination of Pol}, (S).

Now let G be any group acting linearly on V and W. Then G acts diagonally on
V™" @ W. If welet G act trivially on the indeterminates 4; ; in the above construction,
then clearly ®(o(f)) = o(®(f)) foro € Gand f € K[V"™ & W]. It follows that for
asubset S C K[V™ @ W]C of the invariant ring we have Pol,(S) C K[V" & W]C°.

A variation of the definition of polarization is given on page 562 before Corol-
lary 2.5.

2 Infinite groups

We start by considering a rather general situation. Let X and Y be sets and let F be a
set of functions f: X — Y. If p C Y X Y isarelation on Y, we write

F ' (p):=1{(x,x") € Xx X | (f(x), f(x)) € pforall f € F} C X x X
for the preimage of p under F. More specifically, let V be a vector space over a field

K, n and m positive integers, and W any set. Put X := V" x WandY := V" x W.
For A = (; ;) € K™*" an m by n matrix, define

n n
oA X =Y, (v, . VW) — ( E QapViy ..., g am,jvj,w)
j=1 j=1
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andset F:= {¢4: X — Y | A € K"*"}. Thenfor p C Y X Y we call Pol},,(p) :=
F~1(p) the polarization of p. As we will see, this is closely related to the polarization
of polynomials.

Lemma 2.1 In the above situation let ~ and ~ be equivalence relations on X and Y,
respectively, such that

(2.1) ~ C Pol (=) and = C Pol}(~).

Ifm > min{dim(V'), n}, then ~ = Pol, ().

Remark 2.2. Before proving the lemma we make two remarks.

(i) Our main application of the lemma will be to the case that W has only one
element (which amounts to saying that there is no set W) and two points x;,x, €
X = V" are called equivalent if f(x;) = f(x,) forall f € K[V"]°, where Gis a group
acting linearly on V. In the same way, an equivalence relation is defined on Y = V™.
It is easy to see that the hypothesis (2.1) is satisfied in that situation.

(ii) The following example shows that the hypothesis m > min{dim(V), n} is
essential. Let V = K?, n = 2, m = 1, and let W have one element (meaning we can
drop W). For (v1,v,), (wi, wy) € X = V? we write

(v1,v2) ~ (w1, wy) ifand onlyif det(vy,v,) = det(wy, wy).

Set~ =V x V,ie,v =~ wholds forall vy w € Y = V. Then Polf(z) =X xX,
50 ~ is a proper subset of Pol} (7). Moreover, take v, w € V and ¢ € G arbitrary.
With B = (81, 8:) we have ¢5(v) = (51v, B2v), so det(¢p(v)) = 0. The same holds
for ¢pp(w), so ¢pp(v) ~ ¢p(w). This shows that =~ C Polé(w), so the hypothesis (2.1)
is satisfied. But ~ # Polf(z).

Proof of Lemma 2.1 We need to show that Pol’,(a2) C ~. To this end, take x;,x, €
X such that

(22) (bA(xl) ~ ¢A(X2) forall A € Kmxn,

We need to show x; ~ x;. First consider the case m > n. In this case we can choose
matrices A € K"™*" and B € K"*" such that BA = I,,, the n by n identity matrix.
This implies ¢p 0 ¢4 = idy, so x; = @p(Pa(x1)) ~ dp(da(x2)) = x,, where the
equivalence “~” follows from (2.2) and (2.1).

Next we consider the case m < n, which implies m > dim(V'). We interpret X
as (K" ® V) x W and fori = 1,2 write x; = (Z];-:lxw ® vi,j,w,-) with x; ; € K",
vi; € V,w; € W,and k < dim(V). Let Ui C K" be the span of x; 1, ..., x; . Then
dim(ﬁi) <k<mandx € (Nﬁl ® V) x W. Choose U; C K" with ﬁi - U; and
dim(U;) = m. Set Z := U; N U, and let U; C U; be a complement of Z in U;. Then

UieV=UV)e(ZaV).

Write x; = (u; + z;,w;) with u; € U; ® Vandz; € Z® V. We have U NuU, =
U, NU,NU, = ZNU, = {0}. This and the fact that dim(U,) = m shows that there
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exists A; € K™ " such that the application of A; is injective on U; and zero on U,.
Analogously, there is an A, € K™*" such that the application of A, is injective on U,
and zero on U;. Thus for i = 1,2 there exists B; € K" such that B;A; acts as the
identity on Uj;. This yields

(2.3) x1 = ¢, (P4, (x1)) ~ 0B, (¢4,(x2)) = Pp,(Pa, (U2 + 22, W2)) = (22, W2),

where the first equation holds since x; € (U, @V) x W, the equivalence “~” follows
from (2.2) and (2.1), and the last equation holds since B;A; acts as the identity on
Z C U and as 0 on U,. Likewise, by using A, and B, we obtain

(2.4) x ~ (z1,w1).
Moreover, we have

(2.5) Oa, (21, W1) = Oa, (X2) = Pa, (1) = Pa, (22, W2),

where the first equivalence follows from (2.4) and (2.1), the second from (2.2), and
the third from (2.3) and (2.1). From this we see that

(2.6) (z1,w1) = @B,(@a, (21, W1)) ~ ¢, (¢4, (22, w2)) = (22, W2),

where both equations follow fromz; € Z®V C L~Jl ® V, and the equivalence follows
from (2.5) and (2.1). Now (2.3), (2.6) and (2.4) yield x; ~ x;, as required. [ |

Remark 2.3. Lemma 2.1 generalizes to infinite dimensions as follows: with V, N, and
M vector spaces over K and W aset, form X := (N®V)xW andY := (MQV)xW,
and let F C Map(X,Y) be the set of functions induced by all linear maps N — M.
For an equivalence relation ~ on Y, we write Polﬁ(z) := F~!(=). Then Lemma 2.1
holds with the condition “m > min{dim(V'), n}” replaced by

dim(M) > min{dim(V), dim(N)},

where the dimension of a vector space is either a non-negative integer or co, disre-
garding cardinalities. The original proof of Lemma 2.1 carries over almost word for
word.

Before formulating the main result, we recall that for any finite-dimensional vector
space U with a linear G-action, a subset S C K([U]C is called separating if for all
points u, u’ € U we have that f(u) = f(u’) forall f € Simplies f(u) = f(u’) for
all f € K[U]C. In the following theorem Pol.,,, when applied to a set of polynomials,
has the meaning defined at the end of the Introduction.

Theorem 2.4 Let G be a group acting linearly on two finite-dimensional vector spaces
V and W over a field K. Let n and m be positive integers with m > min{dim(V), n}.
IfS C K[V™ @& W]C is a separating set of invariants, then Pol),(S) C K[V" & W]C is
also separating.
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Remark. In Theorem 2.4, W might be the zero vector space. This yields the case that
“there is no W” in Theorem 2.4.

Proof of Theorem 2.4 Set X := V" @ W and define an equivalence relation ~ on
X by saying x ~ x’ for x,x’ € X if g(x) = g(x') for all g € K[X]°. An equiva-
lence relation = on Y := V" @ W is defined in the same way. We first show that
~ C Pol}, (=) and ~ C Pol;'(~).

For a matrix A € K"*", the map ¢4 : X — Y is G-equivariant. Hence the same is
true for the dual map ¢} : Y* — X* and also for its extension ¢} : K[Y] — K[X] as
a homomorphism of algebras. It follows that ¢’ (f) € K[X]¢ forall f € K[Y]°. Let
x,x" € X with x ~ x’. Then for f € K[Y]® and A € K"*" we have

f(@a(x)) = (B1 () = (G1(MN) = f(dalx).

This shows that ~ C Pol}, (=). The inclusion &~ C Pol}}(~) is proved by reversing
the roles of X and Y. Now Lemma 2.1 shows that ~ = Pol, (x).
To prove that Pol (S) C K[X]© is separating, take x, x" € X such that

(2.7) g(x) = g(x) forallg € Pol)(S).

We need to show that x ~ x’. By the above, this is equivalent to ¢4(x) = @ (x’)
for all A € K™". Since S C K[Y]C is separating by hypothesis, it is enough to
show that f(¢a(x)) = f(¢a(x’)) forall f € S. Write A = (a;j) € K™*" and
consider the homomorphism v : K[X][ay1,...,ams] — K[X],a;; — o;; with
a; j indeterminates. With ®: K[Y] — K[X][ay,1,. .., am,] defined by (1.1), we have
Ya(P(f)) = ¢4 (f) forall f € K[Y] (this is easily verified for the generators x; , and
yi of K[Y], and follows by homomorphic extension for all f). Since ¥4(P(f)) is a
K-linear combination of Poly, (f), it follows that for all f € S we have

f(@a(x)) = (B3 (X)) = (G1(MN) = fldalx),

where (2.7) is used for the middle equation. This completes the proof. ]

There is a more general version of polarization, which we introduce now. Let
Vi,...,V, be finite-dimensional vector spaces over K, each with a linear G-action.
Letmy, ..., m,,ni,...,n, bepositive integers. For a subset S C K[V{" &- - VMY,
define Poly " (S) C K[V{" @ - -- @ V;*]° by applying Pol;! , Pol;? , ..., Pol} suc-

cessively, where Pol]; is defined as the polarization operator Pol;, on page 559 with
V" taking the role of V" and V" @ - - - @ V"' @ V! @ - - - @ V™ taking the role
of W. Using induction on r, we obtain the following from Theorem 2.4.

Corollary 2.5 Suppose that in the above setting we have m; > min{dim(V;)n;} for
eachi=1,...,r. IfSCK[V{" @---®V™]C is a separating set, then the same is true
for Pol"r (S) CK[V{" & --- @ V]

ly,m
If V is a finite-dimensional vector space over K with a linear G-action, we write
K[V]§ for the set of homogeneous invariants of degree d. Define

k
Biep(K[V]9) := min{k € N | J K[V]] is separating}
d=1

https://doi.org/10.4153/CJM-2008-027-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-027-2

Polarization of Separating Invariants 563

with N :={0,1,2,...}. By [2, Theorem 2.3.15] there always exists a finite separating
set, hence (e (K[V]€) is a finite number. Clearly

Bep(K[V]9) < BK[V]Y)

k
:==min{k e N| |J K[V]§ generates K[V]®} € NU {o0}.
=1

Corollary 2.6 With the notation and hypotheses of Corollary 2.5 we have
6sep(I<[V]n1 D---D V:Y]G) S 6sep(K[V1M] oD Vrm’]G)

Proof It is clear from the definition of polarization that for f € K[V™]¢ homoge-
neous of degree d, each polynomial in Pol’,,(f) has degree d. This yields the result. W

3 Finite Groups

In this section we consider actions of finite groups. Here the situation is much sim-
pler. Indeed, if G is a finite group acting on a vector space V over a field K, then any
two G-orbits in V' can be separated by invariants from K[V ]¢. For the convenience
of the reader we present a short proof of this fact here.

Lemma 3.1 Let G be a finite group acting linearly on a finite-dimensional vector space
V. Then for each vyw € V with distinct G-orbits (i.e., Gv # Gw), there exists f €
K[V such that f(v) # f(w).

Proof Write K[V] = K[x1,...,x,]. With additional indeterminates T and U, the
polynomial
KT,U) = ] (T -3 a(xi)Uifl)
oeG i—1
has coefficients in K[V']°. Assume that f(v) = f(w) for every f € K[V]¢. Then this
holds in particular for all coefficients of F(T, U), so

I1(7-> xse 0pu) = [T =D xse v,
i=1 i=1

oeG o€eG

Hence there exists a 0 € G such that x;(w) = x;(c(v)) for all 7, which implies Gv =
Gw. |

It follows from Lemma 3.1 that a subset S C K[V]¢ is separating if any two
G-orbits can be separated by invariants from S. The proof of Lemma 3.1 shows that
the coefficients of F(T, U) form a separating set of invariants.

In order to formulate the results of this section, we need to introduce the concept
of cheap polarization. Let Vi, ..., V, be finite-dimensional vector spaces over a field

K. Fork = 1,...,rwrite d := dim(V}), and let x(lk), e ,x;t) be a basis of the dual

space V. Then K[V, @ - - ®V,] is a polynomial ring with the x§k) as indeterminates.
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Let ny,...,n, be positive integers. Then K[V{" @ --- @& V] is a polynomial ring
with indeterminates xl(_kj) (k=1,...,rni=1,...,m, j = 1,...,dy) defined in the
obvious way (see page 558 in the Introduction). Let a be a further indeterminate and

define a homomorphism
ny )
WKV @ @V = KV @0 Vilal, x>
i=1

of K-algebras. To illustrate the effect of ¥, we consider the standard case r = 1 and
pretend for a moment that a € K is a scalar. Then for f € K[V]andvy,...,v, €V
we have

(T, vy) = frp+avy + -+ + a~,).

For a polynomial f € K[V G- &V, ], let POIZ}IIQAEH"(JC) CK[V{"®---®V/"] denote
the set of all coefficients of U(f) as a polynomial in a. For S C K[V, & --- ® V,],
let Poljy " (S) be the union of all Polii;" (f), f € S. We call this set the cheap
polarization of S. This construction is in particular interesting in the case r = 1.
The main difference between cheap polarization and “ordinary” polarization is that
there is only one additional indeterminate a involved in cheap polarization, which
results in an easier computation and a smaller number of coefficients. This is why
we use the word “cheap”. Cheap polarization is a special case of “¢-polarization” as
defined by [6, Definition 2.2]. In fact, cheap polarization is obtained by taking the
torus in [6, Definition 2.2] to be one-dimensional, taking the affine line for Z, and
taking for ¢ the morphism dual to the homomorphism ¥ above. One of the main
results in [6] is that for char(K) = 0 and G finite the ¢-polarizations generate the
invariant field.

Example 3.2 Consider the case r = 1 and dim(V;) = 1, so K[V;] = K][x]. For
n; = 3 we have

U(x?) = (x; + axy + a*x3)* = x% +2x1% - a+ (2x1x3 + x%) ca? + 2% - a’ + x§a4,
50 Pol}.,,(x?) = {x},23,2x1%,, 22,3, 2x1%3 + x3}. On the other hand, “ordinary”
polarization gives Pol} (x?) = {x2, x2, 2x1%,, 2x2X3, 2X,X3, X3 }.

The following proposition gives some basic properties of cheap polarization. The
first part compares cheap polarization with “ordinary” polarization.

Proposition 3.3 In the above situation, let S C K[V, @ - - - & V] be a set of polyno-
mials.

(i)  Every element in PolZﬁga'i;"’(S) can be expressed as a sum of elements from
Pol{"""(8).

(i) Ifd is an upper bound on the total degree of monomials occurring in polynomials
from S, then it is also an upper bound on the total degree of monomials occurring

in polynomials from Polz}‘l’e‘;p’"'(S). If all polynomials in S are homogeneous of

degree d, then the same is true for all polynomials in Polgflg;l;” (S).
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(i) Let d be a bound as in part (ii), let S be finite and set n := max{n,, ..., n}.
Then|Polch;;I;"f(5)| <|S]-(d-(n—1)+1).

(iv)  Let G be a group acting linearly on all Vi. If S C K[V, @ - - - © V], then

Polis () S KV @ --- @ V7]

(with G acting diagonally on V1 @ - - @ V,and V" & --- @ V™).

Proof (i) Let al(k) be indeterminates (k = 1,...,7,i = 1,...,n;) and define a ho-
momorphism
O K[Vi@ @V, = K[V @ d Vel ..., a0, Hza"

of K-algebras. Let f € K[V, @ - -- @& V,]. Let M be the set of monomials in the agk)
occurring in ®(f). Then ®(f) = >, fi - t with f; € K[V]" @ --- @ V"], and

Define a homomorphism
AKVPE @ ovial,. . al] = KV @@ V][a]

of algebras over K[V{" & --- @ V"] by A(al(.k)) = aifl. Then ¥V = Ao ®. Fori € N
a non-negative integer, set M; := {t € M | A(t) = a'}. Then

v =Y fa0=3(3 f)a

teM ieN teM;

the latter sum being finite by the finiteness of M. It follows that all elements in
Polfﬁ’e';p'"'( f) are sums of elements of Pol}" ;" (). This implies (i).

(ii) This is clear from the definition of cheap polarization (assign degree 0 to a).

(iii) Let f € S. Then clearly d - (n — 1) is an upper bound on the degree of W(f)
considered as a polynomial in a, and therefore |Pol£'}11‘e'a"';;”'( Al <d-(n—-1)+1.
Statement (iii) follows.

(iv) Extending the G-action to K[V @ --- & V/"][a] by o(a) = afor o € G, we
see that the map W is G-equivariant. This implies part (iv). ]

Theorem 3.4 In the situation introduced at the beginning of this section, let G be a
finite group acting linearly on all Vi (k = 1,...,r). Let SC K[V, & --- & V,]° and
assume that at least one of the following hypotheses is satisfied:

(i)  SgeneratesK[V, @ -+ ® V,]¢ as a K-algebra.

(ii)  Sisseparating and K has strictly more than (max{ny, ..., n,} —1)-|G| elements.
Then Polfﬁ’eap”'(S) CK[V" @@ VMY is separating.
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Proof We ﬁrst assume that hypothesis (i) holds. Fork = 1,...,r, let V(k), o,V

s Vg s
w(lk)7 .. ) € V} be vectors such that for all F € Pol Ch'e;'p’"’(S) we have

(3.1) F(vgl),. o vgr),...,v(r)):F(w(ll),...,w(l),...,wgr),.‘.,w(’))

e Vg n ny /°

We need to show that there exists a ¢ € G such that wgk) = o(vfk)) for all k €
{1,...;rhie{l,...,m}. Fora € Kletn,: K[V]" & --- @ V/][a] — K[V]" ®

- @ V] be the map given by sending a to «, and set ¥, := 1, o ¥ (with ¥
defined at the beginning of Section 3). Thus for f € K[V; & --- ® V,] and ugk) e Vy
(k=1,...,r,i=1,...,n) we have

(3.2) (oM@, D ul L ul)

n

(St ).

i=1

Observe that ¥, ( f) isa K-linear combination of elements of POlchééiS "(f),soif f €S,
then (3.1) implies

(W (MY, v )

= (\Ila(f))(wil)a"ww(l)a' WY)v"'aW(r))v

ny ny

which with (3.2) leads to

mny ny n ny
f(z oz';lvgl), e, Z aiilvfr)) = f(Z o/*lwgl), e Z aiilwfr)) .
i=1 i=1 i=1 i=1

Since this holds for all f € §, it follows by Lemma 3.1 that there exists a o € G such

that
N N
Za’_lwgk) = J(Za’_lvfk)) forallk € {1,...,r}.
i=1 i=1

Since & € K was chosen arbitrarily, this means that for every o € K there exists a
o € G such that

ng
(3.3) Y ot — o)) =0 forallke {1,...,r}.

For o € G let S, be the set of all &« € K such that (3.3) holds for & and o. Thus
K = {J, ¢ So- By the hypothesis on the size of K there existsa o € G such that [S,| >
max{ny, ..., n}. By using the Vandermonde determinant, we conclude from (3.3)
that for this o we have wl(k) = a(vl(k)) for all k and i. This completes the proof.

Now assume that (i) is satisfied, and let K be the algebraic closure of K. With

Vi=KQx Viwehave K[V ® --- @ V,]° X K@k K[V1®---® V,]% s0 S
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generates K[V, @ --- @ V,]°. In particular, Sis K[V] @ - - - @ V,]C-separating, and

the hypothesis (ii) is satisfied. Therefore PolZﬁé'a“I;”’(S) CRIV"@--@V,"1%is

separating. Since G is finite, this implies by Lemma 3.1 that any two points in V; ' &

-+ @V, with distinct G-orbits can be separated by an element from Pol?}‘l;l'l;"’(S),

hence in particular this applies to points in V{" & --- ® V™. ]

Remark 3.5. We know of no example which shows that the hypothesis on the size of
K in Theorem 3.4(ii) cannot be dropped.!

Example 3.6 Suppose char(K) # 2,and let G = {£1} C GL,(K). Then K[x]® =
K[x*], so by Example 3.2 and Theorem 3.4 the set

{52, 52, %1%, %3%3, 21563 + x5} € K[x1, %2, %3]
is separating. In other words, for (£, &,,&3), (91,72, m3) € K we have
g=mu.  &G=mn
(£1,£2,8) = £(m,m,m3) <= § &&= mm, &&= mns,
2618 + &5 = 2mms +1)5.
It is rather subtle to verify this equivalence without using Theorem 3.4.
Corollary 3.7 With the same situation and hypotheses as in Theorem 3.4,
Pol{{"(S) CK[V{" @ - & V"]°
is also separating.
Proof This is a direct consequence of Theorem 3.4 and Proposition 3.3(i). ]
As a consequence of Theorem 3.4 and Proposition 3.3(ii), we obtain the following.

Corollary 3.8 Let G be a finite group acting linearly on a finite-dimensional vector
space V over a field K. Then for all positive integers n we have

Brep(K[V"]9) < BK[V]O).

Remark 3.9. (i) Of course, Corollary 3.8 holds in the more general situation of a
linear action on several vector spaces Vi, ..., V,. Moreover, if K has more than (n —
1)-|G| elements, one can use (3, instead of 3 on the right-hand side of the inequality.
In fact, we have 5S€P(K[V"]G) = 5S€P(K[V]G) in this case.

(ii) In the modular case (i.e., when the characteristic of K divides the group order),
Corollary 3.8 stands in stark contrast to the results about generating invariants. In
fact, we know from [8] that for every faithful linear representation V' of a finite group
G with char(K)||G|, we have lim, . 3(K[V"]%) = oo.

'In her Ph.D. thesis Emilie Dufresne (Queen’s University) has given an example showing that the hy-
pothesis on the size of K is necessary.
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Example 3.10 Corollary 3.8 contains new information in the characteristic zero
case as well. In fact, whenever we have

(3.4) BKIV™) > BK[V]O),

Corollary 3.8 tells us that ﬁsep(K[V"]G) < B(K[V"]©). It is surprisingly hard to find
an example in characteristic zero where (3.4) is satisfied. Using a rather extensive
computer search, we found the subgroup G C GL4(C) of order 32 generated by the
four matrices

i 0 0 O 0-1 0 O 00 1 0 1 0 0 O
0—-i 0 O 1 0 0 0 0 0 0 1 01 0 O
0o 0z 0J7f0 O O 1”1 0 O O)”0 O0—-1 O
0 0 0 —: 0 0-1 0 01 00 0 0 0-1

We used the computer algebra system Magma [1] for computing generating invari-
ants for C[V]¢ and C[V?]¢, where V = C*. The resulting beta-values are

ACIV]®) =6 and B(C[V?]9) =8.

So C[V?]¢ is an example of an invariant ring in characteristic zero where the degree
bound on separating invariants is smaller than the one for generating invariants.

Corollary 3.11 Let G be a finite group acting linearly on a finite-dimensional vector
space V over a field K. Moreover, let V.eq be the regular representation of G. Then

Biep(KIV]9) < BK[Vieg]©).

Proof Since Vi is free of rank one as a module over the group ring KG, there exists

a positive integer n and an epimorphism Vi, — V* of KG-modules, where V* is the

dual. Dualizing yields V' — V[, which induces a degree-preserving, G-equivariant
epimorphism 7: K [Vr”eg] — K[V] of K-algebras. By Theorem 3.8 there exists a

separating set S C K [Vr”eg]G consisting of homogeneous invariants of degree at most

6(K[Vreg]G). Moreover, by [2, Theorem 2.3.16], 7(S) is a separating set of K[V €.
This completes the proof. u

Theorem 3.4 also has consequences on the number of separating vector invariants.
For stating them, we introduce the following notation. For a K-algebra R we write

~(R) := min{k € N | R has a generating subset of size k} € NU {co}.
Moreover, if R consists of functions f: X — K from a set X to K, we write
Ysep(R) := min{k € N | R has an R-separating subset of size k} € N U {oo}.

Corollary 3.12 Let G be a finite group acting linearly on a finite-dimensional vector
space V over a field K. Then for all positive integers n we have

Yoep(K[V"]9) < ((n— 1) - BK[V]®) + 1) - y(K[V]°).
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Proof This is a direct consequence of Proposition 3.3(iii) and Theorem 3.4. ]

Remark. Remark 3.9(i) applies to Corollary 3.12 in the same way as it does to Corol-
lary 3.8.

It is remarkable that the bound in Corollary 3.12 is linear in n. We will see in
Theorem 3.13 that such a bound cannot hold for v(K[V"]¢) unless G acts trivially. In
fact, instead of a linear upper bound we have a quadratic lower bound. Before stating
the theorem, we make a remark about multihomogeneity. The natural multigrading
on K[V"] = K[x11,...,%,], defined by

- k k
degmuh(.]_[1 H1 xf,f) = (Zew, e Zen,y) SWAR
=lv= v=1

v=1

is inherited by K[V"]S. Observe that the invariants produced by cheap polariza-
tion are usually not multihomogeneous, whereas invariants produced by “ordinary”
polarization always are. This can be seen as a shortcoming of cheap polarization.
However, we will also show that no bound on the number of separating invariants as
in Corollary 3.12 can be obtained when requiring the invariants to be multihomo-
geneous. In order to formulate our result we need another piece of notation. For a
multigraded subalgebra R C K[V"] we write

“Vsep,mult (R) ==

min{k € N | R has an R-separating multihomogeneous subset of size k}.

Theorem 3.13 Let G be a finite group acting linearly and non-trivially on a finite-
dimensional vector space V over a field K. Then for all positive integers n we have

YKV > Ysepmute(K[V"]9) > (”; 1>.

Proof We start by showing the first inequality. Set k := (K[V"]¢) and take genera-
tors fi, ..., fr € K[V"]C. Write I := K[V"]¢ for the ideal in K[V"]¢ consisting of all
invariants whose constant coefficient is 0. We can remove the constant coefficients
from each f; and thus assume f; € I. Clearly the f; := f; + I* generate I/I? as a
vector space over K. So dimg(I/I?) < k. Observe that I/I? inherits a multigrading
from K[V"]¢. Thus there exist multihomogeneous invariants g;, ..., g € I with
k" := dimg(I/I?) such that the g; + I* form a basis of I/I>. By the graded version of
Nakayama’s lemma (see [2, Lemma 3.5.1]), the g; generate I (as an ideal), and also
K[V"]C (as a K-algebra). Therefore k' = k, and there exists a multihomogeneous
system of generators of K[V"]¢ of size k. Since every generating set is also separating,
the first inequality follows.

For proving the second inequality, let S C K[V"]¢ be a multihomogeneous sep-
arating set. We first claim that for all 1 < i < j < n there exists a non-zero f € S
with

(3.5) deg_ ..(f) =1(0,...,0,d;,0,...,0,d;,0,...,0),
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where d; and d; are positive and occur at the i-th and j-th position of the vector.
Indeed, by the non-triviality of the action, there exist v € V and 0 € G such that
w := o(v) # v. Thus the vectors (0,...,0,,0,...,0,v,0,...,0) € V" (with v in
the i-th and j-th position) and (0,...,0,+,0,...,0,w,0,...,0) € V" (with v in the
i-th and w in the j-th position) lie in distinct G-orbits. By Lemma 3.1, there exists
f € Swhich takes different values at these two vectors. Letdeg . (f) = (di, ..., d,).
Then d, = 0 for v ¢ {i, j}, since otherwise

£(0,...,0,%,0,...,0,%,0,...,0) =0 = f(0,...,0,v,0,...,0,w,0,...,0).
Assume d; = 0. Then
£(0,...,0,v,0,...,0,%,0,...,0) = £(0,...,0,0,0,...,0,%0,...,0)
= £(0,...,0,0,0,...,0,w,0,...,0) = f(0,...,0,%0,...,0,w,0,...,0),

since (0,...,0,0,0,...,0,v,0,...,0)and (0,...,0,0,0,...,0,w,0,...,0)liein the
same G-orbit. Similarly, assuming d; = 0 leads to

£(0,...,0,%,0,...,0,,0,...,0) = f(0,...,0,%0,...,0,w,0,...,0).

Soindeed deg ;. (f) has the form claimed in (3.5). Our second claim is that for every

i € {1,...,n} there exists a non-zero f € S with
(3.6) deg ..(f) =1(0,...,0,d;,0,...,0),
where d; is positive and occurs at the i-th position of the vector. Indeed, (0, ..., 0,v,

0,...,0) € V" (with v in the i-th component) and (0,...,0) € V" lie in distinct
G-orbits. Thus there exists f € S with f(0,...,0,v,0,...,0) # f(0,...,0). This
implies (3.6). Taking both claims together shows that S must contain at least (;) +n =

(";1) distinct elements. ]

Example 3.14 Let G < GL,(K) be the group of order 2 generated by —1, where
char(K) # 2. Then K[V"]¢ (with V = K) is minimally generated by all monomials

of degree 2, so
AKIV"I) = (”; 1).

This show that the bounds in Theorem 3.13 are sharp.
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