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Abstract

We study the degree of an L-Lipschitz map between Riemannian manifolds, proving new upper bounds and
constructing new examples. For instance, if X} is the connected sum of k copies of CP? for k > 4, then we
prove that the maximum degree of an L-Lipschitz self-map of X}, is between C; L*(log L)~* and Cy L*(log L)~1/2,
More generally, we divide simply connected manifolds into three topological types with three different behaviors.
Each type is defined by purely topological criteria. For scalable simply connected n-manifolds, the maximal
degree is ~ L". For formal but nonscalable simply connected n-manifolds, the maximal degree grows roughly like
L™ (log L)‘B(l) . And for nonformal simply connected n-manifolds, the maximal degree is bounded by L¢ for some
a <n.

1. Introduction
1.1. Background

Given an oriented Riemannian manifold M, how does the Lipschitz constant of a map M — M control
its degree? In all cases, if M is an n-manifold, an L-Lipschitz map M — M multiplies n-dimensional
volumes by at most L", and so its degree is at most L". In [15, Ch. 2], Gromov studied the extent to
which this estimate is sharp. For example, he showed that if M admits a sequence of self-maps f; with

deg(fi) = (1 -o(1)) Lip(fi)",

then M must be flat [15, 2.32]. He also asked the following question: for what M are there f; with
unbounded degree such that the ratio Lip(fx)"/deg(fx) is bounded [15, 2.40(c)]? The answer to this
modified question only depends on the topology of M. Gromov constructed such maps when M is a
sphere or a product of spheres. He singled out (S? x §2) # (52 x §?) as a case in which he did not know
whether such maps exist.

We now know that the answer for connected sums of copies of S? x S? or of CP? is rather subtle.
(The behavior is similar for both families.) Consider the manifold X; = #;CP2. Volume considerations
show that an L-Lipschitz self-map of any 4-manifold has degree at most L*. It is not difficult to construct
an L-Lipschitz self-map of CP? with degree ~ L*. When k = 2 or 3, then [3] shows that there are
also L-Lipschitz self-maps of X with degree ~ L*. But when k > 4, [3] shows that every L-Lipschitz
self-map of X; has degree o(L*). Before this paper, the most efficient known maps had degree ~ L>.
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One of our goals in this paper is to give sharper quantitative estimates for the case k > 4. We will
show that the maximal degree p lies in the range

L4(10g L)< p s L4(log L)™'2,

This phase transition between k = 3 and k = 4 is an example of a broader phenomenon. Our second
goal in the paper is to develop the general theory of this phenomenon.

For a given M, the maximally efficient relationship Lip f ~ (deg £)'/" may not be achievable for
several reasons. For example, M may be inflexible, meaning that it does not have self-maps of degree
> 1. (Examples of inflexible simply connected manifolds are given in [2, 10, 9, 1].) Or it may be the
case that any self-map of M of degree D multiplies some k-dimensional homology class by a factor
greater than D*/", giving a stronger bound on the Lipschitz constant.

A compact manifold M is formal ifithas a self-map M — M which, for some p, induces multiplication
by pk on Hy(M;R), for every k > 1. This notion, first defined by Sullivan and coauthors in terms of
rational homotopy theory, has played a role in many other geometric applications, starting with [11].
If M is a formal n-manifold, then obstructions to obtaining an L-Lipschitz map M — M of degree
L™ cannot come from measuring volumes of cycles. However, in [3] it was shown that more subtle
obstructions may exist. This motivates the definition of a scalable manifold to be one which has O(L)-
Lipschitz self-maps of degree L". The paper [3] shows that scalability is equivalent to several other
conditions; most importantly, a manifold M (perhaps with boundary) is scalable if and only if there is
a ring homomorphism H*(M;R) — Q*(M) which realizes cohomology classes as differential forms
representing them.

1.2. Main results

For nonscalable formal spaces, [3] proves that any L-Lipschitz self-map has degree o(L"). Before this
paper, the examples that had been constructed had degree O(L""!). In this paper, we gain a sharper
quantitative understanding:

Theorem A. Let M be a formal, simply connected closed n-manifold which is not scalable. Then the
maximal degree p of an L-Lipschitz map M — M satisfies

L"(log L)y BM) < p < L"(log L)y~ «M),

where B(M) > a(M) > 0 are constants depending only on the real cohomology ring of M.

For example, in the case of M = #;CP?, (M) = 4 and a(M) = 1/2.

The lower bound of Theorem A generalizes to compact manifolds with boundary with a slightly
more complicated statement (see Theorem 3.1).

We obtain a similar result for sizes of nullhomotopies of L-Lipschitz maps to a nonscalable formal
space:

Theorem B. Let Y be a formal, simply connected compact Riemannian n-manifold (perhaps with
boundary). Then for any finite simplicial complex X, any nullhomotopic L-Lipschitz map f : X — Y is
O(L(log L)"~?)-Lipschitz nullhomotopic.

For scalable spaces, a linear bound was proved in [3]; thus, this result is interesting mainly for
nonscalable formal spaces. In contrast, in nonformal spaces, it is often impossible to do better than a
bound of the form L for some o > 1.

One of the main theorems of [3] says that a manifold Y is scalable if and only if there is a ring
homomorphism from H*(Y;R) to Q*(Y) which takes each cohomology class to a differential form in
that class. Because Q*(Y) is infinite-dimensional, this condition is not so easy to check. We verify the
conjecture given in [3] which states that scalability is equivalent to a simple homological criterion:
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Theorem C. Let Y be a formal, simply connected compact Riemannian n-manifold (perhaps with
boundary). Then Y is scalable if and only if there is an injective ring homomorphism

N
h:H*(Y;R) — @ ATR™
i=1

for some integers ni,...,nn. In particular, if Y is a closed manifold, then it is scalable if and only if
there is an injective ring homomorphism H*(Y;R) — A*R".

In particular, scalability is an invariant not only of rational but of real homotopy type.

Example 1.1. If M is an (n — 1)-connected 2n-manifold, then its real cohomology ring is completely
described by the signature (k, £) of the bilinear form

—: H"(M;R) x H"(M;R) — H*'(M;R).

Then M is scalable if and only if k and ¢ are both at most (*") /2.

Theorem C is closely related to another idea studied by Gromov in [15, 2.41]. For a closed n-manifold
M, say amap f : R" — M has positive asymptotic degree if

i fBR(O) frdvoly
imsup ———

- =0>0.
R—oo R

Given an efficient self-map M — M of high degree, you can zoom in and find a map of positive
asymptotic degree on a large ball. If M is formal, then the converse also holds:

Theorem C'. Let M be a formal, simply connected closed n-manifold. Then a 1-Lipschitz map
f:R™ — M of positive asymptotic degree exists if and only if M is scalable.

Remark 1.2. Gromov refers to manifolds with this property as elliptic, suggesting a connection with the
notion of elliptic spaces from rational homotopy theory. However, this notion is not closely connected
to scalability.

Question 1.3. Can a nonformal simply connected manifold be Gromov-elliptic?
Finally, we explore the behavior of nonformal manifolds:

Theorem D. Let M be a closed simply connected n-manifold which is not formal. Then either M is
inflexible (has no self-maps of degree > 1) or the maximal degree of an L-Lipschitz map M — M is
bounded by L® for some real number a < n.

To see how the latter situation arises, consider the simplest example of a nonformal simply connected
manifold, given in [13, p. 94]. This is the total space M of a fiber bundle S* — M — §? x S? obtained
by pulling back the Hopf fibration $3 — §7 — $* along the degree 1 map S? x §2 — §*.

A self-map of M is determined by its action on H>(M) = Z>. This is because the generators of
H? (M) can be obtained from the generators of H>(M) by taking Massey products (a higher cohomology
operation) of order 3. An L-Lipschitz self-map takes the generators of H> (M) to vectors of length O (L),
and therefore, it takes the generators of H>(M) to vectors of length O(L>/3). This means the degree of
such amap is O(L*/3) < L.

Something similar happens for any nonformal space: an alternate definition of formality is that a
formal space has no nontrivial higher-order rational cohomology operations.

1.3. Proofideas

The key idea behind Theorem A is that efficient self-maps of a formal but nonscalable space must
behave nontrivially on many scales. We explain the intuition here.
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Figure 1. Rescaling the ‘layers’ of the iterated map.

In [3], the o(L™) upper bound for the degree of an L-Lipschitz map M — M is obtained by looking
at the induced pullbacks of differential forms representing cohomology classes of M and taking flat
limits. To get the sharper upper bound of Theorem A, we analyze the same pullback forms using Fourier
analysis — namely, Littlewood—Paley theory. These pullback forms can be decomposed into summands
concentrated in different frequency ranges.

To start to get an idea how the proof works, first imagine that all the pullback forms are concentrated
in a single frequency range. If the frequency range is high, then we got a lot of cancellation when we
integrate the forms, leading to a nontrivial bound for the degree. If the frequency range is low, then we
use the fact that M is not scalable to get a nontrivial bound for the degree — roughly speaking, if all the
relevant forms were large and low frequency, we could use them to build a ring homomorphism from
H*(M;R) to Q*(M).

In general, the pullback forms have contributions from many frequency ranges. We carefully break
up the integral for the degree into pieces involving different frequency ranges, and we use the two ideas
above to bound the pieces. It turns out that the interaction of different frequency ranges is important in
this estimate. In the worst case, the forms have roughly equal contributions in every frequency range.
Indeed, a self-map of M which comes close to the upper bound must have pieces in a wide range of
frequencies (see Proposition 2.16 for a precise statement).

Let us see what such a self-map might look like in the case of M = #,CP?. We think of M as a CW
complex with one 0-cell, k2-cells and one 4-cell. We construct self-maps r, : M — M which have
degree 2% on the top cell. We would like to arrange that r, has Lipschitz constant at most C¢ - 2. A
naive way to build a map r, of the right degree is to start with some 7| and iterate it £ times to get ry.
In this case, Lip(r,) < Lip(r;)¢. However, Lip(r}) is strictly bigger than 2 (by [15, 2.32], the Lipschitz
constant could only be 2 if M = #;CP? had a flat metric). Therefore, the bound Lip(ry )¢ is too big. By
performing some optimization each time we iterate, we can bring Lip(r,) down to the target value.

We may build r;, which has degree 16, as follows: the top cell e4 contains 16 cubical regions that each
map homeomorphically, even homothetically, to the whole cell, whereas the area outside those cubical
regions maps to the 2-skeleton. To try to make this map efficient, we can arrange the cubical regions in
a2 x2x2x?2 grid. But when we iterate this map many times, the regions that map homothetically to
the 4-cell become tiny, and most of the 4-cell maps to the 2-skeleton.

The main idea of the construction is that we can actually expand the homothetic regions so that they
take up a much larger part of the cell, while compressing the parts that map to the 2-skeleton to a thin
layer. This has to do with the fact that self-maps of S of high degree are easy to produce and modify. In
the end, each of the ¢ iterations contributes a layer of roughly the same thickness, leading to an estimate
of O(£ - 2%) for the Lipschitz constant, or O(d'/*1og d) in terms of the degree d = 2*. See Figure | for
a rough illustration.

The proof of the lower bound of Theorem A is a straightforward generalization of this idea.

To end this introduction, we consider the Littlewood—Paley pieces of the differential forms from this
map and from other maps we have discussed. For simplicity, let us first discuss a self-map §? — §2
with degree 227 and Lipschitz constant 27. The pullback of the volume form is very repetitive, so that
after averaging on scale 277, it becomes essentially constant. Therefore, the Littlewood—Paley pieces of
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the pullback are large at the highest frequency scale 27 and at frequency 1, but they can be very small
at all the in-between frequencies.

The maps between scalable spaces constructed in [3] have a similar Littlewood—Paley profile. These
maps are highly regular ‘rescalings’. In fact, we prove Theorem C by building maps which are modeled
on constant forms—the lowest possible frequency. Such maps are built on each cell and patched together
using previous results from quantitative homotopy theory. The patching introduces high-frequency
pieces, but there do not need to be any contributions from the intermediate frequencies.

The Littlewood—Paley decomposition for the self-map of #; CP? sketched above is very different. The
outermost layer is dominated by very low-frequency terms (at scale around the diameter of the space)
and very high-frequency terms (at scale ~ 27¢). Similarly, the kth layer, which looks like the outermost
layer but on a different scale, is dominated by terms at scale 27% and 27¢. Overall, the map has pieces
at every frequency range, as suggested by its fractal-like self-similarity.

1.4. Structure of the paper

Section 2 contains the Fourier-analytic proof of the upper bound of Theorem A; it is independent of
the remainder of the paper. Section 3 discusses the corresponding lower bound and is likewise largely
self-contained. Section 4 introduces some necessary results from rational and quantitative homotopy
theory. In Section 5, we use this machinery to prove Theorems C and C’, and in Section 6, we use it
to prove Theorem B. Finally, in Section 7, we discuss what our techniques can say about nonformal
spaces, proving Theorem D as well as some complementary bounds.

2. Upper bounds on degree using Fourier analysis

In this section, we show the upper bound of Theorem A. To introduce the method, we first handle the
case of a connected sum of CP?s:

Theorem 2.1. Let X;. = #;CP2. Fix a metric g on Xi. Suppose that f : X, — X is L-Lipschitz. If
k > 4, then

deg(f) < C(k,g)L*(logL)™'/%.

We then use the same method to prove the general result:

Theorem 2.2. Suppose that M is a closed connected oriented n-manifold such that H*(M;R) does not
embed into A*R", and N is any closed oriented n-manifold. Then there is an (M) > 0 so that for any
metric g on M and g’ on N and any L-Lipschitzmap f : N - M,

deg(f) < C(M,g,N,g')L" (log L)~ M),

Note that by Theorem C, proved later in the paper, if M is simply connected and formal, then this
condition holds if and only if M is not scalable. However, the theorem also holds for nonformal manifolds
as well as those with nontrivial fundamental group.

A similar result also holds for many nonclosed domain manifolds. We give the proof for a unit ball,
although it extends easily to any compact manifold with boundary:

Theorem 2.3. Suppose that M is a closed connected oriented n-manifold such that H*(M;R) does not
embed into A*R", and let a(M) > 0 be as in the statement of Theorem 2.2. Let B" C R" be the unit
ball. Then for any metric g on M and any L-Lipschitz map f : B* — M,

f*dvoly < C(M, g)L"(log L)~ M)
Bn
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As discussed in the introduction, we prove these results by using Littlewood—Paley theory to divide
the forms into pieces at different frequency ranges. In the first subsection, we review the tools from
Littlewood—Paley theory that we need. In the second part, we prove Theorem 2.1. In the third part, we
introduce the modifications needed to prove the more general estimate in Theorem 2.2.

2.1. Littlewood—Paley theory

If a denotes a differential form on R, then we can define its Fourier transform term by term. In other
words, if 7 is a multi-index and a = 3; ay (x)dx!, then

= apdx’.
1
To set up Littlewood—Paley theory, pick a partition of unity on Fourier space:

Z ni(é) =1,

keZ

where 7, is supported in the annulus Anng := {& : 2871 < |¢] < 2%*1}. We can also arrange that
0 < nx < 1 and that 7z are smooth with appropriate bounds on their derivatives.
Then define

Pka = (de)v,

where V denotes the inverse Fourier transform. We have a = }; cz Pra, and we know that Fk\a =nka
is supported in Anny.

We also write P<xa = Y pr < Prra, and n<g = X< ks 80 P<ra = (n<xd)V.

We say that a form a = Y, a; (x)dx! is Schwartz if each function a; (x) is Schwartz. A form a is
Schwartz if and only if 4 is Schwartz. Therefore, if a is Schwartz, then Pra and P<a are also Schwartz.

In this section, we review some estimates related to the Pyxa. These results are proven using some
inequalities about the inverse Fourier transform of smooth bump functions.

Lemma 2.4. Suppose that n(w) is a smooth function supported on a ball B ¢ R? of radius 1 such that

e |n(w)| £ A forall w.
o |0;n(w)| £ Ay for all multi-indices J with |J| < N.

Then

7Y (x)] <q A for every x € RY.

7Y (x)| <a Anlx|™ for every x € RY.
Therefore, if N > d,
7"l Sa A+ An.
Proof. For the first bound, we write
I’ (0] = |/ n(w)e*™*dw| < [|n] < |BIA.

For the second bound, we integrate by parts N times. For a given x € R?, we choose a multi-index J
with |J| = N and |x|V ~ x/. Then

0" @)] = |[ n(@)e> i dw| = | [ 9,n(2r)) Va7 dw) < 17N [ 10,71 < 1x ™ |BlAw .

To bound f |7V (x)|dx, we use the first bound when |x| < 1 and the second bound when |x| > 1. O
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Lemma 2.5. Suppose that n(w) is a smooth function supported on a ball B ¢ R? of radius R such that

e |n(w)| < Aforall w.
o |0;n(w)| < AnR™VY! for all multi-indices J with |J| < N.

Then

In" (x)| sa AR? for every x € RY.

¥ (x)| <a AnRY|Rx|™Y for every x € RY.
Therefore, if N > d,
17"l Sa A+ An.

Proof. The first two bounds follow from Lemma 2.4 by a change of variables. Alternatively, one can
use the same method as in Lemma 2.4.

To bound f 7Y (x)|dx, we use the first bound when |x| < 1/R and the second bound when
|x| > 1/R. O

Lemma 2.6. Suppose that n(w) is a smooth function supported on a ball B c R¢ of radius R such that

o |n(w)| < A forall w.
o |0;n(w)| < ARV for all multi-indices J with |J| < N.

Write Mf = (nf)". Then if N > d,
IMfllLr Sa (A+AN)IIfllLe for every 1 < p < co.

Proof. We have Mf = f+n". So [[Mfllr < ||fllee |l7Y|lz1- Now apply the bound for ||"||;1 from
Lemma 2.5. o

We apply these bounds to study the Littlewood—Paley projections Py.
Lemma 2.7. ||} |l.1 < 1 uniformly in k. ||dn}||;1 < 25 uniformly in k.

Proof. We can first arrange that 1 (w) = 170(2 ¥w). Then the function 77; obeys the hypotheses of
Lemma 2.5 with R = 2K, with bounds that are uniform in k. Then Lemma 2.5 gives the estimate
Il <a 1.
Next, we will show that [|0;n]]l.1 <a 2% This will imply ldny Il <a 2k as desired.
The Fourier transform of jnlz is 2miw jni (w). Notice that |w;| < 2% on Anng. We write
2riwing = 2k . ZHi%nk .

—_—————
4

The function ¢ obeys the hypotheses of Lemma 2.5. Therefore, ||V |1 <4 1. And so
I3m I = 25V ll < 2% o

Lemma 2.8. ||Pral|lLr < CllallLe, for all kand all 1 < p < oo with a uniform constant C.

Proof. ||Pralle = lln) * allLe < ln)llzillalle. Now |/l is bounded uniformly in k by
Lemma 2.7. o

Lemma 2.9. The projection operator Py commutes with the exterior derivative d:

d(Pra) = Pyr(da).
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Proof. We can see this by taking the Fourier transform on both sides. The exterior derivative d becomes
pointwise multiplication by a matrix on the Fourier side. The projection operator P; becomes pointwise
multiplication by the scalar 7. These commute. O

Lemma 2.10. Suppose that a is a Schwartz form on R? with da = 0 and with @ is supported in
Anny := {& : 2K°1 < |&| < 281, Then a has a primitive, which we denote Prim(a), so that

e dPrim(a) = a. (This is what the word ‘primitive’ means.)
e Prim(a) is a Schwartz form.
o |[Prim(a)||lLr < C27K|la||Lr forall 1 < p < oo, with a uniform constant C.

This is really the key property of frequency localized forms. The intuition is that Prim(«) is defined
by integrating a, and the integral cancels at length scales larger than 27%.

Before starting the proof, we make a quick remark about top-dimensional forms. If a is a d-form
on R¢, then the condition da = 0 is automatic. In order for a to have a Schwartz primitive, we need
to know that /Rd a = 0. This fact is implied by our assumption that & is supported in Anng because

feaa=a(0)=0.

Proof. First cover Anny with ~ 1 balls B so that the radius of each ball is ~ 2% and the distance from
each ball to the origin is also ~ 2K, Let 5 be a partition of unity: Y.z /5 = 1 on Anng and ¢ p is
supported in B. Decompose a = Y, ap where

dp = ypa.

The form dp is smooth and supported in Anng U Anng_; U Anng, . Just as in the proof of Lemma 2.9,
it follows that dapg = 0. Using Lemma 2.6, |lag||r < Cllal||Lr forall 1 < p < co.
We will construct a primitive Prim(ap) for each form ap such that

(] dPrim(aB) =das.
e Prim(ap) is a Schwartz form.
e |[Prim(ag)|lrr < C27%|lag||rr forall 1 < p < co, with a uniform constant C.

Finally, we define Prim(a) = )z Prim(apg). Since Prim(apg) has the desired properties, it follows that
Prim(a) does also.

Now we have to construct Prim(ag). For ease of notation, we will abbreviate a g by a. We know that
a is supported on B. We can choose coordinates so that w; ~ 2% on B.

We write the form a as

Zal(x)dxl = Z ay(x)dxy; A dxy +Za1dx1.

1 I=10J ¢l

We define the antiderivative f aydx via the Fourier transform by the formula

[ ardxi(w) = ar(w). )

2miwy
Since w; > 0 on B, and d; (w) is supported in B, the right-hand side is a smooth compactly supported

function on Fourier space. Therefore, f aydx; is a Schwartz function on R?. From (1), we can also
check that

(9ix1 (faIdxl) =aj.
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We can also define f ajdx; using definite integrals:

X1
/aldxl(xl,xz,.-.,xd)=/ ar(X1,x2, ...,xq)d%x;.

[oe]

This definite integral formula is equivalent to (1). From the definite integral formula, it takes a little
work to check that / aydxy is, in fact, a Schwartz function on R?, although it is not that difficult. In our
proof, we will only need (1).)

We now define

Prim(a) = Z ([ardxy)dx;.

I=1uJ

This is a standard construction for primitives of forms which appears in the proof of the Poincaré lemma,
cf. [6, p. 38]. We will check that d Prim(a) = a, following the same general method as in [6].
We first compute d(f ardxy):

d d
d(faldxl) = 61(/a1dx1)dx1 + Z(’ij(/aldxl)dxj = aldxl +Z/6ja1dx1.
j=2 j=2
Now,
d
dPrim(a) = Z d(/aldXI)dXJ = Z ardx; Adxy + Z Z(/ajaldxl)dxj Adxy.

I=1uJ I=10J I=10J j=2

The first term is ;77 ardx;. So we have to check that the second term is the rest of a. In other words,
we want to show that

d
Z Z(féjaldxl)dxj/\dxj =Za,/dx,/. 2)
I=1UJ j=2 lel’
Since both forms are Schwartz, it suffices to check that d; of both sides are equal:
d
Z Zaja,dxj/\dx, = Zala,,dx,,. 3)
I1=1UJ j=2 1¢1’
Since there isno 1 in J orj or I’, it suffices to check that dx; wedged with both sides are equal:
d
Z Zc’ijaldxl /\de/\dXJ :Z(’)lapdxl/\dxl/. 4)
I=1UJ j=2 1¢1’

This, in turn, follows from da = 0.
To bound Prim(a), the main point is that |m| ~ 27% on the ball B. Define nz = 1 on B, and

0 < ng < 1 and with np supported in a slightly larger ball B = 1.01B. We can assume that w; ~ 2% on
B. Then

https://doi.org/10.1017/fmp.2023.33 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.33

10 A. Berdnikov, L. Guth and F. Manin

The function 7jp is supported on B, and it obeys the bounds from Lemma 2.6. The lemma tells us that
I [ardxillie =27 (Gpar) " e < C27 lag||Lr.

Therefore, ||[Prim(a)||.» < C27¥||a||zr as desired. o

Lemma 2.11. For any function f,

DUPFIZ: ~ 112

kezZ

Similarly, for any form a,

2 2
D lIPall?, ~ lall?,.

keZ

Proof. By the Plancherel theorem,

— » 7% — £
Seeii = [ VPf = 3 [ @l P

keZ

Now for every w, (1/10) < ¥ i ez 7k (w)? < 1. This holds because Y .z 7x (w) = 1 and each 17; (w) > 0,
and each w lies in the support of 7 for at most 5 values of k. Therefore,

Siresis = [ (S mrierdao~ [ iwrdao= [ irwpe
keZ

keZ R

For a form a = 3, a; (x)dx;, Px(a) = Y; Pray(x)dx; and ||a||i2 := % [ las (x)|Pdx. So the case of
forms follows from the case of functions. O

Lemma 2.12. The Fourier support of P<yay A P<yas is contained in the ball of radius 2**? around 0.
Therefore,

P<is3 (P<kai A P<rasz) = P<gar A Pogao.

Proof. The Fourier support of P<ya is contained in the ball B(2%*!,0). For any functions f and g, the
Fourier transform of fg is given by

fe(w) = f+8(w) = / f(@)é(w-d)dé.

If f and g are supported in B(2K*!,0), then fg is supported in B(2 - 2+1, 0).

This argument also applies to wedge products of forms instead of products of functions, just by
writing out the components of the forms. This shows that the Fourier transform of P<xa; A P<ka> is
supported in B(25*2,0). Now, 17<x+3(w) is identically 1 on this ball, and so

P<is3 (P<kai A P<ras) = P<gai A P<ias. m
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2.2. Bounds for connected sums of CP%s

2.2.1. Setup
In this section, we will prove Theorem 2.1. We recall the statement.

Theorem. Let X; = (CP?)**. Fix a metric g on Xy. Suppose that f : X;, — Xy, is L-Lipschitz. If k > 4,
then

deg(f) < C(k, g)L4(10g L)_l/z.

Proof. Let u; € H?(Xx;R) be a cohomology class dual to the ith copy of CP! in Xy, fori = 1,...,k.
Let @; be a 2-form in the cohomology class u;. We can assume that the a; have disjoint supports. For
any i, we can write

deg(f) :./x frai A fra. )

We will use Littlewood—Paley theory to estimate the right-hand side. Because Littlewood—Paley
theory is by far nicest on R?, we first switch to charts. Fix an atlas of charts for X;: suppose that
X, =UU’, and ¢y : U — U’ are parametrizations. Suppose that Y;;, - = 1 is a partition of unity on
X} subordinate to these charts. Define ¢y : R* — R by

¢y (x) xeU

Yu ) = {o x¢U.

Now, we can extend ¢y |supp(v/) to a smooth map du R* = X, and we can do it so that éu sends the
complement of a compact set to a single point. Then define differential forms a; on R* by

ai = ¢y frai. (6)
(The forms a; also implicitly depend on U.) Plugging this definition into (5), we get
deg(f) = Z /4 yuai A a;. @)
T JR

We will bound each of these integrals.

Before going on, we discuss properties of the a;. We made sure these forms are defined on all of R*
so that we can apply Littlewood—Paley theory. We have ||a;||z~ < L*. We also know that da; = 0. The
form a; is supported on a fixed ball, and so for every 1 < p < o, we also have ||a;||Lr < |la;|lL> < L.

2.2.2. Using that k is large
In this section, we prove a lemma that takes advantage of the fact that £ > 4. This lemma is similar to a
lemma in [3].

Lemma 2.13. Suppose that k > 4 and that by, . . ., by are 2-forms on R*. Then at each point x, we have

by AbI(x)] < C Y 1bi Abi = by Ayl + b Abl.
i+j

Proof. Suppose not. By scaling, we can assume that b; A by(x) = dx; A - -+ A dx4. Then we must have
bj Abj(x)is almost dx; A --- A dxy for every j and b; A b;(x) is almost zero for every i # j. Next, we
will get a contradiction by considering the wedge product.

Let W : A’R* x A’R* — A*R* be the quadratic form given by the wedge product. It has signature
(3,3). Now, let B C AZR? be the subspace spanned by b1, ..., br. When we restrict W to the subspace
B, we will check that it has signature (k, 0). Since k > 4, this gives the desired contradiction.
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It remains to compute the signature of the quadratic form W restricted to B. This is isomorphic to the
quadratic form (cy, ...,cx) = (X cibi(x)) A (X ¢;b;(x)). Expanding out the right-hand side, we get

Z CiCjbi A bj

i,j

Since b; A b is almost O for every i # j and b; A b; is almost dx; A --- A dxy4 for every i, we see that
this form is almost

(ClyenvsCl) P (c%+-~~+ci)dx1 A Adxy.
In particular, the form has signature (%, 0). O

2.2.3. Relations in cohomology and low-frequency bounds
Letu; € H2(Xk; R) be a cohomology class dual to the ith copy of CP'in Xy, fori =1,...,k. Let a;
be a 2-form in the cohomology class u;.

We know that u; — u; —uj — u; =0in H*(Xy;R). Therefore, the corresponding differential forms
a; A a; — aj A a; are exact. Similarly, for i # j, u; — u; = 0, and so the forms «a; A «; are exact. Let
¥, be primitives for these forms. We have 2(5) exact forms total, and so r goes from 1 to 2(%).

Define g, = ¢* f*vy,. Since y, is a 3-form,

llgrllze < L7 (8)
Depending on r, we have dg, = a; ANa; —aj Aajordg, =a; Aa; withi # j.

The bound ||g, ||z~ < L? gives extra information about a; A a ;- In particular, we get bounds on the
low-frequency parts of a; A a;.

Lemma 2.14. Ifi # j, then

|1Pi(ai Aaj)lle~ < 203

IPx(a; Aa; —aj Aaj)lies < 25L°.

The same bounds hold with P <y in place of Py.

Notice that ||a;||z~ < L?, and so we have ||a; A ajll= < L*. But the low-frequency part of a; A aj
obeys a much stronger bound.

Proof. We write
|Pk(ai A aj)(x)| = '/ ny(y)ai Aaj(x —}’)d)"-
We now substitute in a; A aj = dg, and then integrate by parts:
‘/ g (y)dgr (x = y)dy‘ = ‘/ dny (y)gr(x = y)dy‘-
Since ||g,llL~ < L*, and [ |dn}| < 2% by Lemma 2.7, our expression is bounded by
< L3/ ldn)| < 2KL3.
The same proof applies to ||Pr(a; A a; —aj A a;)||r~ and with P<; in place of Py. O
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2.2.4. Toy case: all forms are low frequency
To illustrate how the tools we have developed work together, we now do a toy case of our main theorem:
the case where all forms have low frequency.

Suppose that the forms a; are all low-frequency: P<ja; = a; for every i. It follows that the wedge
products are also fairly low frequency: P<>(a; Aa;) = a; Aa;j forevery i, j.

We can now bound / Yyai A aj using the tools we have developed. First, Lemma 2.13 tells us that

/¢Ua1/\alS/¢U|a1Aal|SZ/¢U|ai/\aj|+/'ﬁUlai/\ai—aj Aajl.
%]

We are discussing the low-frequency special case, where |a; A a;| = [P<2(a; A aj)|. By Lemma
2.14, we have

la; Aaj| = |Po(a; Aaj)| s L.
Similarly,
lai Naj—ajNaj| =|P<xo(a; Na;—aj Aaj)| S L3

Therefore, / Yyuai Aay < L, and so finally, we have deg f < L3.
If we have a weaker low-frequency assumption that P_za; = a; for every i, then the same argument

shows that deg f < 2013, As long as the frequency range 20 s significantly less than L, then we get a
strong estimate. For instance, if 2¢ = L%, then deg f < L.

2.2.5. Bounding high-frequency contributions
We use the Littlewood—Paley decomposition to write

/ yuai ANa; = / Yu ZPkdi A ZPNI'-
R R4 keZ =

We can bound each term on the right-hand side by using our primitive estimate, Lemma 2.10, and
integration by parts:

/ YuPra; A Pea;| = '/ YuPra; A d(Prim(Pt’ai))'
R R

= '/ dyy A Pra; A Prim(Pa;)
< / (|| Prai] [Prim(Peay)|.

Now dyy is a fixed Cg,,,,, form, and we have |Pya;| < L? and | Prim P¢(a;)| s 27CL2. All together,
we get the bound

<271t ©)

’/d YuPra; A Pea;
R

This shows that the high-frequency parts of a; contribute little to the integral for the degree. By
summing this geometric series of error terms, we see the following:

Lemma 2.15. For any frequency cutoff €,

,/1 Yuai A a;
R(
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In particular, Lemma 2.15 allows us to resolve another toy case of our problem. If every form q; is
purely high-frequency, in the sense that P_za; = 0, then Lemma 2.15 gives the bound deg f < 274,
For instance, if 2¢ is at least LY 10 then we get a strong estimate: deg f < 139,

We now have strong bounds in two toy cases: the pure low-frequency case and the pure high-frequency
case. We will prove bounds in the general case by combining these tools.

However, combining the tools is not completely straightforward. Based on the discussion above, it
initially sounds like we might get a bound of the form deg f < L*~# for some 8 > 0. But there are maps
f with Lipschitz constant L and degree at least L*(log L)~ for some constant C. The forms coming
from these maps crucially have signifinant contributions at all frequency levels.

2.2.6. Bounds in the general case B
We begin by applying Lemma 2.15. For any frequency cutoff ¢, the lemma tells us that

‘/ Yyap A ap
]Rd

We will choose ¢ later, in the range 20 > L1/10 This guarantees that the last term is < L3, which is
much smaller than our goal.

To control the first term, we apply Lemma 2.13 with b; = P_za;(x) at each point x. Lemma 2.13
tells us that at each point,

S/lﬁu |Psga1 /\Psgal +27EL4. (10)

P_zai AP _zai| < Z |P_gai A P_zaj|+|Pgai NP _za;i — P_zaj AP _zaj|.
i#j

Plugging into the integral, we get

/lﬁylpggal /\Psga1| < Z/!//U|Psgai/\Psgaj|+/l//U|PSgai/\Psgai—Psgaj/\PSga”.
i#j

1 11

The two terms are similar to each other. We focus on the terms of type I first. The same arguments apply
to type II.

The form P_za; A P_za; looks a little bit like P_z(a; A a;), which has strong bounds coming from
Lemma 2.14. However, these forms are not equal to each other. We will examine the situation more
carefully and find that

P_za; NP_za; =P _;5(a; Aaj)+ additional terms. (11)
The additional terms are crucial to our story — they actually make the largest contribution in our bound

for the degree of f.
To work out the details of (11), we begin by doing the Littlewood—Paley expansion of a; and a;:

aiNaj = Z Pkla,’ A szaj.
kl,kQEZ

Grouping the terms according to whether k| or k; is bigger, we get

(o] (o]
ai/\aszSga[/\PS[—aJ-+ Z Pkla[/\PsklaJ-+ Z P<k2(1[/\Pk261J'. (12)
k1=E+1 k2=E+1

Note that the Fourier transform of P_za; A P_za; is supported in |w| < 4 - 2l (cf. Lemma 2.12).

https://doi.org/10.1017/fmp.2023.33 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.33

Forum of Mathematics, Pi 15

Therefore,
P i3(Pcpai NP gaj) = P_zai NP za;.
We apply Pz, to both sides of (12) to get

P_pslai Naj) = P_pa; NP_paj

+ D0 Pga(Piai AP<ay) + D Pep(Paoai A Pioay).
k]=[)_+1 k2=f+1
This gives us our fleshed out version of (11):
P_gai NP paj =P z5(ai Naj)
———
Term 1
< S 14
= D) Paes(Prai AP<ag) = D Pegys(Parai A Proay) . (1
k1=0+1 ko=C+1
Term 2.1 Term 2.2

We want to bound / Yul|P_zai; ANP_ga|. We plugin (14), and then we have to bound the contributions
of term 1, term 2.1 and term 2.2. The contribution of Term 1 is bounded using Lemma 2.14:

f¢U|ng+3(ai naj)| <2007 (15)

We will choose £ in the range 2¢ < L%/1°, and so the right-hand side is < L3, much smaller than our
goal.
Terms 2.1 and 2.2 are similar, so we just explain Term 2.1. The contribution of Term 2.1 is at most

Z /¢U|P5,g+3(Pklai/\Psk]aj)|S Z IP<zi3(Pryai A P<paj)llpr. (16)
ki=0+1 ki=0+1

We start with a direct bound for this L' norm. Lemma 2.8 gives
I1P<zi3(Piyai A Peryaj)llpr < N1Prai A Pegagllpy < lIPraillpillPex ajlles.
Now, Lemma 2.8 again gives ||P<k,a/llL> < llajllL> < L?. All together this gives
IP <13 (Prai A Peryaj)llpr < L2|IPryailps a7

If k| = ¢, this is the best bound we know. But if k; is much larger than {, then we can get a better
estimate by using the primitive of Py, a; and integrating by parts.

P_i3(Pryai A Psyyaj) =n';, .+ [dPrim(Pyai)P<ya;] -

Writing out what this means and integrating by parts, we get the following:
|Pozi3(Piyai A Pejaj)(x)| = ‘/ N2 (D (dPrim(Py,a;) (x = y) A Pegaj(x = )’)dy‘

= V dn’ ;.5 (v)(Prim(Py,a;)) (x = y) A P<gyaj(x = y)dy‘ -
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Therefore, we have a pointwise bound
|P_z.3(Prai N Pepyay)| < |dn_g,5 = [Prim(Py,a;) - Pr,aj]].
Taking L' norms, we get
1P <43 (PryaiP<iyaj)llpr < ldnczysllp |Prim Prail gl Pryajllz-
Now Lemma 2.7 gives [|[dn ;51 < 2% and Lemma 2.10 gives
IPrim Py, a;ll1 < 275 ||Py,aill -

We also know by Lemma 2.8 that [Py, a;llr~ < llajlli> < L?. Putting these bounds together, we see
that

IP_ii3(Piyai A Pegyaj)lipn < 2875 L2 Praillpa. (18)

Returning to the contribution of Term 2.1 in (16), we have the bound

e8]

> / YulPgis(Prai A Peap)l < Y 2572 Paillp (19)
k1=f+1 k1={7+1

Putting together our bounds for all the different terms, we get the following estimate for any choice

of scale £
/ Yuai A ag
R4

(On the right-hand side, the first term comes from high-frequency pieces, the next term comes from
Term 1 and is bounded using the low-frequency method, and the final term comes from Terms 2.1 and
2.2. The fact that k£ > 4 is used in the bound for Term 1.) . .

Let us pause to digest this bound. To begin, note that the first two terms, 27 L* + 2L, can be made
much smaller than L*. For instance, we can choose ¢ so that 2¢ = L'/2, and then these first two terms
give L3, The final term is often the most important.

_Now let us try to get some intuition about the last term. Because of the exponentially decaying factor
2(=k1the final term comes mainly from k; close to £. If || Py, a;||,.1 is very small for a range of k1, then
it is strategic for us to choose £ at the start of this range. This scenario could lead to a bound which is
much stronger than L*(log L)™'/ — see Proposition 2.16 below. However, it may happen that || Py, a;|| .1
are all roughly equal. This is actually the worst scenario from the point of view of Theorem 2.1. In this
case, we can improve on the bound || Py, a;||;1 < |lai|l1 = L? by using the orthogonality of the Py, a;.
By Cauchy-Schwarz, [|P,a;llp1 < [P aill2, and Y, 1P aill?, < llaill?, < L If || Py aillp are all
equal, then we can compute || Py, a;||.1 < L>(log L)~!/2. Plugging this into the last term, and summing
the geometric series, the last term contributes L*(log L)~'/2.

We now finish the formal proof of Theorem 2.1. We apply our estimates for those ¢ satisfying
LY10 < 26 < [%/10 The number of different £ in this range is ~ log L. For each £ in this range, (20)

gives
‘/ Yuar Aai
R4
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Summing the formula over all the £ in this range, we get

IOgL’/ Yuyar A ay
R4

In this sum, the terms with 2 > L can be bounded by L3 and absorbed into the first term. The
remaining terms are

(o)
s Y Y 2R Pl @D
L1/10<2? <19/10 fy=f+1

Z 2R L2 Praillp < Z LlPyaille-
L1/10<2k1 <1, [1/10 <98 <Dk 1 L'10<2k <1,

Next, we want to use orthogonality from Lemma 2.11: ||al~||i2 ~ Dk ||Pkal-||iz. To get these L” norms
into play, we apply Cauchy—Schwarz. Since the a; are supported in a fixed ball, and since the Py, a; are
rapidly decaying away from that ball, we have ||Py, a;||;1 < ||Pk,aillz2- Since there are ~ log L values
of ky in the range L'/10 < 2% < L, we have

1/2

> LlPhaillp < (Gog )22 Y IPgaill?,
L110<2k <1, L1102k <1,

< (log L)' L?||a;l| ;> < (log L)'*L*.

Plugging this back into (21), we see that

/'//Ual/\al

R4

/lﬁum/\m
R4

log L < L'+ (log )'2L*

and so

< (logL)™Y2 L%,

But the degree of f is given by (7):
deg(f) = Z / lﬁUﬂ] ANa; < (10gL)‘1/2L4.
U

This finishes the proof of Theorem 2.1.

The bound (20) contains somewhat more information than Theorem 2.1. It also tells us that if the
degree of f is close to L*(log L)~'/2, then the forms a; must have contributions from essentially all
frequency ranges. We make this precise in the following proposition.

Proposition 2.16. Suppose that k > 4. Suppose [ : Xy — Xy is L-Lipschitz. Let the forms a; be as in
(6),and fix0 < B; < B2 < 1.
Suppose that for every chart and every i, and every ki in the range LP' < 2K < [,

1P aill < L277. (22)
Then the degree of f is bounded by C(g)L*™", where
n =min(B1, B2 — B1,7Y)-

Proof. Recall that ||Py,a;|l;1 < ||laillr € L. The hypothesis (22) says that we have a stronger bound
on || Py, a;|[,1 when 21 lies in the range [LP!, LP2].
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To prove the bound, we plug all our hypotheses into the bound (20). That shows that the degree is

bounded by
R PR SRS Vb Rl ) S D DR el A
LA <ok <A 2k1 > P2
Carrying out the geometric series and grouping terms finishes the proof. O

2.3. General estimate
In this section, we prove theorem 2.2. We recall the statement.

Theorem. Suppose that M is a closed connected oriented n-manifold such that H*(M;R) does not
embed into A*R", and N is any closed oriented n-manifold. Then there exists a(M) > 0 so that for any
metric g on M and g’ on N and any map f : N — M with Lip(f) = L,

deg(f) < C(M,g,N,g")L"(log L)~ M),

Remark 2.17. The constant @ (M) depends only on the real cohomology algebra of M, H*(M;R).

Remark 2.18. Because the constant C(M, g) depends on g, it suffices to prove the estimate for any one
metric g.

The main difference between the general situation in Theorem 2.2 and the special case X = (CPZ)#]‘
in Theorem 2.1 is to find the right analogue of Lemma 2.13. Lemma 2.13 takes advantage of the
hypothesis that k > 4 for X;. Similarly, the following lemma takes advantage of the hypothesis that
H*(M;R) does not embed into A*R".

Lemma 2.19. Suppose that M is a closed connected oriented n-manifold such that H*(M;R) does not
embed into N*R". Then there exists an integer m(M) so that the following holds.
Letuj € H% (M;R) be a set of generators for the cohomology algebra of M, including a generator
up € H"(M;R). Suppose that the relations of the cohomology algebra are given by R, (uy, . .. ,uy) = 0.
Fix B € A4R" foreach j = 1,...,J such that |8;| < 1 for each j and |Rr(,§)| < € for each r. Then
|Bt0p| < CM€ﬁ~

Proof. The tuple (By,...,Bs) belongs to the space ]—[JJ.:1 A%R™, which is isomorphic to RV . We can
think of (each component of) §; as a coordinate on this space, and we can think of R, as a polynomial

on this space. We let V(R, ..., Rx) be the set of ,E where all the polynomials R, vanish.

Each (B1,...,B87) € V(Ry, ..., Rg) corresponds to a homomorphism ¢ : H*(M;R) — A*R" with
Bj = ¢(u;). By hypothesis, each such homomorphism is noninjective. By Poincaré duality, we have
that each such homomorphism sends u,p to 0. Therefore, Biop =0 on V(Ry, ..., Ry).

For any set X c RY, we let I(X) denote the ideal of polynomials f € R[] that vanish on X.
So we see that Siop € I(V(R1,...,Rx)). The structure of I(V(R1, ..., Ry)) is described by the real
Nullstellensatz—-cf. [20, §2.3]:

Theorem 2.20 (Real Nullstellensatz). A polynomial f € R[] lies in I(V(Ry, ..., Ry)) if and only if
there is an integer m > 1 and polynomials g;, h, € R[] so that

k
2 2 2
e+t g =Zh,Rr.
r=1
By the real Nullstellensatz, we see that there is some integer m such that

Bom+ (B +...+8(B)* = > h-(B)R(B).
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If we also know that |S;| < 1 for every j and |R,(B)| < € for every r, then we see that
BtZOrg < CME.

1
Therefore, |Biop| < Cprem. O

With this lemma, we can start the proof of the theorem. The ideas are the same. We just have to carry
them out in a more general situation, with a little more notation.

Recall that u; € H 4i(M;R) is a set of generators for the cohomology of M, with Uop the generator
of H"(M;R). Suppose that the relations of the cohomology algebra are given by R, (uy,...,uy) =0.

Choose a; to be a closed form on M in the cohomology class u ;. The cohomology class of R, (@) is
zero, so R, (@) is exact. Choose a primitive:

dyr = R, ((_i’) .

Next, suppose that f : N — M is an L-Lipschitz map. Cover N with charts U’, and let 1 = X\ Y-
be a partition of unity subordinate to the cover. Let ¢ : U — U’ be a parametrization of U’, where
U c R", which extends to a smooth map ¢ : R” — M sending the complement of a large ball in R” to
a single point in M. Define a smooth compactly supported function

¢y (x) xeU

Yux) = {0 x¢U.

Define forms on R" which correspond to the a; as follows:

1 * *
aj = E(ﬁ f aj.

With this normalization, ||a;||.~ < 1 and the a; are smooth compactly supported differential forms.
Then

deg(f) =L" Z /n Yu aop- (23)

T JR
Define forms on R” which correspond to the y, as follows. If y,, € H% (M;R), then
- 1 s px
gr = W¢ VANZ
The forms g, are also smooth compactly supported differential forms. The power of L is chosen so that
dg r = Rr (Cl J ) .
The power of L works out to make the forms g, very small:

lgrllzs s L7

This allows us to show that the low-frequency parts of the forms R, (a) are small.
Lemma 2.21. ||P<iR,(a)|1~ < 2XL7".

Proof. We start by computing

P_kR,(a)(x) = /]R n; (Y)Rr(a)(x — y)dy = /R" ny (y)dg, (x — y)dy.
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Now, we can integrate by parts to get
[oniods, =y = [ anf(oyu =
Taking norms and using ||g, ||z~ < L', we see that
Par @) 527t [ lan) <207 o

We want to bound f YU awp. We break this up into a low-frequency and high-frequency part at a
frequency cutoff £ which we will choose later. (Eventually we will average over many k.)

/¢Uatop=/¢UPSkatop+Z/wUPfatop- 24
—_———

>k
low

high

For the high-frequency pieces in (24), we will find a small primitive and then integrate by parts.
Lemma 2.10 tells us that Pyayop has a primitive with

[Prim(Pawp) |l < 27 CNIPrawoplls < 27 lawpllre < 275
Then we can bound [ ¢y Prayep by
/‘ﬂUPt’atop = / dyy Prim(Pea) < 27°.

We will choose k with 25 > L'/19, and so the contribution of all the high-frequency parts is bounded
by L~/19 which is much smaller than the bound we are aiming for.

For the low-frequency piece in (24)), we apply Lemma 2.19 to the forms P<a;. Since all these
forms have norm < 1 pointwise, the lemma gives us a pointwise bound

€1
|P<kaiop(0)| £ ) IRy (P<ga)| .
r
Integrating and using the Holder inequality, we get the bound

/'J’UPskatop < zl‘/'#UU?r(]DskﬁlNﬁ < Z (/ WUer(Pskaﬂ) " (25)

In the Holder step, in detail we wrote

1 2m-1 €1 1
/ VIR (Poa)| 57 = / VTR, (Paa)|

(/ ¢U|Rr(Pska)|) "

2m
(/v
Now we have to bound each integral /c,lrle,(Pska)L Since |la|lp~ < 1, we get a bound

————
<1
f YulR,(P<ra)| < 1, and to prove our theorem, we need to beat this bound by a power of log L,
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at least for some choice of k. The key input is the bound on the low-frequency part of R, (a): Lemma
2.21 tells us that ||[P<x R, (a)||z~ < 2¥L~"'. Next, we have to relate R, (P<ya) with P< R, (a).

Remember that each R, is a polynomial in the a;. Each R, (a;) is a sum of terms of the form
caj, A--- Aaj,.If we do a Littlewood—Paley decomposition of each a;, we see that

aj N---Najp, = Z Pklajl/\"'/\PkPajP. (26)

For each choice of k1, ..., kp, we write kmax = max, k,,. We let pmayx be the value of p that maximizes
kp. If there is a tie, we let pyax be the smallest p so that k,, = kpax. We can now organize the sum on
the right-hand side of (26) according to the value of knax and pmax:

Z Pklajl/\"'/\PkPajP:Z Z Pk @jy Ao A

ki,..., kp kmax Pmax=1

AP A Pp /\ngmaxaj[)lnax+1 A "'/\PSkmaxajP'

max ajpmuxfl max aj[?max

Similarly,

Peraj, A+ APraj, = Z Z Pk A+  APp@j, A APk djp.
kimax <k pmax=1

Therefore,

ngajl /\"'/\Pskajp

=aj AAa - ) Z Petoan@jy Ao A Py A AP
kmax>k Pmax=1

This discussion applies to each monomial of R,.. Therefore, R, (a) is equal to R, (P<ya) plus a finite
linear combination of terms of the form

P
Z Z Pk @jy N A Pr@j, AN AP, Ape (27)
kmax >k pmale

Now, for a large constant ¢, we have P<x4c R, (P<ka;) = R-(P<a;). Therefore, R, (P<ya) is equal
to P<k+c R, (a) plus a finite linear combination of terms of the form

P
Z Z Psire (P<kmaxajl A A Pl @ Nt A Pskmaxajp)- (28)

kmax>k pmax=1

In summary,
R, (P<ra) = P<pycR,(a) + terms of the form (28). (29)

The first term in (29) is controlled by Lemma 2.21: ||[P<iic R, (a) ||~ < 2 L71 < 2K L1, We will
choose k so that 2¥ < L%/10_ 5o this term is bounded by L~!/10, which is much smaller than our goal.

For each remaining term of type (28), we will again take a primitive and integrate by
parts. We apply Lemma 2.10 to get a good primitive: Py, a;, =~ = dPrim(Pg,,a;, ), where
IPrim( Py, aj, e < 2 kmax || Py a Jomas |ILP fOT €Very 1 < p < oco. For each fixed choice of kmax
and pmax, We write
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PSk+C (P<kmaxajl /\/\Pk /\.”/\PskmaxajP)

max a ] Pmax

\% .
=0 lpe * (P<kmxaj] EERWN dPrlm(PkmaxajpmaX) Ao A ngmﬂxajp)

\ .
=dnip,. * (P<k“maj1 A A Prlm(Pkmaxajpmax) A+ A Pskmax“jp> .
We now take the L' norm of our term. Since [|a;||z> and ||P<j,,a, ||~ are all < 1, we see that

”dn\;k+c * (P<kmaxajl ARRRNAN Prim(Pkmaxajpmax) ARERNA PSkmaxajP) ||Ll

|L1 s 2k+C z_kmax

N “dn\;k+cHL' “ Prim(Pkmaxa/pmax) Pkmaxa“Ll .

To summarize, we have proved the following bound on each summand of (28):
1P <iere (P<kmaxajl Ao AN Pl @j, o N A PSkmaxajP) I < 2k+02_km€“||Pkmaxa||Ll~ (30)

Now, the L! norm of each term of form (28) is bounded as follows:

P5k+c (P<kmaxajl ARRERA Pkmaxajpmax ARRRRAN PskmaxajP)
kmax>k Pmax=1

< Z 2k =Kmax ”Pkmaxa”Ll'

kmax>k

L!

‘We now have our bounds on all the terms, and we just have to put them together. Recall (25) tells us
that

([ wwraaw)” <Y, [wlkpaal (3D

By (29), we can break up R, (P<a) into pieces:
R, (P<ra) = P<p+cR,(a) + terms of the form (28).

We have now bounded each term on the right-hand side. Combining our bounds, we see that

2m
([ wwraiaw)” <Y, [ ok Paal s 2Lt Y 2 npyal,
r

kmax >k

Let us pause to digest this bound. The first term 2¥L~! is very small as long as 25 < L%'0_ In the
second term, there is exponential decay for kma.x > k. Therefore, the main contribution on the right-
hand side is when kmax = k, which gives ||Pxal|;1. For comparison, it would be straightforward to get
an upper bound of ||a|[;1 < 1. The upper bound ||Pral|;1 is an improvement because it includes only
one Littlewood—Paley piece of a. We can take advantage of this improvement by averaging over k and
using orthogonality: ', ||P,:<cz||i2 ~ ||a||iz. Now, we turn to the details of this estimate. We will sum

over k in the range L'/10 < 2K < 19/10 There are ~ log L different k in this range:

2m
> / boPaag) L0+ Y D, 2 Pgal.

L1/10 <2k <7 9/10 L1/10 <0k <.9/10 2k <2kmax <],
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(Here, terms with 2k > I are bounded by the L~'/10 term). Now, the last term is bounded by

k—kmg
2P all s ) IPegal.

L1/10 <2k <[ 9/10 2k <2kmax <, L'10 <kpax <L

The number of terms in this last sum is ~ log L. Therefore, we can use the Cauchy—Schwarz inequality
to get

1/2
1/2 2
> ||Pkmaxa||Lls<1ogL>/( > ||Pkmz.xallu)-
LY10<f . <L L1/10 <2kmax <],

Since a is supported on a fixed compact set, and Py, a is essentially supported on that set, Cauchy-
Schwarz gives || Py, allp1 < ||Pk,...allz2- Plugging this into the last term above gives

12
ﬂogL)‘”( 2 ||Pkmaxa||iz) < (log ) ?llall2-
L1/10 <2kmax <,

All together, we now have

2m
Yo ([ owraaw)” s toet) Pl

Ll/lOSQk SLQ/IO

Since there are ~ log L terms on the left-hand side, we can find one small term; that is, we can choose
k in the range L'/10 < 2k < 1.9/19 5o that

2m
([ woPera) ™ s Gog Ly Pl < (tog2) 1"

Taking roots, we get f YuP<kawp < (log L)*ﬁ,
Recall that we broke up f Yy ayp into low-frequency and high-frequency pieces in (24):

/WUatopz/l/’UPSkatop"'Z/lﬁUpfatop'
— ————

>k
low

high
We previously showed that the high-frequency pieces are bounded by < 27X. Just now, we found k with

L0 < 2k < 1910 \where the low-frequency piece has the bound < (log L)‘ﬁ. Therefore, the total is
bounded:

L
/ Yuawp S (log L)~ .

Recall from (23) thatdeg f = L" Yy f Yy ayop, and so
deg f < L"(log L) .

This proves the theorem, with a(m) = ﬁ. The integer m came from the real Nullstellensatz, and it
depended only on the cohomology ring H*(M;R).
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2.3.1. Proof of Theorem 2.3
Finally, we describe the modifications needed to prove the result on the ball, which we restate here:

Theorem. Suppose that M is a closed connected oriented n-manifold such that H*(M;R) does not
embed into A*R", and let «(M) > 0 be as in the statement of Theorem 2.2. Let B" C R" be the unit
ball. Then for any metric g on M and any L-Lipschitz map f : B* — M,

frdvoly < C(M,g)L"(log L)~ ™M),
Bn

Proof. Our argument above already studies forms defined on a ball. The only difference is that above
we study an W frdvolys, where  : B" — M is some function which decays to 0 at the boundary,

whereas we now want to understand f gn J 7 d voly . To bridge the gap, we expand the domain. Define a
function f : B2(0) — M on the ball of radius 2 by

N £ B Y
= {f(x/uxu) el > 1.

If f is L-Lipschitz, this function is 2L-Lipschitz. Moreover, since f has rank n — 1 outside the ball of
radius 1, f*d voly; = 0 outside that ball. Therefore, for any ¢ : R” — R such that |g» = 1, we have

d/f*dvolM:/ frdvolyy .
Bn

B (0)

The argument in the proof of Theorem 2.2 bounds the left side as desired. O

3. Explicit construction of efficient self-maps
In this section, we discuss the lower bound of Theorem A, which follows from the following result:

Theorem 3.1. Let Y be a formal compact Riemannian manifold such that H,(Y;Q) is nonzero for d
different values of n > 0. Then there are integers a > 0, p > 1 such that for every € € N and q = ap®,
there is an O (€4~ p*)-Lipschitz map rq 1Y — Y which induces multiplication by q" on H, (Y; Q).

For the purpose of this section, a simply connected finite CW complex Y is formal if and only if for
some g > 1, there is a map r, : ¥ — Y which induces multiplication by ¢" on H"(Y; Q) for every n.
Clearly, if such a map exists for some g, then it exists for g¢ for every £. This is not the original definition
of formality due to Sullivan, which is based on the rationalization of Y [11, 23]; the equivalence of our
definition in the case of finite complexes was first stated by [22].

To see that Theorem 3.1 indeed implies the lower bound of Theorem A, suppose that Y is an n-
manifold. Let K (£) be the Lipschitz constant of r,,,¢ : ¥ — Y and notice that for ¢ > 2,

gdfl

K(O/K(E=1)=p G <

2p.

Then for L >> 0, somewhere between L/2p and L is a value of K(£) for some ¢. This means that for
¢
q=ap-,

L/2p = O(q(logq)™"),
and therefore, there is an O (L)-Lipschitz map f : ¥ — Y such that

deg f = q¢" = Q(L" (log L)_”(“H)).
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3.1. Warmup example

We start by proving Theorem 3.1 in the simple case of connected sums of CP? before moving on to the
general case.

Theorem 3.2. Let M = #,CP?. Then there is a constant C such that for each € > 0, there is a self-map
ae : M — M of degree 2% and Lipschitz constant bounded by C¢ - 2.

As discussed in the introduction, the strategy is to build r,¢ inductively by gluing together several
copies of rye-1 without adding too much stuff in between. Before giving the detailed proof, we start with
a lemma about self-maps of spheres which will also be useful for the general case of Theorem 3.1.

Lemma 3.3. For every d, there is amap fg : S* — S" of degree d" whose Lipschitz constant is Cy (n)d.
Moreover, for each p > 1, there is a Co(n) pd-Lipschitz homotopy H,, : S" x [0, 1] — S§" between fpq
and fq o fp.

Proof. Give S" the metric of §[0, 1] n+l \which is Co-bilipschitz to the round metric, and divide the face
[0,1]™ x {0} into d" identical sub-cubes, d to a side. We map all other faces to a base point, and the
sub-cubes to the sphere by a rescaling of a degree 1 map

g : ([0,1]",8[0,1]") — (3[0, 11", pt)

whose restriction to g~ ([0, 1] x {0}) is homothetic to the identity map. The resulting map has degree
d", and its Lipschitz constant in the round metric is bounded by Cg (Lip g)d.

Now, consider the map f; o f,,. Like f,4, it consists of (pd)" cubical preimages of $", with the rest
of the sphere mapped to the basepoint. However, instead of one cluster of preimages filling a whole
face of [0, 1]™*!, there are p" clusters of slightly smaller preimages. We homotope f; o fp to fpa by
linearly expanding these preimages to fill the whole face. The Lipschitz constant of this homotopy is
bounded by Lip f, - Lip f,, = C3(Lipg)*pd. o

Proof of Theorem 3.2. We fix a cell structure for M = #;,CP? consisting of one 0-cell, k2-cells and a
4-cell. Let ¢ : [0, 1]* — M be the inclusion map of the 4-cell and let

k
9 = tlapo,17+ 3> M = \/S2
i=1

be its attaching map. The projection of 9 to each S? summand has Hopf invariant one. Notice that a map
f:l e \/l'f=1 S2 which sends each S? to itself with degree d extends to a map M — M of degree d>.

We prove the theorem by induction on £. For the base of the induction, we take 71 : M — M to be
any map whose restriction to each 2-cell is the map f; : §> — S from Lemma 3.3.

For the inductive step, assume that we have constructed a C (¢—1)-2¢~'-Lipschitzmap rpe-1 : M — M
whose restriction to each 2-cell is fyc-1. To build ryr, we take a 2 X 2 X 2 X 2 grid of sub-cubes inside
[0, 1]4, each of side length % . %, and send each of them to M via a homothetic rescaling of -1 o «.
Then the Lipschitz constant on each sub-cube is C¢ - 2¢.

We must now extend the map to the rest of [0, 1]%, filling the space in between with the same Lipschitz
constant. These gaps have width on the order of 1/¢.

First, we fix some notation. Let A C [0, 1]* be the complement of the 16 open subcubes

K; = (ay,az,a3,a4) + (1/8,3/8)4, for each a = (ay, a», az, aq), a; € {0,1/2},
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Toe—1 Toe—1 K(l Kﬁ

Toe—1 Toe—1 K(] Ka’

[0, 1] 4

Figure 2. Inductively assembling the map ryc. The light gray regions map to M®, and the dark gray
regions map to the 4-cell. Some regions are labeled with the restriction of r,¢ to that region.

and fix a Lipschitz map g : A — M which restricts to a map homothetic to @ on each K and to
f>00 on [0, 1]*. Here, we write f; : le §$2 - \/{.‘:l §? for the map which induces the map from
Lemma 3.3 on each wedge summand.

Now, we construct r,¢ as follows:

e In [0, 1]* but outside of (%, 1- #)4, the map is a homotopy from f5c 0 9 to foe-1 o f, 0 8. Such
a homotopy with domain §3 x [0, 1] can be made C, - 2¢-Lipschitz by Lemma 3.3, so this map is
Csyt-2¢ -Lipschitz for some fixed constant Cs.

e In [é, 1- %]4 but outside of the 16 sub-cubes of width 25—21, the map is fre-1 o g o s¢, where s is
a 2¢-Lipschitz piecewise linear map that sends the domain to A, as shown in Figure 2.

Then we have

20
Lip rye = max{Cy¢ -2¢,Cy - 27! . Lipg - 2¢, 77 Liprae )

By induction, the theorem is proven with C = max {C,,2C, Lip g, Lipr}. O

3.2. Building efficient self-maps

We give a mostly elementary proof of Theorem 3.1, building maps r, ‘by hand’. The definition of
formality gives us a self-map 7, : ¥ — Y of degree p"*; the proof consists of homotoping the iterates
(r p)‘; to maps r ¢ with a controlled Lipschitz constant. Although we have no control over the Lipschitz
constant of the original r, this only affects the multiplicative constant.

First, we assume that Y is a finite CW complex of a particular form. We construct r ¢ by induction
on skeleta, extending along one cell at a time. Each n-cell maps to itself with degree p¢* and contains
a grid of homeomorphic preimages of its interior, p to a side. The tricky part, and the source of the
polylog factor, is filling in the area between these preimages. This is done by induction on ¢: we take
p" copies of r,¢-1, arranged in a grid, and glue them together using a homotopy built in the course of
the (n — 1)-dimensional construction. The Lipschitz constant of this homotopy is proportional to the
Lipschitz constant obtained for self-maps of ¥ "~1; since there are log £ nested layers, we gain a factor
of log ¢ in moving from Y "=V to y (™

In passing from self-maps of the CW complex to those of our original manifold, we gain an additional
factor of a for the degree.

We now give the details of this argument. This is the heart of the proof of Theorem 3.1, although it
only covers a special case. The remainder of the section after this proof is devoted to showing that this
is sufficient to prove the general case.
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Lemma 3.4. Let Z be a simply connected finite CW complex with the following properties:

o H'(Z) is nontrivial in d different dimensions (not including i = 0).

o The cellular chain complex has zero differential. (In other words, the cells are in bijection with a
basis for H*(Z).)

o The attaching maps of Z are Lipschitz maps D" — AL

Letr, : Z — Z be a map which induces multiplication by p'on H(Z;Q) for every i > 0. Then there
is a metric on Z such that every iterate (rp)[ of rp is homotopic to a C(rp, 264 pt-Lipschitz map
rpc i Z — Z. Moreover, r . is homotopic to rpe-1 o 1), via a C’(rp,Z)é’d_lp[—Lipschitz homotopy
Hy:Zx[0,1] - Z.

p

The homotopy H, is needed for the inductive step in order to prove the lemma one dimension higher.

Proof. First suppose that d = 1 and let n = dim Z. Then Z is a wedge of n-spheres, so the base of the
induction is provided by Lemma 3.3.

Now suppose that we have proved the lemma for spaces with cells in d — 1 dimensions, in particular
for Z("=1) where dim Z = n > 3. We start by building a metric on Z as follows. First, homothetically
shrink Z(*=1) until the attaching maps of n-cells can be given by 1-Lipschitz maps from 9[0, 1]".
Then give Z the nearly Euclidean metric (as defined further down in §3.3) derived from attaching cells
isometric to [0, 1]".

By Proposition 3.6, proved further down, we can also assume that 7, : Z — Z is cellular and
Lipschitz. By applying a homotopy which is constant on the (n — 1)-skeleton, we can also ensure that
rp has the following property:

For every open n-cell e of Z, r;l (e) is a disjoint union of p” subcubes of (0, 1)", arranged in a grid
inside e, whose interiors map homothetically to e.

Such a homotopy can be performed in several steps. First, ensure that r, is smooth on the preimages of
the ‘middle halves’ of n-cells and that the centers of the cells are regular values. Then, by composing
with a homotopy that expands a small neighborhood of the center to cover the whole cell, ensure that
the preimage of each open n-cell is a disjoint union of homeomorphic copies. Then, since Z is simply
connected and n > 3, it is possible to cancel out copies of opposite orientations. The details of this
purely topological argument can be found, for example, in [14, Lemma 5.3] or [24]. Finally, we can
deform this map to obtain the desired geometry.

We now construct r,¢ and H, by induction on £. Suppose we have constructed a map r Pl that is
(n-1)
p(?—l
rpe-1 0 1p to the desired C(rp, Z)¢4 " p’Lipschitz map rpt.

We first apply the homotopy H l(,"_l) to Z("=1, We extend this homotopy to a n-cell e as follows.

Equip e with polar coordinates (s, 8), with @ € "' and s € [0, 1), and denote the attaching map of e
by 8, : "' — Z("~D_ We define a homotopy H : e x [0,1] — Z"~V by

C(rp, Z)(€ - 1)4 ! p~1Lipschitz and is an extension of r to the n-cells of Z. We will homotope

H"(@:(0),1+2(s - 1)), s=1-1/2,

rpe107rp(6, (1 —t/2)7ls), s<1-t/2.

H(s,0,1) ={

From this formula we see that

e When s = 1, H(s, 6,1) agrees with Hf,”fl).
e Ats=1-1/2, H is continuous since

H" ™V (8,0),1+2(s = 1)) = H"™V(8:(6),0) = rpe-1 0 7, (6, 1).
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Ls
Ly| Ly

(n-1
-1

(a) H|i=o = Tpi—10Tp (b) Hls—1: L;’s differ (¢) Jli=1: L;’s equalized

Figure 3. Stages of the homotopy Hy, the concatenation of H and J.

At this point, H lex{1} has different Lipschitz constants on different regions of e, which we bound by
induction on ¢ and d:

(i) On the outer half of the disk, the Lipschitz constant is
Ly =2LipH"™" <2C'(rp, 2" V)72 pt.

(ii) On the inner half, but outside %rl‘,l(e) (here, % refers to the homothety (s,6) — (3,6)), the
Lipschitz constant is

Ly = 2Lip (rpe-1 0 rp) < Lip(rp) - 2C(rp, 2" V) (€ = 1)42p1

This bound holds because on this subdomain, the image of r,, (6, s/2) lies in Z (n=1)
(iii) In %rl‘,l (e), the Lipschitz constant is

Ly=D"'"Lipr,e1 < D7'C(rp, Z)(€ - 1) ' p,

where D is the side length of one of the subcubes comprising %r;l (e).

In the second stage J : Z x [0, 1] — Z of the homotopy, which is constant on Z"~!, we expand and
shrink these three regions via a product of piecewise linear homotopies of [0, 1] so as to equalize the
Lipschitz constants. At time 1, e is nearly covered by a p X - -- X p grid of subcubes which each map
to Z via r ,c-1| composed with a homothety; the outer half of H lex {1y is relegated to a thin shell on the
outside of the cube. We can imagine expanding every part of the domain until the Lipschitz constant is
1 on each relevant subinterval and then shrinking the whole domain proportionally. This shows that the
resulting map J|;=; has Lipschitz constant bounded above by

2
< pC(rp. Z2)(€ = D) p + Lip(rp)C(rp, Z" ) (£ = )2+ C (rp, 27D) 042!
< C(rp, Z2)t'pt,

1 1
pDL3 + (E - pD) Lr+ =L,

where the second inequality holds as long as

C(rp,2Z) = p ' Lip(rp)C(rp, Z" VY + C'(rp, Z27D).
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Then we set r,,c = J|;=1 and H¢ to be the concatenation of H and J. By computing derivatives of H
and J in the space and time directions, we see that

Lip(H[) = max{Ll , Lz, L3},

and therefore, we can set C'(rp,, Z) < max{2, (pD)_l}C(rp, 7). O

3.3. Lipschitz homotopy equivalence

To show that Lemma 3.4 implies Theorem 3.1, we need to introduce some geometric and topological
facts. We start with the geometry, discussing metrics on CW complexes: we would like to show that the
‘special’ metric we imposed on the complex Z in Lemma 3.4 is not too special to be useful.

The relevant ideas date back to Gromov (see, for example, [15, §7.20] and are developed more
systematically in [17]. The basic idea is that if two homotopy equivalent metric spaces are compact and
sufficiently locally nice, then they are Lipschitz homotopy equivalent (in the obvious sense).

The importance of this is that asymptotic results about Lipschitz constants are preserved under
Lipschitz homotopy equivalence. That is, for metric spaces X and Y, define the Lipschitz norm of a
homotopy class @ € [X,Y] to be

llellip = min{Lip(f) : f € a}.

Suppose now that f : X* — X and g : Y — Y’ are Lipschitz homotopy equivalences. Then there are
constants C, K > 0 depending on f and g (but not @) such that

1
clallip - K < llgoao fliup < Cllallp + K.

Therefore, asymptotics such as those in Theorem A are invariant under Lipschitz homotopy equivalence.

Definition. A nearly Euclidean CW complex is a CW complex X equipped with a metric constructed
inductively as follows. The 1-skeleton is a metric graph. Once we have constructed a metric on X "=,
we also fix a metric d; on D" for every n-cell e;, such that d; is bilipschitz to the standard Euclidean
metric and the attaching map f; : $"~! — X("~1 is Lipschitz with respect to the induced metric on
§"=1 = 9D™. Then the metric on X ™ is the quotient metric with respect to this gluing.

In particular, notice that if L = max; Lip( f;), then for points x, y € X (n=1)

1
de(n—])(x, y) < dX(n) (x, y) < dX<n-1)(x,y).

For example, every compact Riemannian manifold is smoothly triangulable; with any such triangula-
tion, it is a nearly Euclidean CW complex. More generally, every simplicial complex with a simplexwise
Riemannian metric is an example.

Proposition 3.5. Suppose that X and Y are homotopy equivalent nearly Euclidean finite CW complexes.
Then they are Lipschitz homotopy equivalent.

In particular, the metric we constructed on Z in the proof of Lemma 3.4 is nearly Euclidean, and
so Z is Lipschitz homotopy equivalent to, for example, any homotopy equivalent compact Riemannian
manifold.

This follows immediately from the following more general statement:

Proposition 3.6. Let X and Y be nearly Euclidean finite CW complexes, and A C X a subcomplex. Let
f: X > Y beamap such that f|4 is Lipschitz. Then fis homotopic rel A to a Lipschitz map. Moreover,
if the original map is cellular, then so is the new map.
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There is another useful consequence of this fact:

Corollary 3.7. Given a finite CW complex X, we can always find a homotopy equivalent complex with
a nearly Euclidean metric.

Proof. We use induction on skeleta. Suppose we have constructed acomplex ¥ ) with a nearly Euclidean
metric and a homotopy equivalence f : X¥) — Y% Then for every (k + 1)-cell of X with attaching
map g : S¥ — X% f o g is homotopic to a Lipschitz map g : S¥ — Y¥). Then we can attach a
(k + 1)-cell along g and extend f to the (k + 1)-cell by combining g and the homotopy. O

Proof of Prop. 3.6. We start by proving a lemma:

Lemma 3.8. Y is locally Lipschitz contractible; that is, for everyy € Y, there is a neighborhood Ny 3 'y
which admits a Lipschitz deformation retraction to a point. In particular, for every n, every Lipschitz
map S — N, extends to D™ (as a Lipschitz map).

Proof. We build such a neighborhood by induction on skeleta, using the standard construction for a
contractible neighborhood inside a CW complex. Let y € Y and let £ be such that y is contained in an
open k-cell. Then we can take a ball in that k-cell which is Lipschitz contractible in ¥ ). Now suppose
we have constructed a contractible neighborhood N (n) of y in ¥ and consider an (n + 1)-cell with
attaching map f : S — Y. Then, thinking of the cell as the cone on S”, we can add f~'(N(n)) x [0, &)
to our neighborhood. Doing this for every cell gives us a neighborhood in ¥**!) with an obvious
deformation retraction to N(n), which is Lipschitz since the metric on the cell is bilipschitz to the
Euclidean metric. O

We now make f Lipschitz, also by induction on skeleta. Clearly, f|y« is Lipschitz to begin with.
Now suppose that f|yx«) is Lipschitz (notice that this is true with respect to the metric induced from
X%+ a5 well as that on X ¥)) and consider a (k + 1)-cell not in A with an inclusion map e : D! — X.
Now take a triangulation of D¥*! at a small enough scale that f o e takes every simplex into a Lipschitz
contractible neighborhood. By induction on the skeleta of this triangulation, we deform f o e to a
Lipschitz map, while leaving it constant on dD**!.

If f is cellular, then we can construct the (k + 1)st stage of the homotopy as a map to ¥ ¥*1) | rather
than to Y. Then the resulting map is still cellular. O

3.4. Properties of formal spaces

Finally, we need to show that the topological properties of Z are also not too special to be useful. This
requires some discussion of properties of formal spaces.

One property, which follows from [21, Proposition 3.1], is that a map between formal spaces which
induces isomorphisms on rational cohomology is rationally invertible:

Proposition 3.9. If Y is formal and f : Z — Y is a map between simply connected complexes which
induces an isomorphism on rational cohomology, then Z is formal, and there is amap g : Y — Z such
that g o f induces multiplication by g™ on H" (Y; Q), for some q.

Now, given Y, we build a rationally equivalent Z which satisfies the topological hypotheses of
Lemma 3.4:

Proposition 3.10. Let Y be a simply connected space with finite-dimensional rational homology and fix
a basis for H,(Y; Q) for every n. Then there is a CW complex Z and a map [ : Z — Y which induces
isomorphisms on rational cohomology such that:

(i) The rational cellular chain complex of Z has zero differential; that is, rational cellular chains on Z
are in bijection with H.(Z; Q).

(ii) The induced isomorphism f. : H,(Z;Q) — H,(Y;Q) maps each cell to a multiple of a basis
element.
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Proof. We construct Z and f by induction on skeleta. We set Z(? = Z(1) = «. Now suppose we have
built Z and amap f, : Z" — ¥ which induces an isomorphism on Hy (—; Q), k < n. By the rational
relative Hurewicz theorem, the Hurewicz map induces an isomorphism

T (Y, ZM) @ Q = Hyuy (Y, Z;Q) = Hyyy (Y Q).

So choose elements a1, . .., @, € Ty (Y, Z) forming a basis for 7,41 (Y, Z) ® Q. We build Z"*+1
by attaching an (n + 1)-cell ¢; along each da;, i = 1,...,r, and extend f, to f41 : zn) _y by
mapping each e; to Y via a representative of «;.

Since (fy)« : Ho(Z"™;Q) — H,(Y;Q) is an isomorphism, by the long exact sequence of that pair,
the Hurewicz image of each dea; is zero. Therefore, the map

Hyt (2:Q) = Hyt (201, 2;.Q)

is an isomorphism; in other words, the cells of Z(**!) form a basis for H,,,(Z"*); Q). Moreover, by
the definition of the extension f;,+1, the map

(fn+1)* . 7Tn+1(Z(n+1), Z(n)) ®Q— 7Tn+1(Y,Z(n)) ®Q

is an isomorphism. But these groups are naturally isomorphic to H,1(Z (”“);Q) and H,.1(Y;Q),
respectively. This shows that f,,;; induces a bijection on H,,1(—; Q) as well.

Once we have done this in every dimension in which H,.(Y; Q) # 0, we have constructed the desired
Z. To satisfy condition (ii), notice that we can always pick the a; to be integer multiples of the elements
of our chosen basis. ]

Now we conclude the section:

Proof of Theorem 3.1. Let Y be a simply connected formal compact Riemannian manifold. Using
Proposition 3.10, we can find a complex Z such that the cellular chain complex of Z has zero differential
and a rational equivalence g : Z — Y. Moreover, by Proposition 3.9, there is a rational equivalence
f Y — Z such that f o g induces multiplication by a” on H"(Y; Q), for some a > 0.

By Corollary 3.7, we can put a nearly Euclidean metric on Z, and by Proposition 3.5, we can assume
f and g are Lipschitz.

Now let r,, : Z — Z be a map that induces multiplication by p" on H"(Z;Q). By Lemma 3.4 and
Proposition 3.5, for any nearly Euclidean metric on Z, and for every ¢, there are O (p’¢¢~")-Lipschitz
maps r,c homotopic to rf. Then the maps f o r,c o g are again O(p‘¢4~")-Lipschitz and induce
multiplication by (ap?)” on H*(Y;R). o

4. Rational homotopy theory

The remainder of the paper will require machinery from rational homotopy theory. We will give a very
brief review of Sullivan’s theory of minimal models, referring the reader to [14, 12] for more details on
the general background and [ 18, 3] for treatments geared towards quantitative topology.

Rational homotopy theory provides a way of translating the topology of simply connected spaces
into algebraic language. There are several equivalent such languages, but the main one we will use is
that of differential graded algebras, as developed by Sullivan.

A (commutative) differential graded algebra, or DGA, is a cochain complex over a field, typically
Q or R, with a graded-commutative multiplication satisfying the graded Leibniz rule. The prototypical
examples are as follows:

e The smooth forms Q*(X) on a smooth manifold X, or the simplexwise smooth forms on a simplicial
complex.
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e Sullivan’s minimal DGA Mj, (F) for a simply connected space Y, which is a free-graded commutative
algebra generated in degree n by a vector space of indecomposable elements V,, = Hom(x,, (Y);F)
and with a differential which takes elements of V,, to elements of AZ;% Vi and is dual to the k-invariants

in the Postnikov tower of Y, k,, € H""\(Y,,_1; 7, (Y)). We will write

y =My (R) =AY, V,,
noting that this isomorphism is noncanonical. We also write

My (n) = Np, Vi
this is the minimal DGA of the nth Postnikov stage of Y.

There is an algebraic notion of homotopy between morphisms of DGAs which will not figure explicitly
in this paper. A quasi-isomorphism between DGAs is a map inducing an isomorphism on cohomology.
The existence of such a map between .A and B is not an equivalence relation; therefore, we say that two
DGAs are quasi-isomorphic if they are connected by a zig-zag of one or more quasi-isomorphisms

A<—Cl—>~-~<—Ck—>B.

If Y is a smooth manifold or simplicial complex, then it has a (non-unique) minimal model, that is,
a quasi-isomorphism my : M}, — Q*(Y) realizing the generators of the minimal DGA as differential
forms. The codomain of the minimal model may also be the algebra Q (Y) of flat forms in the sense of
Whitney, which are a completion of the smooth forms with respect to the L* norm; see [3, §2 and 6.1]
and [25, Ch. IX]. When we want to be noncommittal about whether we are using smooth or flat forms,
we write Q’(‘b) (Y).

We will frequently leave the map my implicit when we speak of the rationalization of a map
f Y — Z, which is a map p which completes the commutative square

MZL)MY

sz/ myJ/
f*

* *
Q (b)Z —Q (b)Y
up to homotopy. Such a map p always exists and is unique up to homotopy of DGA homomorphisms.
In the rest of this section, we introduce some prior results in quantitative homotopy theory as well as
some information about formal spaces.

4.1. The shadowing principle

The main technical result of [ 18] shows a kind of coarse density of genuine maps in the space of ‘formal’
rational-homotopic maps between spaces X and Y. That is, given a homomorphism Mj, — Q’(‘b) (X),one
can produce a nearby genuine map X — Y whose Lipschitz constant depends on geometric properties
of the homomorphism.

To state this precisely, we first introduce some definitions. Let X and Y be finite simplicial complexes
or compact Riemannian manifolds such that Y is simply connected and has a minimal model my :
My — QY. Fix norms on the finite-dimensional vector spaces Vi of degree k indecomposables of

M ; then for homomorphisms ¢ : My, — € (X), we define the formal dilatation

. 1/k
Dil(¢) =
il(p) 2SIg;%(}]?fnxllcplvk|Iop ,
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where we use the L™ norm on Q(X). Notice that if f : X — Y is an L-Lipschitz map, then
Dil( f*my) < CL, where the exact constant depends on the dimension of X, the minimal model on
Y and the norms. Thus, the dilatation is an algebraic analogue of the Lipschitz constant.

Given a formal homotopy

@ M — QX % [0,T]),

we can define the dilatation Dily (®) in a similar way. The subscript indicates that we can always rescale
@ to spread over a smaller or larger interval, changing the dilatation; this is a formal analogue of defining
separate Lipschitz constants in the time and space direction, although in the DGA world, they are not
so easily separable.

Now we can state some results from [18]. They are stated in that paper in terms of smooth forms; for
the argument that they can be adapted to flat forms, see [3, §6].

Theorem 4.1 (A special case of the shadowing principle, [18, Thm. 4-1]). Let X be a Riemannian
manifold or simplicial complex of locally bounded geometry, and let Y be a simply connected compact
Riemmanian manifold or simplicial complex. Let ¢ : Mj — Q’(‘b)(X) be a homomorphism with
Dil(¢) < L which is formally homotopic to f*my for some f : X — Y. Then f is homotopic to a
g : X — Y whichis C(X,Y)(L + 1)-Lipschitz and such that g*my is homotopic to ¢ via a homotopy ©
with Dily;p (@) < C(X,Y)(L+1).

In other words, one can produce a genuine map by a small formal deformation of ¢. Note that in the
above result, X does not have to be compact. In fact, the constants depend only on the bounds on the
local geometry of X.

We also present one relative version of this result:

Theorem 4.2 (Cf. [18, Thm. 5-7]). Let X and Y be finite simplicial complexes or compact Riemannian
manifolds, with Y simply connected. Let f,g : X — Y be two nullhomotopic L-Lipschitz maps and
suppose that f*my and g*my are formally homotopic via a homotopy ® : M; — Q’Eb) (X x[0,T])
with Dilp (®) < L. Then there is a C(X,Y)(L + 1)-Lipschitz homotopy F : X X [0,T] — Y between f
and g.

It is important for this result that the maps be nullhomotopic, rather than just in the same homotopy
class. This is because we did not require our formal homotopy to be in the relative homotopy class of
a genuine homotopy. In the zero homotopy class, one can always remedy this by a small modification,
but, in general, the minimal size of the modification may depend in an opaque way on the homotopy
class.

4.2. Formal spaces, again

In §3.4, we introduced formal spaces as spaces which admit self-maps of a certain type. However, the
original definition comes from rational homotopy theory, and there are a number of other equivalent
definitions. As we will use several of these definitions, we collect a number here, most found in the work
of Sullivan [23, §12] and Halperin and Stasheff [16, §3].

For any simply connected space Y, fix an isomorphism

My =AYV,
Now we can state some equivalent definitions of formality of Y:

Proposition 4.3. The following are equivalent for a simply connected space Y.

(i) The algebra of forms QY is quasi-isomorphic to H* (Y; R).
(ii) There is a quasi-isomorphism M3, — H*(Y;R).
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(iii) The cohomology of My, is a quotient of the subalgebra Wy € M3, generated by indecomposables
with zero differential. (In other words, a minimal DGA is non-formal if and only if it has a cohomology
class which has no representative in Wy.)

(iv) There is a (noncanonical) second grading My, = EB[ W; such that H*(Y;R) lives in Wy and the
differential with respect to the second grading has degree —1; that is:

e H*(Y;R) = Wy/dW,.
o Ifae W;and b € W;, then ab € Wy ;.
e [faec W, thenda € W;_y.
(v) The grading automorphism p,; : H*(Y;R) — H*(Y;R) sending every @« € H"(Y;R) to t"« is
induced by an automorphism p; : My — Mj,.

The arguments proving the equivalence of (ii)—(v) do not depend on the ground field used for the
DGAs. Moreover, Sullivan [23, Thm. 12.1] shows that the definitions of formality with respect to any
ground field F 2 Q are equivalent. More generally, without reference to spaces, we can say a DGA is
formal if it is quasi-isomorphic to its cohomology ring.

Proof sketch and remarks. (i) <= (ii). Since the minimal model M} — Q*(Y) is a quasi-
isomorphism, one is quasi-isomorphic to H*(Y; R) if and only if the other is. Moreover, it is a property
of minimal DGAs that if /\/l; is quasi-isomorphic to another DGA A, then there is, in fact, a quasi-
isomorphism M}, — A.

It follows from (ii) that, while many rational homotopy types may have the same cohomology ring,
exactly one of these is formal, and its minimal DGA can be constructed ‘formally’ from the cohomology
ring: at stage k, one adds indecomposables in degree & that kill the relative (k + 1)st cohomology of the
map w1 : My (k—1) — H*(Y;R) and extend py—1 to a map g : Mj, (k) — H*(Y;R). This is the
genesis of the term ‘formal’.

Using this construction, one inductively proves that (ii)=(iii), by showing that for each M3, (k), Wy
contains cycles representing the cohomology through dimension k. For M3, (2), this is clearly true since
M3 (2) € Wy. Now suppose we have a map -1 : M3, (k — 1) — H*(Y;R). By induction, the map

(ur-1) - (MG (k = 1)) = H*Y(V3R)

has image in the subring generated by H=<K~!(Y;R), and therefore, we can pick preimages in Wy. The
rest of H*+! (M5, (k = 1)) is killed by differentials of elements of V;. However, the cokernel of

(1) s HX (MG (k= 1)) = HX(Y;R) = H* (M5, (k)

is spanned by elements of V with zero differential, which are also in W,. Together, these span H* (M3).

(iii)=(iv) is also proved by induction on dimension of indecomposables. Suppose that we have
defined the bigrading on M3, (k — 1). By induction, the space of (k + 1)-cycles in M7, (k — 1) splits
as a direct sum of subspaces Z; C W; since differentials of terms in W; can only cancel out with those
of others in W;. Moreover, all of @izl Z; must be in the image of the differential on Vi. This allows
us to split Vi as a direct sum of elements of various W;, i > 0, so as to ensure dW; € W;_;. We assign
kerd C Vi to Wy.

(iv)=(ii). If a bigrading as in (iv) exists, then Mj, — Wy/dW is a quotient map of DGAs.

(iv)=(v). We can define p,(a) = ""*'a for every a € W; N V,,.

(v)=(v) (see also [23, Thm. 12.7]). This argument requires some information about the automor-
phism group of M3, which is a linear algebraic subgroup of the group P, Aut(V,,). Taking the ‘diag-
onal part’ in the Iwasawa decomposition of p;, we get another automorphism, also inducing the map p;,
on cohomology, which has a basis of eigenvectors in each of the V,,. An inductive argument then shows
that these eigenvalues are of the form #**, and setting W; N V,, to be the eigenspace for the eigenvalue
"+ gives a bigrading as in (iv). O
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Now, we connect these definitions to that in the previous section. If Y is a finite complex and (v) is
satisfied with Q coefficients, then any family of lifts §, can be realized by genuine maps:

Theorem 4.4 [19, Theorem A]. Let Y be a formal, simply connected finite CW complex and let p; :
My — My be the map

pr(w) =1"w,  weW;nV,,

for some bigrading My = EB;‘ W;. Then there is an integer ty > 1 such that for every z € Z, there is a
genuine map r, : Y — Y whose rationalization is p .
The same paper also gives a stronger version of Proposition 3.9:

Theorem 4.5 [19, Theorem B]. Let Y be a formal, simply connected finite CW complex and let p; :
My — My be the map

pr(w) =t""w,  weW;NV,,

for some bigrading My = P, W;. Suppose that Z is another simply connected complex and f : Z — Y
is a map inducing an isomorphism on rational cohomology. Then for some p, thereisamap g : Y — Z
such that the rationalization of f o g is pp.

We then get the following upgraded statement of Theorem 3.1:

Theorem 4.6. Let Y be a formal, simply connected finite CW complex whose rational homology is
nontrivial in d positive degrees, and let p; : My — My be the map

pe(w) =t""w,  weW;NV,,

for some bigrading My = @i W;. Then there is a constant C > 0, depending on the choice of p;
as well as Y, such that for every homotopy class in [Y,Y]| whose rationalization is p,, there is a
(Ct(log1)¥~! + C)-Lipschitz representative f : Y — Y.

Proof. Using Theorems 4.4 and 4.5, we obtain topological control over the maps f, g and r,, used in
the proof of Theorem 3.1. Then we see that there are a and p such that for every ¢ = ap?, there is a
Co(g(log g)¥=! + 1)-Lipschitz map f, : ¥ — Y whose rationalization is g, where Cy depends on the
family p;.

Now suppose that r, : ¥ — Y is a map whose rationalization is g,, and let my : My — Q'Y be a
minimal model of Y. Let ¢ = ap?’ satisfy ap’~! <t < ap’. Then the map

f;myﬁt/q My - QY

is algebraically homotopic to rymy . Notice also that, with an appropriate norm on indecomposables, the
operator norm of g, is t/q. Therefore, by the shadowing principle, there is an C; (Y)((¢/q) Lip f, +1)-
Lipschitz map in the homotopy class of ;. Then we are done because

Lip f; < Co(ptlog(p)*™" +1). 0

5. A finite criterion for scalability

In this section, we prove Theorems C and C’. In [3], it was shown that the following conditions are
equivalent for a finite simplicial complex or compact manifold ¥ which is formal and simply connected:

(i) There is a homomorphism H*(Y) — QY of differential graded algebras which sends each co-
homology class to a representative of that class. Here, QY denotes the flat forms, an algebra of
not-necessarily-smooth differential forms studied by Whitney.
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(i) There is a constant C(Y) such that for infinitely many p € N, there is a C(Y)(p + 1)-Lipschitz
self-map which induces multiplication by p™ on H" (Y;R).

(iii) For all finite simplicial complexes X, nullhomotopic L-Lipschitz maps X — Y have C(X,Y)(L+1)-
Lipschitz nullhomotopies.

(iv) For all n < dimY, homotopic L-Lipschitz maps S” — Y have C(Y)(L + 1)-Lipschitz homotopies.

Spaces satisfying these conditions are called scalable. Now, we show the following.
Theorem 5.1. The following condition is also equivalent to those above:

(v) For some ny,...,nyn, there is an injective R-algebra homomorphism
N
h:H"(Y;R) — @A*R"".
i=1

If Y is a closed n-manifold (or, more generally, satisfies Poincaré duality over the reals), the following
conditions are also equivalent to those above:

(V') There is an injective R-algebra homomorphism h : H*(Y;R) — A*R".
(vi) There is a 1-Lipschitz map f : R — M of positive asymptotic degree.

Remark 5.2. Condition (v”) can also be thought of as saying that there is an injective homomorphism
H*(Y;R) — H*(T"™;R). When is this homomorphism induced by a genuine map 7" — Y of positive
degree? A necessary condition is that the homomorphism can also be realized over the rationals. In
fact, this condition is also sufficient. A homomorphism H*(Y;Q) — H*(T";Q) lifts (non-uniquely)
to a homomorphism of minimal models. By [21, Proposition 3.1], after composing with a self-map
My — My that induces multiplication by p™ on H" (Y; Q) for some p, this homomorphism becomes
the rationalization of a genuine map 7" — Y.
This does not always happen. For example, take the real Poincaré duality space

Y = (8% x $2)/(x, ¥) ~ (+,x) # 2CP* #3CP2,

where * is a basepoint. The cup product H*(Y) x H>(Y) — H*(Y) is the quadratic form
(2,1,1,-1,-1, -1), which has discriminant —2 and therefore is not rationally equivalent to the quadratic
form induced by the cup product H*(T*) x H*(T*) — H*(T*). However, Y is scalable, since over the
reals, the two quadratic forms are equivalent.

To get a manifold counterexample, embed Y in R'” and let M be the boundary of a thickening W of
this embedding. Using Alexander duality and the Mayer—Vietoris sequence, we see that the injection
M — W induces an isomorphism

H*(Y) = H* (W) > H*(M),

and the classes in Hss(M) are Poincaré duals of those coming from W. This determines the rational
and hence the real cohomology ring: H*(M;R) = H*(Y;R) x R(h’), where /’ is Poincaré dual to the
fundamental class of Y. Clearly, this embeds in A*R®. A somewhat more subtle argument shows the
following:

Proposition 5.3. M is formal.

Proof. We will show that the minimal model of M satisfies condition (iii) of Proposition 4.3. As an
algebra, H*(M;R) is generated by six 2-dimensional classes and the 5-dimensional class /7. It suffices
to show that these classes lie in Wy. To do this, we show that the Hurewicz map 73 (M) ®Q — Hy(M; Q)
is surjective for k = 2 and 5. After dualizing, this means that all elements of H*(M; Q) are represented
by indecomposables in Vi.
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For k = 2, this is true by the Hurewicz theorem. For £k = 5, we apply the relative Hurewicz
theorem for the pair (W, M). By the long exact sequence of a pair, H;(W, M) = 0 fori < 5, and so
He(W,M) = (W, M). Then from the commutative diagram of exact sequences

7T6(W, M) 4)7T5(M) —_— 7T5(W)

N

H¢(W,M) —» Hs(M) ——— 0,
it is evident that the Hurewicz map n5(M) — Hs(M) is surjective. )

Therefore, M is scalable. However, an injection H*(M;Q) — H*(T?;Q), if it existed, would induce
an injection H*(Y) — H*(T*; Q), which we already showed cannot exist.

Thus, one can distinguish a class of ‘rationally scalable’ manifolds within the larger class of scalable
spaces. It would be interesting to know what other properties distinguish these two classes.

Proof of Theorem 5.1. We will prove that (i) implies (v) for all simply connected finite complexes
(which is straightforward) and that (v) implies (ii) for all simply connected finite complexes (which is an
application of the shadowing principle). We will also show that for closed n-manifolds, (v) implies (v’);
the converse is obvious. Then we will show that scalable closed n-manifolds satisfy (vi) and, conversely,
(vi) implies (v’) for any closed n-manifold.

To see that (i) implies (v), choose a basis uy,...,uy for H*(Y;Q) and let wi,...,wyn be the
corresponding flat differential forms. Then for each i, there is a set of positive measure on which w; # 0.
Since the homomorphism H*(Y) — €/ (Y) is multiplicative almost everywhere, we can choose a point
x; € Y such that ui f; — w;jly, is a homomorphism #; : H*(Y;R) — A*R™ such that h; (u;) # 0. Then
we can take

N
h=(hy,....,hy): H(Y;R) > @A*R”".
i=1

If Poincaré duality is satisfied, then (v) implies (v’) since we can project & to some A*R"™ under
which the image of the fundamental class is nonzero. This projection is still injective.

Now, we prove that if Y is a closed n-manifold, then (v’) implies (vi). This argument is partly a warm-
up for the more elaborate proof that (v) implies (ii). Since Y is formal, there is a quasi-isomorphism
¢ : M — H*(Y;R). Composing this with the homomorphism & : H*(Y;R) — A*R", we get a
homomorphism

n:Mj - QR", Nlx = h o ¢ forall x € R",

whose image consists of constant forms and such that the image of the fundamental class w{y) is (perhaps
after rescaling) the volume form. Since R" is contractible and has locally bounded geometry, we can
apply the shadowing principle to i to produce a Lipschitz map f : R" — Y which is related to n by a
formal homotopy

D: My — Q' (R"x [0,1])
such that Dil(®) < co.
The pullback map on forms induced by f should be thought of as looking on average like 7.

Geometrically, f can be built so that R" is tiled (periodically or aperiodically) by homeomorphic
preimages of an open dense subset of Y. From a Fourier point of view, f has a large constant term, and the
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rest of the nonzero terms are at very high frequency. Intuitively, such a map must have positive asymptotic
degree. To show this formally, we apply Stokes’ theorem to the form ®(wyy7) on Bg(0) x [0, 1], getting

/ f*dvol = / n(wiyy) — ®(wryy) = vol(Br(0)) + O(R™ ).
Br(0) Br(0) OBRr(0)x[0,1]

We can turn f into a 1-Lipschitz map of positive asymptotic degree by rescaling.

Now we will prove that (v) implies (ii). We prove this by constructing maps skeleton-by-skeleton.
When we extend to n-cells, we do it by piecing together ‘almost constant’ maps from R", like the map f
in the previous two paragraphs.

Suppose Y satisfies (v) (and therefore so does any complex in its rational homotopy class). By
Proposition 3.10, we may replace Y with a rationally equivalent complex Z whose rational cellular chain
complex has zero differential; in other words, the cells of Z form a basis for H.(Z;R). We equip Z with
a nearly Euclidean metric. Theorem 4.5 implies that to show that Y satisfies (ii), it suffices to show that
Z does.

Fix a second grading M?, = (P, W; as in Proposition 4.3(iv). We obtain a quasi-isomorphism
¢ : M, — H*(Z;R) by projecting to Wyo/dW, and an automorphism p, : M?, — M, which takes
w e W; NV, to 'w; then Yo p; = tdeg(p. Moreover, by Theorem 4.4, for some p > 1, there is a
genuine self-map r, : Z — Z whose rationalization is p,, and in particular induces multiplication by
p"on H'(Z;R).

We will show that Z satisfies (ii) by induction on skeleta. From (i), it follows that skeleta of scalable
spaces are scalable. Conversely, we will show that if Z is an n-complex satisfying (v) and Z("~V is
scalable, then so is Z. We first show that if Z("~1 is scalable, then for every £ > 0, the iterate (r,,)[ |z (n-1)
is homotopic to an O(p?)-Lipschitz map. Moreover, for each n-cell, condition (v) lets us build an
O(p%)-Lipschitz map from [0, 1]" to Z whose degree over that cell is p¢". We construct self-maps of Z
satisfying (ii) by patching these together; this shows that Z is also scalable.

Now we give the details. Let Z and its submanifold Z("~") be compact Riemannian manifolds with
boundary homotopy equivalent to Z and Z"~1. Let ¢ : M?, — H*(Z;R) be a quasi-isomorphism,
which exists since Z is formal, and let i,,_; : Z"") — Z be the inclusion map.

Suppose, by induction, that Z"*~1) is scalable. By condition (i), there is an injective homomorphism
H*(Z""V;R) — Q(Z"V) which sends each class to a representative; composing with i _ ¢ gives
a map M7 — Q (Z*1), and by a Poincaré lemma argument, this extends to a minimal model
mz : M3 — Q(Z) whose projection to Q;(Z("‘l)) factors through ¢. Then (rf,)*mz is formally
homotopic to mz pf;. By the shadowing principle 4.1 and the Lipschitz homotopy equivalence between
Z and Z, this lets us homotope r’, to amap r ¢ ,_; : Z — Z which is O(p®)-Lipschitz on Z*~1,

Now, we explain how to extend this map to the n-cells. Let ¢, ..., ¢ : [0, 1]" — Z be the inclusion
maps of the n-cells of Z and let ay,...,a, € H,(Z) be the corresponding homology classes. Recall
that we are assuming that there is an injective homomorphism 4 : H*(Z;R) — @f\i | A*R™ Since for
every i, A"R™ is spanned by simple tensors, we can choose n-dimensional subspaces

Vi CcR™,...,V, CcR"r
such that the projections
I’lj = /’l|vJ . H*(Z,R) i A*Vj

collectively distinguish all elements of H"(Z;R). Each &;|ynz.r) € Hom(H"(Z;R),R) can be iden-
tified with a b; € H,(Z;R), and we can find coefficients x;; such that

r
a; = injbj-
J=1
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For each j = 1,...,r and ¢ € R, consider the map 7. ; : M} — Q*([0,1]") where, for every
x € [0,1]",

Nej(@lrm = c*hjog(a),  aeMy.

Applying the shadowing principle, we get an O(c)-Lipschitz map f, ; : [0,1]" — Z such that f, o P is
related to 7. ; by a formal homotopy

®: M, — Q*([0,1]" x [0,¢71])

satisfying Dil(®) = O(c). We can, moreover, assume without loss of generality that f. ; sends [0, 1]"
to 2D If f,. j does not have this property, it has a short homotopy to a map that does, by the following
lemma:

Lemma54. Let L > 1 andlet f : [0, L]" — X be an 1-Lipschitz map to an n-dimensional CW complex
X with a nearly Euclidean metric. Then there is a C(X)-Lipschitz homotopy

H:[0,L]"x[0,1] > X

between f and a map which sends [0, L]" to X"V,

Applying the lemma to f. ;, we get a map with the desired property. We modify ® by appending the
pullback map induced by the homotopy given by the lemma.

Proof. Note first that it suffices to construct the homotopy on 9[0, L]" X [0, 1]. Then it can be extended
to [0, L]" x [0, 1] by pulling back along a projection map

[0, L]" x [0,1] — 3]0, L]" x [0,1] U [0, L]" x {0}.

Recall that we can write X = X (=D Ug, U; D", where 6; : ST — X1 are Lipschitz attaching
maps, and the metric on X is the quotient metric under this identification.

The homotopy d[0, L]" x [0,1] — X will have two steps. In the first step, we homotope f|s[0,r]"
into a collar neighborhood of Z (n-1), namely,

XD g, D"\ Bij2(0),

while keeping the map C (X)-Lipschitz. In the second step, we retract from this collar down into Z"*~1
via a straight-line homotopy, which is C(X)-Lipschitz by definition.

To perform the first step, we first fix a C(n)-Lipschitz embedding of A" in B;(0) such that the
interior of the image contains Bj,(0). This induces an embedding ¢; : A" — Z for every n-cell. Now
we triangulate d[0, L]" using simplices uniformly bilipschitz to the standard simplex such that the
diameter of each simplex is at most 1/8. Then we choose the homotopy in the first step as follows:

e Vertices whose image lies in Bs/(0) inside the ith cell are homotoped linearly to the nearest vertex of
t; (A™). This homotopy extends on the subcomplex spanned by these vertices (which was originally
mapped to B3,4(0) inside the ith n-cell) to a linear homotopy to a simplicial map to ¢;(A").

e The homotopy is constant on the subcomplex spanned by vertices whose image lies outside | _J; Bs;5(0).
Note that the image of this subcomplex lies outside |J; B1/2(0).

e On simplices that include vertices from both subcomplexes, we extend the homotopy by interpolating
linearly on the join.

This homotopy is again C(X)-Lipschitz. O
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Since f. ; maps the boundary of the cube to Z (n=1) it makes sense to discuss the homology class
of f.; in Z, which we write a(f. ;) € H,(Z;R). By Stokes’ theorem, for any cohomology class
ue€ H'(Z;R),

) = P ®(u) = c"hj(u) +O(c" ™).
waGe )= [ ews [ e =cw 0

In other words, a(f; ;) = ¢"b; + O(c"™'), and therefore,

r

tn , _
prai= ) alfyem )

J=1

We will construct an extension of r ¢ ,,_; to the ith cell by patching together fp ! j{n’j for each j together

with an ‘error-correcting’ map which gets rid of the O(c"~!) error term in the homology class and a
homotopy which connects the map on the boundary of the cube to r ¢ ,,_; © ;.
We first build the error-correcting map. Foreachi = 1,...,r, fix a map

8i - ([07 l]n,a[o’ l]n) - (Z’Z(n_l))

which maps to the ith n-cell with degree 1 and sends all but one of the faces of [0, 1] to a basepoint
po. Splitting [0, 1]"~! x [0, p~] into an (n — 1)-dimensional grid of subdomains, O(p?) to a side, we
build an O(p?)-Lipschitz map

Jerror 2 0,117 % [0, p7] - Z

by mapping each subdomain to Z via the appropriate g; (and mapping any leftover subdomains via a
constant map to pg) so that the induced homology class is the sum of the error terms of each fp[Xl n e
ij

Now, let g : [0,1]" — V/,.41[0, 1]" be an const(r)-Lipschitz map whose relative degree over each
cube is 1. Then the map

/= (fp(x.ll/",l VeV fp(x.l/",r V ferror) 0 g 1 [0,1]" = Z

is in the homotopy class of p/™[i;] € 7,(Z,Z"V). Since f and ¥ pt n-1 © 4 are in the same class in
7,(Z,Z"=D), their restrictions to the boundary are in the same class in 7,,_; (Z"*~1).

Therefore, since Z(" 1 is scalable, using condition (iii), we can construct an O(p[)-Lipschitz
homotopy in Z*~1) between f|a[o,1]n and ¢ ,_1 otilg[o,117. We then extend 7 ¢ ,,_1|zn-1) to our n-cell
in an O (p?)-Lipschitz way using this homotopy on the outer part of the cell and f on the inner part.

After we do this for every n-cell, we get an O (p?)-Lipschitz map Z — Z that induces the right action
on homology. Although this map may not be homotopic to r]’; |z, this is sufficient to prove condition (ii)
and therefore the inductive step.

Now we argue that (vi) implies (v’). One way to see this is by a direct application of Theorem 2.3,
which shows that (vi) implies (v’) for any closed n-manifold, as well as giving a quantitative result
describing how fast the degree goes to 0 asymptotically if (v’) is not satisfied.

We can also use a softer, less technical argument related to Lemma 2.19. Suppose there is a 1-
Lipschitz map f : R" — Y of positive asymptotic degree. Let u; € H% (Y;R) be a set of generators
for the cohomology algebra of Y. Suppose that the relations of the cohomology algebra are given by

R (uy,...,uy) =0, where R, is a homogeneous polynomial of graded degree D, in the free exterior
algebra A(uy,...,uy). Define forms w; € Q% (Y) representing the ujand @, € QPr~1(Y) such that
da, = Ry (wy,...,0yJ).
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For every t > 0, define f;(x) = f(zx); this is a ¢-Lipschitz map. Now, we consider forms

* *
v, = I9 o e
Jt [dj ’ r,t [Dr .

Since pulling back along a #-Lipschitz map multiplies the infinity-norm of a k-form by at most t*, we
have

||wj,t||00 S 1’ ”a'r,t (o) S l/t.

By definition of positive asymptotic degree, there is an & > 0 and a sequence of ¢+ — oo such that
/31 &™) fidvolpy > &. By the Arzela—Ascoli theorem, this sequence has a subsequence 71, f3,... — o

for which the w; ;, converge in the flat norm; we have

lim @ = ). € QL (RY), lim @, =0.
This means that the ring homomorphism A(uy, ..., uy) — Q5 (R") defined by wu; — w; « passes to

a well-defined map on the quotient ring by the relations R,, giving a ring homomorphism
Yoo : H'(M;R) — Q(R").

Moreover, flat convergence implies that

/ Yoo(dvolyr) > &.
By (R")

In particular, ¢ (d volys) is nonzero on some set of positive measure. While flat forms are not well
defined pointwise, they are well defined up to a measure zero set, so we can choose representatives and
then choose a point in this set of positive measure where these representatives actually restrict to a ring
homomorphism

H*(M;R) > A"R".

This homomorphism sends the fundamental class to a nonzero element, so by Poincaré duality, it is
injective. O

6. Efficient nullhomotopies

Now, we prove Theorem B, which we restate here:

Theorem 6.1. Let Y be a finite formal CW complex with a piecewise Riemannian metric and Lipschitz
attaching maps such that H, (Y ; Q) is nonzero for d different values of n > 0. Then for any finite simplicial
complex X, any nullhomotopic L-Lipschitz map f : X — Y is O(L(log L)4~1)-Lipschitz nullhomotopic.

We will use Theorem 3.1 to prove Theorem 6.1. The argument is similar to the proof of (ii)=(iii) of
the main theorem of [3].

Proof. Let X be a finite simplicial complex and f : X — Y a nullhomotopic L-Lipschitz map. Fix a
minimal model my : My — QY and a family of automorphisms p; : My — My which induce the
grading automorphisms on cohomology sending a class z € H"(Y;R) to ¢"z. By Theorem 4.4, there is
ap > 1anda self-map r,, : ¥ — Y whose rationalization is p,. Moreover, by Theorem 4.6, there is a
sequence of O (¢4~ p®)-Lipschitz maps r p¢ homotopic to the (th iterate r;.
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We will define a nullhomotopy of f by homotoping through a series of maps which are more and more

‘locally organized’. Specifically, for 1 < ¢ < s = [log,, L], we look at the map p -« which multiplies

~tk where k > d. Thus, applying the shadowing principle 4.1 to the map

each degree d generator by p
fimyppc: My — QX

gives a C(X,Y)(L/p’ + 1)-Lipschitz map f; : X — Y. Similarly, we get a C(Y)(s% ! p’ + 1)-Lipschitz
self-map g, : ¥ — Y homotopic to r,¢ by applying the shadowing principle to the map

FpsPpt-s : My — QY.

We will build a nullhomotopy of f through the sequence of maps

f\gl °fi 820 /2 ---\rps o fy —— const.
rl’ofl gIOrpofz g‘y,lorpofs

As we go right, the length (Lipschitz constant in the time direction) of the ¢th intermediate homotopy
increases — it is O(s9!p?) — while the thickness (Lipschitz constant in the space direction) stays a
constant O (s9"'L). Thus, all together, these homotopies can be glued into an O (s9~!p*)-Lipschitz
nullhomotopy of f.

Informally, the intermediate maps g, o f; look at scale p’/L like thickness-p¢ ‘bundles’ or ‘cables’
of identical standard maps at scale 1/L. This structure makes them essentially as easy to nullhomotope
as L/p-Lipschitz maps.

We now build the aforementioned homotopies:

Lemma 6.2. There is a homotopy G¢ : Y X [0,1] — Y between g, and ge—1 o rp, which has constant
length and thickness O (s%~' p?).

Note that the conclusion of Lemma 6.2 is similar to that of Lemma 3.4 but applies to a larger class
of spaces.

Lemma 6.3. There is a homotopy Fe : X X [0,1] — Y between fr and rp, o fri1 which has constant
length and thickness O(p?).

This induces homotopies of thickness O (s9~!p*) and length O (s~ p?):

e Gyo(frxid) from gg_j o) o fr to g o f; of thickness O (s~ p*) and length O (p?);
e g, o Fyfrom gg o frto ggorp o feyy of thickness O(s?~!p*) and length O (59! p?).

It remains to build a homotopy from r, to the C(Y)(s?~! p+1)-Lipschitz map g;. By [ 18, Theorem 5-6],
such a homotopy G : Y x [0, 1] — Y can be chosen to have thickness O(s?~!) and length O (s?(¢~1).
Thus, the homotopy G o (f; x id) has thickness O (s?~!p*) and length O (s4(4~1),

Finally, the map f; is C(X,Y)-Lipschitz and therefore has a short homotopy to one of a finite set of
nullhomotopic simplicial maps X — Y. For each map in this finite set, we can pick a fixed nullhomotopy,
giving a constant bound for the Lipschitz constant of a nullhomotopy of f; and therefore a linear one

for rps o f5.
The lengths of these homotopies are bounded above by a geometric series which sums to
O(L(log L)?), completing the proof of the theorem modulo the two lemmas above. O
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Proof of Lemma 6.2. We use the fact that the maps g, were built using the shadowing principle. Thus,
there are formal homotopies ¥; of length C (X, Y) between r;S my pps-i and g;my . There is also a formal

homotopy Y between r,,my and my pp. This allows us to construct the following formal homotopies:

o W, time-reversed, between g;my and r;Smy Pps—ts of length C(Y);
o W, 1pp between r;‘,smypps_c and g;_,my p,, of length C(Y)p;
e and (g;_, ®id)Y between g;_,myp;, and g;_,ry,my, of length C(Y).

Concatenating these three homotopies and applying the relative shadowing principle 4.2 to the resulting
map Mj — Q*(Y X [0, 1]) rel ends, we get a linear thickness homotopy of length O(p) between the
two maps. O

Proof of Lemma 6.3. 'We use the fact that the maps f; and fp,; were built using the shadowing principle.
Thus, there are formal homotopies ®; of length C(X,Y) between f*myp,,-i and f;. This allows us to
construct the following formal homotopies:

o @, time-reversed, between fr and f*my p ,-¢, of length C (X,Y);
o Oy p) between f*myp,-c and f;, mypp, of length C(X,Y)p;
e and (f;,, ®id)Y between f;,  mypp and f;,,r,my, of length C(X,Y).

Concatenating these three homotopies and applying the relative shadowing principle 4.2 to the resulting
map Mj — Q"(X x [0, 1]) rel ends, we get a linear thickness homotopy of length O(p) between the
two maps. O

7. Nonformal spaces

In this section, we discuss the relationship between the degree and Lipschitz constants of self-maps of
nonformal manifolds.

First, we note that such manifolds may have no self-maps of degree > 1 at all. Such manifolds are
called inflexible; examples of this phenomenon are given in [2, 10, 9, 1]. Manifolds which have self-maps
of high degree are called flexible.

Among flexible manifolds, a distinguished class are those with positive weights. A space Y has
positive weights if its minimal model My has a one-parameter family of ‘rescaling’ automorphisms;
that is, there is a basis {v;} for the indecomposables and integers n; such that the map A, : My — My
sending v; - t"v; is a DGA automorphism for any # € (0, o). This can be thought of as a generalization
of formality: formal spaces are distinguished by the fact that one can define rescaling automorphisms
that send every cohomology class z > 192 z; see §4.2.

Example 7.1. One nonformal manifold with positive weights is the example given in the introduction,
the total space M of the bundle S — M — §? x §? obtained by pulling back the Hopf fibration along
a degree 1 map S? x §? — S*. According to [13, p. 95], its minimal model is given by

M = (A@?,a? b, b1

(3) — —
say by, by s byy) | dai = 0,dbi; = ajaj)

and therefore, for any ¢, it has an automorphism which takes a; — ta; and b;; — 2b; - Now,

H>(M;Q) = (b11ay — a1b1z, bipas — ajbn)
H(M;Q) = (b11a5 — ajazb1> ~ aiby — ajazbya),

and therefore, this automorphism multiplies elements of H5(M ; Q) by 3 and elements of H7(M ;Q)
by 4.

A priori, automorphisms of the minimal model need not be realized by genuine maps of finite
complexes. But manifolds with positive weights have self-maps of arbitrarily high degree [8, Theorem
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3.2]. In fact, for any family of scaling automorphisms A;, there is some #y > O such that for every z € Z,
Az, is the rationalization of a genuine map ¥ — Y [19, Theorem A].

Of course, not every flexible manifold has positive weights. For example, if M is inflexible and N has
positive weights, then M X N is flexible but does not have positive weights.

7.1. Upper bounds on degree

Having introduced the main actors, we prove Theorem D, which we restate here for convenience:

Theorem. Let M be a closed simply connected n-manifold which is not formal. Then either M is inflexible
(has no self-maps of degree > 1) or the maximal degree of an L-Lipschitz map M — M is bounded by
L for some rational a < n.

Example 7.2. As stated in the introduction, for the 7-manifold M described in Example 7.1, we get
a = 20/3 < 7. To see this, consider an automorphism p : Mjy; — My, of the minimal model of M.
Such an automorphism is determined by the images

plar) =tnap +tppaz

plaz) = ta; +tpas.

Then a computation determines that
degp = p([M]) = (detT)*[M],

I Iz
I 12
(detT)T. Let Ay, A, be the eigenvalues of T with |1;| < |4;2|. Then by Lemma 7.3 below, for any
self-map f : M — M whose rationalization is p,

where T = ( ), and the action of p on H>(M;R) with respect to the given basis has matrix

Lip f > [4123]' > |det T]*'10 = |deg f£[*/%°.

Proof of Theorem D. We prove the contrapositive. Suppose that there is a sequence of maps f; : M — M
with strictly increasing degrees such that for every @ < n, deg f; eventually grows faster than (Lip f;)“.
We will show that M must be formal.

This requires a lemma:

Lemma 7.3. Let f : M — M and suppose the induced map f. : H*(M;C) — H*(M;C) has an
eigenvalue A. Then

Lip f > ||k,

Proof. The eigenvalue A is either real or one of a conjugate pair of complex eigenvalues. If it is
real, choose a ||-||-minimizing form w € Q{;(M) among those which represent an eigenvector

a € H*(M;R). Then

] lwlleo < lf @l < (Lip £)* l@llco-
If A is not real, choose an invariant two-dimensional subspace of H k(M ; R) whose complexification
contains eigenvectors for A and A and, within this, an f*/|1|-invariant ellipse E. Let w € QE(M ) be a

|||lo-minimizing form among those representing elements of E. Then once again,

Al ol < 11f @lle < (Lip f)* |@llo- O
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Now, suppose f : M — M is of degree d and f, : H*(M;C) — H*(M;C) has some eigenvalue A
such that || # d*/". Then either || > d*/", or by Poincaré duality, the induced map on H"%(M;C)
has an eigenvalue y with |u| > d = Therefore, by our hypotheses and Lemma 7.3, as i — oo, the
absolute values of eigenvalues of ( f;), : Hy(M;C) — Hy(M;C) uniformly approach (deg f;)*/*. That
is, for any such eigenvalue A,

k/n—Ci <10gges || < k/n+C, where lim C; = 0.

1—00

Now consider the automorphisms ¢; : L37/(C) — L7(C) induced by the f;. Here, L7 (C) is the
complexified Lie minimal model of M, a free differential graded Lie algebra whose indecomposables
in degree k are Ly = Hy(M;C), and ¢;|r, = (f;)+. The Lie minimal model is in many ways dual
to the Sullivan minimal model; see [12, Part IV] for the detailed theory. The endomorphisms of Ly,
form an affine variety in the vector space of graded linear maps H.(M;C) — H.(M;C), and the
automorphisms Aut(Lys(C)) form a linear algebraic group which is Zariski open inside that variety.
Moreover, the Zariski closure of Aut(Ls(C)), which is the same as its metric closure, is contained in
the endomorphism variety.

We now apply the theory of linear algebraic groups; see, for example, [5, §III.10 and IV.11].
(A similar argument is applied to rational homotopy theory in [4, §2].) Choose a Borel subgroup
G C Aut(Lp(C)); by the Lie-Kolchin theorem [5, Ch. III, Theorem 10.5], this is the subgroup
of matrices which are upper triangular with respect to some basis B of H.(M;C). Moreover, since
elements of Aut(Lys (C)) preserve the grading of H,(M; C), we can assume that B is a graded basis. By
[5, Ch. IV, Theorem 11.10], every ¢; is conjugate to some ¢; € G. Moreover, by [5, Ch. III, Theorem
10.6], for every ¢;, G also contains the diagonal matrix ¢;" obtained by zeroing out the off-diagonal
entries of 7.

As a vector space, Ly (C) is spanned by iterated Lie brackets of elements of 3. Therefore, each ¢’
is diagonal on all of £y, (C) with respect to a basis of iterated brackets of elements of 5. Moreover, if
a € Ly is an eigenvector of ¢’, then da is also an eigenvector with the same eigenvalue. Therefore,
there are well-defined automorphisms

Ui = (@))% 2" 2 £3/(C) — Ly (C).

The sequence {i;} lies in a compact set of automorphisms and therefore has a subsequence which
converges to some Yo : Lp(C) — Ly (C). This ¥ is also diagonal with respect to B, and its
eigenvalues on L have absolute value 2%.

As with the ¢, ¥« is also diagonalizable as a linear automorphism of Ly, (C), and if @ € Ly is
an eigenvector of i, then so is da € Lp; (C)r_1. Therefore, if we replace each eigenvalue of i
with its absolute value, then the resulting linear map, which sends every element a € Ly to 2kq, is
still an automorphism of £, (C). This automorphism descends to £, (Q). Since the automorphisms
of a rational minimal model are the same as those of the rationalized space M g), this shows that M is
formal. m}

7.2. Lower bounds on degree
Using the techniques of §3, we can give lower bounds on the maximal degree of an L-Lipschitz self-map

of a manifold with positive weights that complement the upper bound of Theorem D:

Theorem 7.4. Let Y be a compact manifold with positive weights and p, : My — My a scaling
automorphism of its minimal model. Let {z;} be a graded basis for the rational homology of Y such that
Py induces the map z; — t" z;, and let
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vn = max{n;/n | dimz; = n}

an, = maxy,
k<n

@ = Adimy
d=#n|vy,=a}

Then there are integers a > 0 and p > 1 such that for every q = ap®, there is an O(q®(log ¢)¢™")-
Lipschitz map whose rationalization is pg.

Example 7.5. In particular, this shows that the 7-manifold M described in Example 7.1 has L-Lipschitz
self-maps of degree ~ L2%/3: the bound of Theorem D is asymptotically sharp in this case.
This is because for the automorphism p; : My, — M, defined by

a; & ta;, bij tzbij,
we get n;/dimz; = 1/2 when z; is any 2-cycle, 3/5 when z; is any 5-cycle, and 4/7 when z; is any
7-cycle. Thus, the maximum is only attained in dimension 5, and therefore, the number d defined in the
statement of Theorem 7.4 is 1 in this case. For a map f : M — M whose rationalization is p;, we have
deg f = t*; by Theorem 7.4, there are such maps which are O (¢>/>)-Lipschitz.

Proof of Theorem 7.4. The proof is almost identical to that of Theorem 3.1, so we give an outline and
indicate the main differences.

As with Theorem 3.1, we first reduce to the case of a nearly Euclidean cell complex Z whose cells
are in bijection with the basis for H,(Z; Q) = H.(Y;Q) specified in the positive weight decomposition.
Such a complex exists by Proposition 3.10. The reduction is exactly the same as before but requires a
generalization of Proposition 3.9:

Proposition 7.6 [ 19, Thm. B]; see also the slightly weaker [7, Thm. 3.4]. Let Y be a space with positive
weights and let p; : My — My be a one-parameter family of automorphisms. If f : Z — Y is a map
between simply connected complexes inducing an isomorphism on rational cohomology, then it is a
rational equivalence, and thereisamap g : Y — Z and at € Z such that the rationalization of fog is p;.

Now, by [19, Theorem A], there isa p > 1 and a map r, : Z — Z whose rationalization is p,,. As
in Lemma 3.4, we construct maps r,,c homotopic to the iterates rf;, bounding the Lipschitz constant by
induction on both £ and the dimension. We also construct controlled homotopies Hy from 7 ,¢-1 o ), to
r pe. There are two main points on which the proof differs from that of Lemma 3.4.

First, as in Lemma 3.4, we assume that r,, has a nice geometric form. Specifically, we assume that

p

for every n-cell e;, r;,l (e;) is a grid inside e of homothetic preimages of e. Rather than p to a side, this

grid has p™/" subcubes to a side, where n; is the ‘weight’ of the homology class [¢;]. For this to make
sense, p"i/4Mzi must be an integer; we can make sure this is true for every i by iterating rp at most
(dim Z)! times.

The other main difference is in the Lipschitz constant estimate. As before, we set

Ly =2Lip(He|zm-1))
L, =2Lip(rp) Lip(rpe-1 |7 n-1))
L3 = D™ Lip(r 1),

where D is the side length of a subcube. Then the Lipschitz constant of r,c on a cell e; is bounded by

1 1
pM/"DLs + (5 —p“nD) L+ 3Ly
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Now, the proof splits into cases. Suppose, by induction, that

Lip(rpf|z(n71)) <C(n- l)fd”’lpa"’lf
Lip(H¢|znn) < C'(n - 1)5d"’lpa”’]€.

If @,,—1 = n;/n, then the proof is exactly as before and

Lip(rcle) < C(n)fd1+! panit
Llp(H{’Ie) < C/(n)fdn—ﬁlpa,l,][

for sufficiently large C(n) and C’(n), depending on Z and r,.
If @,-1 < n;/n, then the estimate for the Lipschitz constant is dominated by the L3 term. After
substituting the expression for the bound on Lip(r ,¢-1) and summing a geometric series, we see that

Lip(rpele) < C(n)p™/m?

for sufficiently large C(n).
Finally, if @,,—; > n;/n, then the estimate for the Lipschitz constant is dominated by the L; and L,
terms, and therefore, for sufficiently large C(n),

Lip(rpf |e) < C(Vl)fd"_lpa/n—lf.

Similar estimates hold for the Lipschitz constant of Hy.

This gives the estimate in the theorem: the polynomial power in the Lipschitz constant is governed
by the largest possible value of n;/n, and the power of the polylogarithm is governed by the number of
n for which that value is attained. m]

Remark 7.7. The methods of this theorem do not extend to manifolds without positive weights because
Proposition 7.6 fails. For example, suppose that M is rationally equivalent to N = P X Q, where P has
positive weights and Q does not. Then if f : P — P is amap of degree > 1,so01is f xXidg : N — N, and
Theorem 7.4 lets us find efficient maps homotopic to f¢ for £ > 1. However, this does not automatically
tell us whether M has self-maps of positive degree or, if it does, anything about the Lipschitz constants
of these maps. It would be interesting to either show that these properties are rationally invariant or to
find examples in which they are not.
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