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Abstract

We investigate the global asymptotic stability for positive solutions to a class of general symmetric
rational difference equations and prove that the unique positive equilibrium 1 of the general symmetric
rational difference equations is globally asymptotically stable. As a special case of our result, we solve
the conjecture raised by Berenhaut, Foley and Stevi¢ [“The global attractivity of the rational difference
equation y;, = (Yn—k + Yn—m)/ (1 + Yn—kYn—m)’, Appl. Math. Lett. 20 (2007), 54-58].
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1. Introduction

Recently there has been great interest in studying the qualitative properties of rational
differences equations. Some prototypes for development of the basic theory for the
global behaviour of nonlinear difference equations of order greater than 1 come from
the results for rational equations (see, for example, [ 1, 4—6] and the references therein).

In 2007, Berenhaut et al. [2] studied the global asymptotic stability for positive
solutions to the difference equations

_ Yn—k T Yn—-m

= , neNy={0,1,2,...}
L+ YniYnm

Yn

with y_,;, Y_m41, - .., ¥—1 € (0, 00) and 1 < k < m. At end of the paper, they raised
two conjectures as follows.

CONJECTURE 1.1. Suppose that {y;} satisfies
_ Yn—kYn—1Yn—m + Yn—k + Yn—i + Yn—m
" Yn—k¥n—1 + Yn—kYn-m + Yn—1¥n-m + 1’
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with ¥y, yom+1, -+ -, y—1 €(0,00) and 1 <k <l <m. Then the sequence {y;}
converges to the unique equilibrium 1.

CONJECTURE 1.2. Suppose that v is odd and 1 <kj; <k <--- <k, and define

S={1,2,...,v}. If {y;} satisfies
Yo = fl (yn—kla Yn—kys «+« > yn—kv)’ ne N,
F2On—kys Yn—ka» « = s Yn—ky)
where

v
fl(xl’x27"'7xv):Z Z Xy Xty * -+ Xy,

r=1 {t;,t2,....t,}CS
rodd 1 <ty<--<ty

and
v—1
HGLx . x) =14+ D> Y XXy,
r=2 {t1,t2,...ty}CS
reven f<ty<--<t,
with y_g,, y—k,+1, - . . » y—1 € (0, 00), then the sequence {y;} converges to the unique

equilibrium 1.

Conjecture 1.1 was solved by Berenhaut and Stevi¢ [3]. However, to the best of our
knowledge, Conjecture 1.2 has not hitherto been solved.

Let v > 2 be an arbitrary integer. Denote by v, (v.) the largest odd (even) number
not greater than v. We consider the general symmetric rational difference equation

= N0k ko k) gy (1.1)
P2ty Yn—kas -+ s Yn—ky)
where 1 <kj<ky<---<ky, and y_¢,, y—ky+1, ..., y—1 € (0, 00), and for §=
{1,2,...,v},
U()
NG X, x) =) Y XXy, (1.2)
r=1 {t;,t2,....t,}CS
rodd 1 <t<--<ty
and
Ve
LG x, Lx) =14+ )0 Y XXy X, (1.3)

r=2 {t1,t2,....t,}CS
reven t)<t)<--<t
In this paper, we investigate the global asymptotic stability for positive solutions
to the general symmetric rational difference equation (1.1) and prove that the unique
positive equilibrium 1 of the general symmetric rational difference equation (1.1) is
globally asymptotically stable. As a special case of our result, we solve Conjecture 1.2
raised by Berenhaut et al. [2].
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2. Preliminaries

253

For the sake of simplicity, for § C S let o(S) denote the largest odd number, and

e(S) the largest even number, not greater than the number of the elements in S,

o(S)

fl(g)_ Z Z Xty Xty = * - Xy,

{t1,12,....t,}CS
”Odd n <tz< <ty

and )
e(S)

HS =1+ Z Z Xy Xy * Xy, -

=2 {t].tr,...t;}CS§
reven tl<t2< <ty

LEMMA 2.1. Let

filxr, x2, .., xy)
falxr, x2, ooy xy)]

where f1 and fy are defined by (1.2) and (1.3), respectively. Then

f(-xly-an"-?-xU):

f =2 [Ja-x). i=12.... v
J#

2.1)

2.2)

(2.3)

PROOF. For any i € {1, 2, ..., v}, let S; = S\{i}. From (2.1) and (2.2), it is easy to

obtain that
J1(8) = x; f2(Si) + f1(S))

and

£08) =x; f1(S) + f2(Si).

For any j #i, set S;; = S;\{j}. Then it follows from (2.4) and (2.5) that

f1(S) =x; £2(Sij) + f1(Si))
and
208 = x; f1(Sij) + f2(Si)).
Now from (2.4)—(2.7),
afl(S) 3f2(5)

ox; f2(S) — ox;

J1(S) = f2(S) (xi f1(Si) + f2(Si))

— fiSH i f2(S) + f1(Si))
= f7(S) — fE(S)

(2.4)

(2.5)

(2.6)

2.7)

= (x; f1(Sij) + (S — (xj (Sip) + f1(Sij)?

= (1= xD(f7(Sij) = FL(Sif))-
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Noticing that j # i was arbitrary and that f22 (Sij) — flz(S,- ;) does not depend on i or j,
it is easy to see that

afl(S) 3f2( )

Son S = = =S = [Ja-xp
J#
and so f(S)
S = SN —x.
J#i
This completes the proof. g

By (1.1), (2.4) and (2.5), it is easy to obtain that x =1 is the unique positive
equilibrium of (1.1). The following concepts can be found in [7]. A subsequence {y,}
of a solution of (1.1) is called trivial if it is eventually identical to the equilibrium 1.
Otherwise it is nontrivial. The sign of a subsequence {y,} of a solution of (1.1) is
defined as the sequence which is composed of the signs of the terms of {y, — 1}. If
yn — 1 =0, then the sign of the nth term of {y,, — 1} is denoted by O.

Let {y,} be a positive solution of (1.1), m =k, and A; = {yum+i},-_ for i =
0,1,.. Som— 1. Thep {yn} is divided into m subsequences Ag, Aq, ..., Ayu—1. Set
A; = B"U B; with B' ={y € A;|y > 1} and B; ={y € A;|y < 1}. For the sake of
simplicity, forn >0, j=1,2andi =0,1,...,m — 1, let

fj (n,i) = fj (ynm-‘ri—kla Ynm+i—kys -+« » Ynmi—ky) (2.8)
and
fj(n i,v)= fj(ynm+i —kis Ynm+i—kys - -+ » Ynm+i—k,_ 1) 2.9

where f1 and f2 on the right-hand side of (2.8) (or (2.9)) are given by (2.1) and (2.2)
with S =S (or S = S\{v})), respectively. It follows from (2.4), (2.5), (2.8) and (2.9)
that, for any n > 0,

S1(n, ) = Yo—vym+i 2(n, i, v) + fi(n, i, v) (2.10)
and

2, 0) = yu—vym+i [1(n, i, v) + fa(n, i, v). (2.11)
LEMMA 2.2. Foreachi €{0, 1, ..., m — 1}, there exists some L; > 1 such that B

converges to L; if B' is infinite, and B; converges to 1/L; if B; is infinite.

PROOF. If A; is trivial, the proof is trivial.
If A; is nontrivial, we can assert that y,,,+; # 1 for all n > —1. Otherwise,
Yim+i = 1 for some n > —1, and by (2.8)—(2.11),
Siln+1,10)
Sm+1,10)
Yim+i f1 + 1,1, v) + fo(m + 1, i, v)
=1,

Y@a+Dm+i =

https://doi.org/10.1017/5S0004972709000690 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972709000690

[5] Global asymptotic stability for general symmetric rational difference equations 255

so that A; is trivial, a contradiction. It follows that y,,,+; = 1 for n > n by induction,

which contradicts the fact that A; is nontrivial. Thus B* is in fact {y € A;|y > 1}, and
it follows from (2.8)—(2.11) that, forany j =0, 1,...,m — 1 and n > 0,

Ynm+j — Yn—1)m+j
N0 ) = Ya—Dymj L2, )

fan, j)
_ Yo—bm+ 200 o 0) + f101 , 0) = Yo m+j G—met 101, 0) + 201, 0))
fo(n, j)
fi(n, j,v)
= Thep T nim'l—’_ n—1)m+j 0.
Ao LT Ye-omt ) Ya-nm)) #
This implies that
On = Yn-m)Yn—m — 1) <0, n=0,12,.... (2.12)

We suppose that y_,,1; > 1. The proof of the case y_;,,4; <1 is analogous, so
we omit it. Assume that the sign of A; is q1+, q; » q3+, qy .-, Where ql+ means ¢
successive positive signs and g, means g, successive negative signs. We consider two
cases as follows.

Case 1. The sign sequence is finite; that is, there exists a positive N such that gy = oo.
Without loss of generality we may assume N = 1, that is, g1 = oo and B; is empty.
By (2.12),

Yem+i = Vi = Ym+i =

and so {y;,4i} is decreasing with lower bound 1. This implies that lim,,—, 5o Yum+i =
L; for some L; > 1.

Case 2. The sign sequence is infinite. Then each g; is a positive integer. Letting
s =—-1,sm)=sn—1)+gq,, n=1,2,...,

then
B' = {ysn)+jm+i In=0,7=0,1,...,g241 — 1} (2.13)

and
Bi = {ys@nt)+jpm+i In=0,7=0,1,...,go42 — 1}. (2.14)

It is easy to obtain from (2.12) that

Ys@mym+i > Ys@u)+Dm+i > > Ys@utD—Dm+i > 1 (2.15)

and

Ys@ni-Dmti < Ys@naD+Dmti <+ < Ys@n+2)—m+i < 1 (2.16)
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forn > 0. By (2.8)—~(2.11) and (2.15),

fis@n+1),1)
f@2n+1),10)
Y@t )—Dm+i [2(s2n+ 1), i, v) + fils2n + 1), i, v)
Y@ —Dmti f1(sQn+1), i, v) + fa(s@n+ 1), 4, v)
fHls@n+1),i,v)+ fits@n+1),1i, v)
Ys@ntD)—Dm+i (J1(s2n + 1), i, v) + fo(s2n + 1), i, v))
1

Ys@n+Dm+i =

= (2.17)
Y(s2n+1)—1)ym+i
for n > 0. Similarly, by (2.8)—(2.11) and (2.16), we can get
1
Vs@n+m+i < ———————————— (2.18)

Y(s2n+2)—Dm+i

for n > 0. Define a sequence {x,} by

Vn ifyneBi,
Xn = 1 .

— lfy,,EB,'.

Yn

Then (2.13)—(2.18) imply that {x,} is decreasing with lower bound 1 and so {x, } has a
limit L; > 1 as desired. This completes the proof. O

For our main result, we also need the following lemma.

LEMMA 2.3 [5, Corollary 1.3.2].
Assume that F = F (uq, . . ., uy) is a C' function and let X be an equilibrium of the
rational difference equations

Xn+1 = F(xn, xp—1, ..o, Xp—k), n=0,1,2,..., (2.19)

where k > 0 is an integer. If all the roots of the polynomial equation

k
OF :
)J‘“—§ — (&, ..., o =0
= dui

lie in the open unit disk || < 1, then the equilibrium x of (2.19) is asymptotically
stable.

3. Main Results

THEOREM 3.1. The unique positive equilibrium 1 of (1.1) is globally asymptotically
stable.
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PROOF. The linearized equation of (1.1) with respect to the positive equilibrium x = 1
is
_ L Af(1, 1, .., )

=
i=1 dx;

)’n—k,-, n:1’2’-"’

where f = f(x1, ..., xp) is given by (2.3). By Lemma 2.1, we know that

af(l,1,..., 1)

=0, i=1,2,...,v.
8x,~

It follows from Lemma 2.3 that x = 1 is locally asymptotically stable.

Now it is sufficient to prove that 1 is a global attractor for the positive solutions
of (1.1). Moreover, by Lemma 2.2, it is sufficient to prove that L; =1 for i =0,
1,...,m — 1, where L; is the same as in Lemma 2.2.

Leti e {0, 1,..., m — 1}. Without loss of generality, we may assume that B’ is
infinite. Thus, Lemma 2.2 implies that, for any ¢ > 0 sufficiently small, there exist
some n and

Pre{Llo, ..., L1, Ly', .. L ) 1=0,1,...,m—1,

such that yj,4; € B!,

|Vam+i — Lil <&, |Yam+i—k, — Pil < ¢ (3.1)
with _
|yG—vm+i — Lil <& if ya—1ym+i € B' (3.2)
and
[Y@-1ym+i — 1/Lil <& if yGi—1ym+i € Bi. (3.3)

For the sake of simplicity, let
fi(P.te)=fj(Pite Pyte, ..., Py xe), j=12,  (34)

and
fi(P)y=fi(P1, Py, ..., Pp_p), j=1,2, (3.5

where fi and f> on the right-hand side of the above two equations are the same
as in (2.9). Notice that f; and f, are increasing. If yG—1ym+i € B', then (2.8)-
(2.11), (3.1), (3.2) and (3.4) imply that

Li — & < Yam+i
A,
© h@, i)
_ Ya-bm+i 2,1, 0) + fi(n, i, v)
C Ya—vmti f1(, 1, 0) + fo(it, i, v)
_ (Li+e)fa(P. +e) + fi(P, +e)
= (Li — &) fi(P, —&) + fo(P, —¢)

(3.6)
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and

Li+e> yim+i
_ Ya-vm+i 2,1, v) + fi(n, i, v)
 Ya-vm+i i1, 0, v) + fo(@, i, v)
_ Li= )P, &) + fi(P. )
T (Li + &) fi(P, +&) + fa(P, +e)
Since ¢ is arbitrary and fi, f> are continuous, it follows from (3.6), (3.7) and (3.5) that
_Lifh(P)+ fi(P)
" Lifi(P)+ fo(P)’

which yields that L; = 1. Similarly, if yG—1ym+i € Bi, by (2.8)—(2.11), (3.1), (3.3)-
(3.5) we obtain

(3.7)

_ /L) AP) + AiP)
© /L) iI(P) + fa(P)
This also leads to L; = 1. This completes the proof. O

Letting v = 3 in Theorem 3.1, we have the following corollary.

COROLLARY 3.2. Suppose that {y;} satisfies
_ Yn—kYn—1Yn—m + Yn—k + Yn—1 + Yn-m
" Yn—kYn—1 + Yn—kYn—m + Yn—1Yn-m + I

with Yo, Y—m+1, ---, Y1 €(0,00) and 1 <k <l <m. Then the sequence {y;}
converges to the unique equilibrium 1.

n € Ny,

For v > 3 and v odd in Theorem 3.1, we have the following corollary.

COROLLARY 3.3. Suppose that v is odd, 1<kj<ky<---<ky, and S=
{1,2, ..., v} If {yi} satisfies

1 (Vn—ky s Yn—kys - - - » Yn—k,)
nzfynl)’nz k) N
J2On—kys Yn—kys + -+ s Yn—k,)
where
v
AGL X ox) =) Y XXy x,
r=1 {t1,t,....t,}CS
r odd ti<2tz<--f<t,
and
v—1
f2(x17x2,---»xv):1+ Z Z -xl‘lez"’xlr
r=2 {t1,t3,....ty}CS
reven fi<h<--<ty
With y_g,, Y—ky+1s - - - » Y—1 € (0, 00), then the sequence {y;} converges to the unique

equilibrium 1.

REMARK 3.4. Corollary 3.3 solves Conjecture 1.2 raised by Berenhaut et al. [2].
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