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1. In t roduct ion . Let (X, d) be a m e t r i c space and f a mapping 
of X into itself. D. F . Ba i ley [ l ] cons ide red a c l a s s of mappings f 
sa t i s fy ing the condit ion: y x , y e X, x f y , 

(1 .1) 3n (x ,y ) € I+ such that d(fn(x), fn(y)) < d(x, y) , 

w h e r e I denotes the se t of pos i t ive i n t e g e r s . F o r X compac t and 
f con t inuous , he proved that such mappings p o s s e s s a unique fixed 
point . In cons ide r ing a loca l v e r s i o n (i . e. ( 1 . 1) holds if 
0 < d(x ,y) < e ) he showed that f has a f inite, nonempty set of 
p e r i o d i c po in t s . 

In [3] , V. M. Sehgal cons ide red the spec i a l case when ( 1 . 1) is 
r e p l a c e d by: yx € X, 

(1 .2) 3n(x) 6 I+ such that d(fn(x), fn(y)) < \ d ( x , y ) , Vy * X 

w h e r e 0 <_ X < 1, and p roved tha t , if X is comple te and f 
con t inuous , f has a unique fixed point . 

In the p r e s e n t pape r we cons ide r both s e m i g r o u p s of mappings 
and s ingle mappings sa t is fying condi t ions c lose ly r e l a t e d to those 
s tudied in [1] and [3] , namely : if F is a commuta t ive s e m i g r o u p of 
cont inuous mapp ings f: X -*• X: V x € X 
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(1.3) 3n(x) € * a n d f e F such that Vy 6 X we have 

d(f*(x), £(y)) < \d(x,y); 

and the more general: Vx, y e X, 

(1.4) 3n(x, y) e I and f e F for which 
x, y 

d(fn (x), fn (y)) < Xd(x,y). 
x,y x,y — 

As no member of the semigroup need satisfy either (1. 1) or (1. 2) it 

is quite clear that an extra hypothesis must be introduced if we wish 

to insure the existence of a common fixed point. This is especially 

true in the case when the space X is not assumed to be compact. 

Such a condition (cf. Theorem 1) is given by considering the "orbit" 

F[x] (= { f(x) : f e F} ) of a point x e X and requiring 

(1.5) ^x € X for which f = {f : y e F[x]} is finite 

In the case of a single mapping f (Section 3), we consider 

the stronger condition: Vx, y € X, 

(1.6) 3N(x,y) € I+ such that d(fN+t(x)> ^ ^ ( y ) ) < Xd(x,y), 

t = 0 , 1,2, . . . 

to obtain results similar to [l] in non-compact spaces. 

I should like to thank Professor M. Edelstein for his helpful 

advice in this research. 

2. In this section let F (as above) denote a commutative 

semigroup of continuous self mappings of the space (X,d). The 

major result of this section is the following. 

THEOREM 1. If (X, d) is complete and F is such that 

conditions (1.3) and (1.5) are satisfied, then there is a unique z € X 

such that f(z) = z for all f € F. Moreover, there is a sequence of 

functions g e F such that g (y) converges to z for every y € X. 
n n 
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COROLLARY. If (X,d) is comple te and F is such that ( 1 . 3) 
i s sa t i s f i ed and e i t h e r : 

(i) X is bounded, or 

(ii) f is finite 
X. 

then the conc lus ions of T h e o r e m 1 follow. 

R e m a r k 1. The T h e o r e m of [3] is a spec ia l ca se of this 
C o r o l l a r y for in th i s case f is the s ingle mapping f and (ii) a p p l i e s . 

X 

R e m a r k 2. E x a m p l e s a r e ea s i l y cons t ruc t ed in which no m e m b e r 
of F sa t i s f i e s e . g . (1 .1) or (1 .2 ) . Thus , the c o n s i d e r a t i o n of 
f ami l i e s leads to s t r i c t l y m o r e g e n e r a l r e s u l t s . 

P roo f of T h e o r e m 1 and C o r o l l a r y . In o r d e r to s implify the 
n 

notat ion in the proof we wil l denote the n ' t h i t e r a t e f of f by 
x x 

f[n;x]. 

JLet x be the point whose ex i s t ence is guaran teed by (1 . 5), 

and set n = n ( x ) , f = f and in g e n e r a l n = n(f f . . . f (x . ) ) 
1 1 1 x r r - 1 r - 2 1 1 

1 
n n n n 

and f = f[l ; f r " . . . f i(xA )] , r = 2 , 3 , . . . . Denote f r " . . . f 
r r - 1 1 1 r - 1 1 

by g , and g (x ) by x . Then , by (1 .3 ) , we have , for a l l y , 
r r 1 r 

(2.1) d(x r , gr(y)) < v.d(xr_1, g r _ 1 ( y ) ) < - - - < x r " 1 d ( x i , y ) , 

n 
r , 

and in p a r t i c u l a r , for y = f ( x j , we have 
r 1 

r 1 n 

d(x , x ) < \ r " d(x . f r ( x )). 
r r+1 — 1 r 1 
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n 
x 

Now, if the d(x , f (x )), r = 1, 2, • • • , w e r e bounded (as they 
1 r 1 

a r e in the c o r o l l a r y (i)), the sequence { x } would be a Cauchy 
r 

sequence and would thus converge to some z € X. But , for any r 
and h e F , we would have , by ( 2 . 1 ) , 

d(x ,h (x )) = d(x , g (h(x ))) < \ r ~ d d ( x ,h (x )) 
r r r r 1 — 1 1 

and, let t ing r -*.<», we get d (z ,h (z ) ) = 0, or h(z) = z. 

If we a l so have h(w) = w for a l l h e F , then 

d (z ,w) = d ( f n ( z ) ( z ) , f n < Z ) (w)) < \ d ( z , w ) . 
z z — 

Hence d (z ,w) = 0 and z i s unique. F ina l ly , le t t ing r -* oo in 
(2. 1), we have { g (y)} -> z for a l l y e X. 

r 

n 
To show tha t the d(x . f (x , ) ) a r e bounded, let h . h , • • • , h 

1 r 1 1 2 k 
be the se t (finite by ( 1 . 5 ) , or by (ii) in the C o r o l l a r y ) of d i s t inc t 
f ' s . Le t the f i r s t o c c u r e n c e of h be as f and se t 
r i r . 

l 

B = m a x i m u m { d(x , x ) : i = 1, 2, • • • , k} 
1 r . + l 

i 

D = m a x i m u m { d(x , x ) : i = 1, 2, • • • , k} and 
r . r . + l 

i i 

C = m a x { m a x { d(x , f [ j ; r l ( x j ) : i = 0, 1, • • • , n } : 
r . i 1 r . 

i i 

i = 1,2, • • • , k} . 

n 
r 

Now, c o n s i d e r d(x . f ( x , ) ) . F o r s o m e j , f = h. and we 
1 r 1 r j 

can se t n = s n + t with 0 < t < n and we have 
r r . — — r . 

J J 
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n n 
d(x ,f r ( x )) < d(x , x x , ) + d(x ,f r ( x )) 

1 r 1 — l r . + l r . + l r 1 
J J 

< B + d(h[n r ; j ] ( x r ) , h [ s n r + t ; j ] ( x ^ ) 

J r j r j 

< B + Xd(x ,h[(s - l )n + t ; j ] ( x j ) by (1.3) 
— r . r . 1 

J J 

< B + Xd(x , x ) + Xd(x , h [ ( s - l ) n + t ; j ] ( x ) ) 
— r . r . + 1 r +1 r 1 

J J j j 

2 
< B U D + X d(x , h [ ( s - 2 ) n + t ; j ] ( x j ) 
~ r . r . 1 

J J 

< B + (X + X + • • • + \ S " )D + XS d(x ,h[ t ; j ] (x )) 

j 

< B + —-— D + C. 
— 1-X 

n 
r 

Hence the d(x .f (x^)) a r e bounded and the t h e o r e m is p r o v e n . 
1 r 1 

Loca l ly , we have the following: 

THEOREM 2. Let (X,d) be compac t and suppose that the 
following loca l v e r s i o n of (1*4) is sa t i s f ied : 

(2 .2) Vx , y € X, d(x ,y) < € imply tha t 3 n ( x , y ) e I+ and an 

f € F for which d(fn(x), fn(y)) <_ Xd(x ,y) . 
x» y 

Then, each finite col lec t ion { f . f , • • • , f } c F has at l eas t one 
1 2 r — 

common pe r iod ic point . 

Proof . F o r a fixed x and y, d(x ,y) < e , define n = n ( x , y ) , 
1 

n n 
f = f 1 ,f = f r g = f , f , . . . f and 
1 x , y r g r ( x ) , g r ( y ) r r - 1 r - 2 1 
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n = n(g (x), g (y)), r = 2 , 3 , . . . . Then 
r r r 

(2 .3 ) d(g (x), g (y)) = d(f (g (x)), f (g (y))) 
r r r - 1 r - 1 r - 1 r - 1 

< ^d (g (x), g (y)) < 
— r - 1 r - 1 — 

r - 1 
< \ d ( x , y ) . 

By c o m p a c t n e s s , t h e r e is a subsequence { g (x)} of { g (x)} which 
r . r 

l 

c o n v e r g e s to some point z € X. By (2. 3), { g (y)} a l so c o n v e r g e s 
r . 

l 
to z. Note that g and the sequence { r . } depend on both x and 

r l 

Next , we show that each h e F has pe r iod i c p o i n t s . Let 

p e X, h e F . Then , by c o m p a c t n e s s , 3 s , t e 1+ such that 
s s+t s s+t t 

d(h (p), h (p)) < € . Le t x = h (p) and y = h (p) = h (x) and 
apply the p r e c e d i n g p a r a g r a p h . Hence 3 a s equence { g } and a 

z e X such that I im g (x) = z and z = I im g (y) = I im g h (x) = 
u-*oo u u-*oo u u-*oo u 

t t 
h ( I im g (x)) = h (z) and z is a pe r iod point of h. 

u-*oo u 

Now, to p r o c e e d by induct ion , suppose h , h , • « • , h have a 
1 2 n 

common pe r iod point w, and let h be an a r b i t r a r y e l e m e n t of F . 

Then , by the p r e c e d i n g , t h e r e is a { g } , a z , and an s e I , 
s 

such that I im g h (w) = z and z is a p e r i o d i c point of h. If 
u->oo u 

h (w) = w, then 
j 

t t s s t 
h (z) = h (Iim g h (w)) = Iim g h h (w) 

J j u-*oo u Q^ÛO u j 

s 
I im g h (w) = z 
u->oo u. 

and z is a c o m m o n pe r iod i c point of h, h , ' * " , h . 
1 n 
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COROLLARY. Any continuous mapping of a compac t m e t r i c 
space into itself, which c o m m u t e s with an € - l o c a l c o n t r a c t i o n , has 
p e r i o d i c po in t s . 

R e m a r k . T h e o r e m 2 g e n e r a l i z e s [ 1 , C o r o l l a r y 2 of T h e o r e m 2] . 

E x a m p l e . Let X be the i n t e rva l [ - 1 , 1] with the usua l m e t r i c 
and define 

f(x) 

/ 1+x 
2 

2 
1 l + x - 2 x 

2 

; 2x + l 

if 

if 

if 

x > 0, 

1 

l 
- 1 i X l ~ 2 

- 1 
and se t g = f . f and g a r e c l e a r l y continuous and commut ing . 

1 1 
If X > — and e < \ - — then (2.2). is sa t i s f ied by f for x > 0 
and by g for x < 0. f and g have common pe r iod i c points 1 
and - 1 al though n e i t h e r is local ly c o n t r a c t i v e . 

3. In th i s s ec t ion we cons ide r a m o r e r e s t r i c t i v e con t r ac t ion 
condit ion ( 1 . 6) on a s ingle mapping . This a l lows for some 
r e l axa t i on of the condi t ions on the s p a c e . 

THEOREM 3. Le t (X,d) be a m e t r i c space and f: X -> X 
a cont inuous mapping such that ( 1 . 6) is sa t i s f ied and 

(3 . 1) J x z X such tha t { f (x)} conta ins a subsequence 
n 

{f i(x)} converg ing to some point z € X. 

Then z is the unique fixed point and, for all y € X, the sequence 

{f (y)} c o n v e r g e s to z. 

Proof . Le t x be as in (3 . 1) and set N_ = N(x, f(x)), and 1 

N = N + N ( f N k ( x ) , f N k + 4 ( x ) ) , k = 1 , 2 , 3 , . . . . Thus, 
K"f" 1 K 

d ( f N k + t ( x ) , f N k + t + 1 ( x ) ) < X k d(x , f (x) ) . Let i be the smal le s t 
— r 

in teger such that n. > N and i > i , . Then f i (x) -»• z and 
i — r r r - 1 r x ' 
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d(f n i (x ) , în£\x)) < \ r d(x, f (x)) . Hence 

n + 1 n 
f(z) = I i m f i (x) = I i m f i (x) = z 

r->oo r-*oo r 

and z i s f i x e d . If y e X i s a r b i t r a r y , t h e n 

d( f ( y ) , z ) = d(f ( y ) , f (z) ) < \ d ( y , : 

N ( y , z ) 
R e p e a t i n g t h i s a r g u m e n t w i t h f (y) i n p l a c e of y a n d c o n t i n u i n g 

i n d u c t i v e l y , w e g e t t h a t { f (y )} c o n v e r g e s t o z . 

If w e l o c a l i z e c o n d i t i o n ( 1 . 6) , we c a n c o n c l u d e t h a t f m u s t a t 

l e a s t h a v e p e r i o d i c p o i n t s . 

T H E O R E M 4 . L e t ( X , d ) b e a m e t r i c s p a c e a n d f : X -> X a. 

c o n t i n u o u s m a p p i n g s u c h t h a t ( 3 . 1) h o l d s a n d 

( 3 . 2 ) 3 6 > 0 , \ , 0 < \ < 1 , s u c h t h a t d ( x , y ) < € i m p l i e s t h a t 

Tvr+t ivr-Lt 
3 N ( x , y ) f o r w h i c h d(f ( x ) , f" (y)) < \ d ( x , y ) , 

t = 0 , 1 , - • • 

t h e n z (of ( 3 . 1)) i s a p e r i o d i c p o i n t . 

m ^ 

P r o o f . B y ( 3 . 1 ) , t h e r e i s a p o i n t x w i t h I i m f (x) = z a n d 
m 1 i - 0 0 m 1 

d ( x , f ( x ) ) < e . C o n t i n u i n g a s i n T h e o r e m 3 , s e t N = N ( x , f (x)) 
N k . N . + m i 

a n d N = N(f " ( x ) , f (x)) + N , k = 2 , 3 , - - - . T h u s 
k k - 1 

N +t N +t + m 

d(f ( x ) , f k d ( x ) ) < X d ( x , f m l ( x ) ) . 

L e t l b e t h e s m a l l e s t i n t e g e r s u c h t h a t m . > N a n d 
r l = r 

m # r 
i"r 

i > i . Then {f (x)} -> z , and, a s 
r r - 1 
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m. m. + m m 
d(f l r ( x ) , f l r d(x)) < X r d(x , f 1 (x)) , we have 

m m. + m m. 
1 i l i 

f (z) = lira f r (x) = I im f r(x) = z 
r-*oo r-*oo 

and z is p e r i o d i c . 

F ina l ly , to e n s u r e a fixed point in the loca l c a s e , it is 
sufficient to a s s u m e that X i s e - c h a i n a b l e . 

THEOREM 5. Le t X and f be as in T h e o r e m 4 and in 
addi t ion suppose that X is € - c h a i n a b l e . Then z is a unique fixed 
point and, for e v e r y x e X, the sequence {f (x)} conve rges to z. 

Proof . Define a m e t r i c D on X by se t t ing D(x, y) equal to 
the inf imum of the lengths of a l l e - c h a i n s f rom x to y. This is 
e a s i l y shown to be a m e t r i c equivalent to d (cf. e . g. [2]). 

1- X 
Let x, y e X be a r t i b r a r y , but fixed, and let 0 < p < —-—D(x,y). 

Now, t h e r e is an e - cha in { x = x , x , - « - > x = y} f rom x to y 

such that XD(x,y) + p > 2 . . X d(x., x. ). F o r each i we have 
= i = l l i - l 

d(x , x ) < e and, t h u s , by (3 .2 ) , t h e r e is an N. for which 
i i -1 i 

N.+ t N.+ t 
d(f X (x.) , f (x. J ) < Xd(x. , x . ) < € . T h e r e f o r e , se t t ing 

i î - l = i i - l 
N = M a x { N . } we have 

and, se t t ing X = —— < 1, 

^ 1-X N+t N+t 
XD(x,y) = XD(x,y) + — D(x, y) > XD(x,y) + p > D(f (x), f (y)). 

As th is cons t ruc t ion can be c a r r i e d out for a l l p a i r s x , y , x ^ y, (X ,D) , 

f, and X sat isfy the condit ions of T h e o r e m 3, and the conclus ions 
follow. 
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