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ON THE PRINCIPLE OF DUALITY IN LORENTZ SPACES

M. L. GOL'DMAN, H. P. HEINIG AND V. D. STEPANOV

ABSTRACT. A characterization of the spaces dual to weighted Lorentz spaces are
given by means of reverse Holder inequalities (Theorems 2.1, 2.2). This principle of
duality is then applied to characterize weight functions for which the identity operator,
the Hardy-Littlewood maximal operator and the Hilbert transform are bounded on
weighted Lorentz spaces.

1. Introduction. Letv(r) > 0 be a locally integrable function on R* = (0, 0o). The
weighted Lorentz spaces A,(v) and I,(v), p > 0, with weight v, consist of measurable
functions f on R”, for which

9

Wl = { [ orvod)”

= { [ fr] o).

(with the usual interpretations when p = 0o) are finite. Here

respectively

f@=inf{s: m({x e R": [f(x)| >s}) <1}, >0,

is the decreasing rearrangement of / with respect to Lebesgue measure.

These spaces were introduced by G. G. Lorentz [14]. In particular, he established the
equivalence of |||, , and ||f]| %, for non-increasing v, and has shown that for 1 < p < oo,
A, (v), the space dual to Ap(v), has norm

00 , 1/p
(L1 el = { [ O/ moP v

where here and in the sequel p’ = p/(p — 1) is the conjugate index of p, and g° Halperin’s
level function ([11]). These level functions have recently been applied in the study of
Hardy-type inequalities ([ 18], [22], [23]). In fact in [18], the extension of (1.1) to arbitrary
Borel measures permitted the characterization of weights (measures) for which the Hardy
operator is bounded in weighted Lebesgue spaces in the index range 0 < g < p,p > 1.
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Mapping properties of operators on Lorentz spaces (with power weights) are particu-
larly important in the theory of interpolation (cf. [3], [4], [13], [20], [26]) and it is natural
therefore to seek characterizations of weight functions for which classical operators de-
fined on the cone of monotone functions are bounded in weighted Lebesgue and Lorentz
spaces. There is an extensive list where characterizations for a variety of operators are
given. See for example [1], [2], [5], [9], [12], [21], [22], [23] and the literature cited
there. E. T. Sawyer ([17]) in particular, established an explicit reverse Holder inequality
for non-increasing functions of the form

fgofg - oor px 1P [ px 1P 1/p' fgog
(1) swp R (1L e ] veax) ™ + oo

0<f1

1 <p < 00,g > 0,and used it in conjunction with the classical reverse Holder inequality

oofe |
iU B A

to characterize weights u, v, for which the Hardy-Littlewood maximal operator and the
Hilbert transform are bounded from A,(v) to Ay (u), 1 < p, g < oo. This principle
of duality then permits the reduction of inequalities for non-increasing functions to
estimates in dual spaces for arbitrary functions by a change in weights. In particular,
(1.1) may be replaced by the explicit expression

(1.3) A;(v)=F,,x([x*'./;v]vplv), 1 <p < oo,

provided [§°v = oo. This is important since the map g — g°, where g° is the level
function of (1.1) has only an implicit form.
If 0 < g < p < 00, then by Holder’s inequality

@ NI

where C = {Jg°[w!'/9v=1/PY}/" 1 /r = 1/g — 1/p, is sharp. Of course (1.4) expresses
the boundedness of the identity operator i: L, — L4, with ||i|| = C. The analogue of (1.4)
for 0 < f | was obtained by V. D. Stepanov [24], namely

AN ¢ yla g y=1p
(1.5) ggﬁw~§§g[./ow} ([v] 7 0<p<g<oo

and

Usermwtle (WY /e g oy px arlappe e
(1.6) (f;'}j {_E?Ofﬁ‘:}l/ﬁ ~ {f(:)oov:}l/p * {/0 Uo W] "[/0 V] pv(x)dk}

if 0 <g<p<oo,1/r=1/q—1/p.Clearly, with g = 1, w = g, (1.6) implies (1.2),
and, with v = 1 it yields a variant of Hélder’s inequality for non-increasing /. Similarly,
it follows from (1.5) with 0 < p < 1 = g and w = g, that AL (v) = Tool[x " f5 N )
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This suggests the study of reverse Holder inequalities of the form (1.5) and (1.6),
where however the suprema are taken over even more restrictive function classes. It is
the purpose of this paper to establish such reverse Holder inequalities where the suprema
are taken over the class of quasi-concave ([4]) functions

(1.7) Qo1 = {f(®) > 0,f(x) T,x'f(x) |,x € R"},

and where the weights are replaced by positive Borel measures (Theorem 2.1). From
this we are able (via Theorem 2.2) to study mapping properties of classical operators in
weighted I'-spaces. Specifically, a principle of duality is established (Theorem 2.2) which
makes it possible to characterize weights for which the classical operators are bounded
on weighted I'-spaces and thus extends the recent work of Sawyer [17] to I'-spaces.

This paper is divided into three sections. In the next section we provide a discretization
method which leads to the reverse Holder inequality for functions in Qg ; (Theorem 2.1)
and yields subsequent duality results. Such discretization method and the construction
of the associated sequences seem to be introduced first by K. I. Oskolkov [16] and was
modified and applied by G. Kalyabin, V. Kolyada, I. Netrusov, M. L. Gol’dman and
others in the study of function spaces, while the method and its variants in the theory
of interpolation were utilized, among others, by J. Brudnij, N. Krugljak, S. Janson and
V. Ovchinnikov. Here we follow the work of Gol’dman.

The principle of duality in weighted I"-spaces (Theorem 2.2) leads in Section 3 to
the characterization of weights for which the identity operator, the Hardy-Littlewood
maximal operator and the Hilbert transform are bounded on weighted I"-spaces.

Throughout, we adhere to the convention that uncertainties of the form 0 - co, g,
% are taken as zero. The notation 4 ~ B indicates that 4/B is bounded above and
below by positive constants, 4 < B means that there is a constant C, depending on
the involved parameters only, such that 4 < CB, and 0 < f | indicates that /" is non-
negative and non-increasing or essentially decreasing, i.e., f(x) < Cf(y) holds, for C > 1
and 0 < y < x < oo. Similarly for /' T. The function §,, denotes the Dirac §-function
concentrated at the point u. N, Z, R*, etc. denote as usual the natural numbers, the
integers and the positive real numbers, respectively. Other notations and definitions will
be introduced as needed.

2. The discretization method and main result. We now describe the method of
discretization and construction of the associated sequences to obtain the converse Holder
inequality for functions in Qg ;. We follow here M. L. Gol’dman’s work [8], [9], [10].

DEFINITION 2.1. a) The positive Borel measure d3 on R* satisfies the nondegeneracy
conditions if forp > 0

Q.1 '/Om<—s—)pdﬁ(s)<oo, '[0' dﬁ(s)=floos”dﬁ(s)=oo.

s+1

b) The fundamental function of a positive Borel measure (say df3) is defined by

22) p) = pspt) = {A""(ﬁ)"dﬂ(s)}” L p>0,1>0

https://doi.org/10.4153/CJM-1996-050-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-050-3

962 M. L. GOL’DMAN, H. P. HEINIG AND V. D. STEPANOV

I/p

! {/0 > min(s”, t”)dﬂ(s)}

Itisclearthatif§ € (—1.p—1),p > 0, thendf(s) = s 7* ds satisfies (2.1). Moreover,
if a fundamental function of a Borel measure satisfies (2.1), then via standard limiting
theorems

2.3) hm p(t) = 11m T = %gn tp(t) = llm —25 =0.

DEFINITION 2.2. a) A positive sequence {ay }xez is said to be strongly increasing,
respectively, strongly decreasing, if

A+

inf > 1, respectively, sup@ <1,
keZ ay kez Gk
and we write a; 17, respectively, a | |.
b) A sequence {)\;}iez of positive numbers is said to discretize the fundamental
function p, if
(i) Ao=1L0< N 1T,
(i) p(A) L] and \ep(M) 1T,k € Z,
(iii) there is a decompositionZ = Z,UZ,, Z1NZ, = (), suchthat for t € [M\;, \ir1] = Ax
pOW) & p(r) itk € Zy and \epO\) & 1p(r)  if k € Zo,

and the constants of equivalence are independent of k € Z.

Following [9] (see also [16]) we construct by recurrence the sequence {ju }rcz as
follows: po = 1 and for a > 1 fixed, let

(2.4) ﬂm:{, min {p(uk) _tp(t) }

p(0) " 1p(ix)

Hi—1 ={t:min{& M} =a} ifk <0,

a} itk>0

pe)”  tp(t)
where p is a fundamental function satisfying (2.3).

LEMMA 2.1. Let a > 1, then the sequence { i }rcz defined by (2.4) discretizes the
fundamental function p.

PROOF. Define Z; and Z, by
(2.5) Z,={keZ: p(u) = ap(us)}
2y, ={k € Z\Z : pg1 p(pix+1) = apuip(ag) } -

Clearly Z;, NZ; = () and a straightforward argument using (2.4) shows that Z; UZ, = Z.
Since tp(¢) is strictly increasing and p(z) strictly decreasing, it follows from (2.4) that
fre1 > pix, k € Z. Hence pigri p(pas1) > prp(px) and therefore, if k € Zy, puynr [ p >
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p(x)/ p(pas1) = a. Also, since p(p) > p(pws1), k € Z, it follows that for k € Z,,
ket [ ik > (e pGae )1/ [xp(ix)] = @ This shows that . 71
Next, by (2.4), if k € Z

(2.6) [t p(ter )]/ T (i)l > a > 1, pQuasr) [ pQui) < 1/a < 1,

so that p(uy) || and pep(ui) TT. Finally, since p(f) | and t¢p(¢) 1, then for k € Z,,

t € [ty 1) p() < p(pi) = ap(pue) < ap(t) and for k € Zy, tp(t) < pps1 p(pi+1) =
apgp(ug) < atp(t), so the result follows.

For the next result we require the following notation, which is also used throughout:
If d§3 is a positive Borel measure and 0 < p < oo, then we write

1/ 1 1/
) no={["as} ", mo=c"{[ s},
pu(t) = max(pi (1), p2(0)).
If p is the fundamental function (2.2) then clearly
2.8) pm(®)/2 < p(t) < 2pm(D).

We also write for 0 < p < oo and 3 a positive Borel measure

Lps={f € Qo1 :|fllps= {/Ooof”dﬁ}l/p < 00}

where Qg ; is the class of quasi concave functions given by (1.7).

LEMMA 2.2. Let p be the fundamental function (2.2) and { i} rez the sequence defined
by (2.4) with a > 4. Then for all f € Qo and 0 < p < 00,

1/p

2.9) Vs~ { S U007 |

PROOF. LetZ,; and Z, be givenby (2.5) and Ay = [1, ptk+1 ], then we obtain the upper
bound for (2.9) as follows:

Vis= ) rds= 3 [ rds= 3+ 5 =i +E

k€Z, k€Z,

respectively. For k € Z;, p(ux) = ap(ui+1) and since f T, (2.7) and (2.8) imply that

I

keZ,

25 P () = 2ay 3 [F()p(u)¥ -

k€Z, kEZ,

) /““'fv dg < > fPusr) /oo dp = 3 f7 (e )P (i)
o i keZ, T kez,

IA
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Similarly, for k € Z,, pg+1 p(ur+1) = app(iLe), and since @) |
+1 Hk+1
=% ["rds < S mp [ dBs)
keZ, * H keZ, :

S U k) ] ¥ Ltiens p2(aen))Y < 28 57 [F Qi) [ 1P Lt pCpiie) )P

keZ, keZ,

Qay Y [ (w)()¥
keZ,

I

from which the upper bound follows with bound 2a.
To prove the lower bound we consider cases: With the notation (2.7) let

@) Zo={k €Z: pm() = pr(p)}
and

(b) Zp = {k € Z, pm(p) = p2(ps)}-

Clearly, Z, UZ;, = Z. Now if k € Z,,, define \; by p(\r) = a~'p(ui). Then N\ > iy
since p is strictly decreasing. Also if k € Z; N Z,, then a~'p(uz) = p(usr+1) = p(i),
so that \; = p41, while if k € Z; N Z,, (2.6) shows that p(\y) = a~' p(x) > p(pes))-
Therefore for all k € Z,, pp < M < g+ and

[rrds = [ pas = [ ds =@l - 400
> P olpm() — Q0] 2 7 (w277 07 (i) — 27 0P ()]
= Vuop@P 27 — @2/ay).

If k € Zy, define V4 by Vip(Vx) = a~ ' pep(uy)- Since tp(?) is strictly increasing, V; <
pk. Now if k — 1 € Z; N Zy then by (2.6), Vep(Vi) = a' prp(pei) > puk—1p(pax—1) so that
-1 <V Ifk—1 € Zy N Z, then again by (2.6), Yip(7x) = @' pup(pua) = pra—1p(pta—1)
so that v, = py_1. Therefore forall k — 1 € Z, pp— ) <V < 4 and

Lords = [T rds =/ my [ dBes) = Fu)/ m 1o m) —Voh00]

> [ () [ 1l L o (i) — Y3 ()]
> )/ P 1277 07 (i) — 272207 (V)] = [ ()p(ui) ¥ b
where b =277 — (2 /ay’. Combining these two results we get

SU@pf = S+ 3 <o Y [ pagest S [ rds
keZ keZ, keZ, keZ, "k keZy " k1
<t [Trap,

from which the lower bound for (2.9) follows.

Before we can give the main result of this section, the following elementary proposi-
tion is required:

PROPOSITION 2.1. Let {a; rez, {0k brez and {7 }rcz be non-negative sequences, and
0<p<oo.

a) Ifo'k TT’ then {Zkel[zmzk am]polkj}l/p < {Zmel[amam]p}l/p
and

b) ifry 1] then {Zkellzmgk am]pr}l/p < {Zm€l[am7m]p}]/p-
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PROOF. Leto = infy o441 /oy > 1. If 0 < p < 1, Jensen’s inequality shows that

2|2 an| of < 1D dnloy =2 an Y o}

kEZ[mzk ] k€eZ [mzk } meZ k<m

< to P o+ ) Z[amam]p
mezL meZ

If 1 < p < oo one may use the discrete version of the weighted Hardy’s inequality
(cf [18]) or the following direct argument: By Holder’s inequality

Zams{Zal,,nam}l/ﬁ{zU';p’/p}

m>k m>k m>k

ollp

1/p -l/p
= (o?' /P — /P {Z a”a,,,}

1/p

and therefore

(5[5 an] ot} < T LA

kel[mzk kez m>k
g

(1 +(Om-1 /J,,,)”_] +(Oma fomf "+ )

_ o?
e - et

which proves a).
The argument to prove b) is analogous and hence omitted.

THEOREM 2.1. Let dB and dY be positive Borel measures and df3 satisfies the non-
degeneracy condition (2.1). If p > 0 and {j} is the discretizing sequence of the
Jundamental function pg , of (2.2), then for 0 < g <p < 0o,

_ {ofrav}!a
2.10 J= - -
210 Jeon LS fr dpyiTe

where1/r=1/q—1/p. If0 <p < g < o0, then

il

N{]%:Z[p“,.q(ﬂk)/l)ﬁ.p(“k)}r}I/r E,

@.11) T % SUBlp ()] 93] =

PROOF. We establish the result in the following sequence: First we assume that dy
also satisfies the non-degeneracy condition (2.1). Then we prove the upper bound for
(2.10), (2.11), then the lower bounds for (2.11) and then for (2.10). Finally, we remove
the nondegeneracy assumption from d.

Since d7v satisfies the nondegeneracy condition (2.1), there is a discretizing se-
quence {\}¢ez of the fundamental function p, 4, and hence by Lemma 2.2, ||f]|,, ~
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{SeezlfN)ps.g(A0))7}1/4, where the constants of equivalence depend only on a and g.
In fact for the upper estimate of (2.10) we have

1115, < @a)* U)oy gAY = Qa)!lr +J2],
(eZ

where

Ji= Z Z [f()\g)p«”q(/\,_;)]" i=1,2

KEZi pux <A <ty
and Z; are the sets defined in (2.5) with discretizing sequence {1 } of the fundamental
function pg,,. Now if k € Zy, then pp < Ay < a1, 50 f(A¢) < fpr+1) and py g(Ap) <
pr.4(ik). Since Lemma 2.1 applies with discretizing sequence {)\,} and fundamental

function p, 4 it follows that p, 4(\¢) || and (2.6) holds with {y;} replaced by {\/}.
Hence

So=2 2 Ok QY

kEZy pu <A <ptper
< S e gl (1 +a 4 +a 2+ )
keZ,
a‘

1 .2 V)P pGued) V02 g 1)/ 3 p(paas)Y-
at — 1 yez,

If0 <g<p<oo,1/r=1/q— 1/p we apply Holder’s inequality with exponents
p/qand r/q and Lemma 2.2 to obtain

q / /r
D < = S W) P | S a0 o5 GaaY )
al —1 keZ, kez,
v g 114
< 'V”Z-ﬂ“q{kg[%;(ui)] } ’

where we used the fact that pg ,(pi+1) = a’! pap(e) ifk € Zy.
The estimate for J, is similar: By (2.6)

Jr= 0 Y O/ Al A epr (A D)

k€Zy pup <A <prpny

< S/ 11 Tpaest o7 g (s )DI(L +a 9 +a720 + )
Kez,

a? [ﬂkﬂ Py.g(ke1) ] 1

q
pra kz_‘z,z[f O o

Again by Holder’s inequality with exponents, p /g and r /g, Lemma 2.2 and the fact that
13, p (k) = @~ g1 pg p (a1 ) for k € Z; yields

al a/p uk+lpw.q(ﬂk+l)]r “w
J < T os (1)
2 S {kg%z[f(ﬂk)ﬂﬁ.p(l‘k)]p} [kEZZ:Z[ 1P ik) }
¢ af s [Pratue ]
A {kgz:z[ﬂﬁ.p(ukﬂ)] } '
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Therefore, if 0 < g <p < 00
e
J< {Z[p«,.q(uk)/ 08.p(1)] }
kez

and the upper bound for (2.10) follows.
The upper bound for (2.11) is similar. In fact, since 0 < p < g < oo we apply instead
of Holder’s inequality above, Jensen’s inequality and obtain

1/
Wl < 1/ +55% < suplpr.g(ue) otV 5 Uk o )
keZ, keZ,

+ sup
keZ,

1
< Suplpn 4110/ P p N S 0o 0¥}
kel keZ

< s;l(;))[p«, 40/ 3, O .5

[H/m Py.q(thirt )]

1/q
1P p (k) { 2 [f(“k)f’ﬁ.p(uk)]q}

k€eZ,

by Lemma 2.2.
The lower bound of (2.11) follows from the inequality

2.12) ([ra) <o [*ras)". rean.

where J is given in (2.10). For # > 0 fixed, define f; by fi(s) = s/t if 0 < s < ¢ and
fi(s) =1ifs > t. Then f; € Qp and by (2.2) and (2.12)

pray < {[Trr )" <a{ [T as)"” <2050,

It follows that sup,-o[p+.4(£)/ psp (] < 2J.

For the lower bound for (2.10) some auxiliary observation is needed. From the
definitions of {\;}, Z), Z, of (2.5) and since pg,(¢) |, prq(Ae) Ll and tpg,(0) T,
Aeprvq(Ae) 17 one obtains

(ZZ[P«..q(M)/Pa.p(M)]= 2 2 g/ pgp)
(S

kEZy i S <ptpey

+3 Y [pgA) pgp(A0]

KEZy pup <A <ppe)

<a ) logpw)l™ D5 (g

k€L, Pk S <pr

ta Y [ ppp(eD]™ 20 [eprgA )T

keZ, e SA<tgey

2r
2 > 1ok / Py g ()Y

<
_lkeZ
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and, analogously,

(2.13) S 1)/ prg(i)]

kel

q()‘ ?)
Applying (2.13) it is clear that E (the right side of 2.10) satisfies

E < Y [0y g(A)/ papN)) = E +E,
teZ

where

Lkt | r/
£= ([ osgerd) ) = ok 9

keZ,;

i=1,2,andé,, is the Dirac é-function at the point A,.
Now by Lemma 2.2, with p replaced by g and 3 by 7 it follows that

{Slf DAl {052 f v}/ _
Jr = =
o Uerdsylr e Ugerdgye

It suffices therefore to prove that £; < Jy, i=1,2.
Applying Lemma 2.2 again we find that

1/q —i/p
(2.14) Jo & sup ST U (u)psp i)y
/'EQOJ{/:O } [; orrk }
Denote by By = {b = {bi}rez : bx > 0, by T and p; 'y |}, then f € Q, implies
f(ux) € Bo,1- Given b € By we define the extremal function f; by

b x ifpy <x <y
x) = . =
So) { bi+1 if v <x < pysr,

where vy = by /bi, k € Z. Clearly, f, € Qo and for any f* € Qo satisfying
f(ug) = by, k € Z, the inequality f(x) < f,(x) holds. To see this, let x € [y, py+1), then
So&) = brsr = f(paer) > f(x), while x € [, vi) implies fy(x) = bpi ' x > bgax/ ey =
XU Guan) > X)) x = ().

This together with (2.14) shows that

Jo = sup {/Ooff d%} l/q{;[bkpﬁ,p(l‘k)]p}ﬂl

b€By,

Writing

/um 0}1/‘1’ Joi = sup 4; {Z[bkpgp(#k)]p}

{AGZ Hk bEBy.

i=1,2,thenJy & Jo1 +Jo2. Now if x € [puh, pasr), then b x < fo(x) < brpp'x
and denoting d; by

41 1/ )
do={ [ ¥t dvo(w) ! ifkeZrandd,=0 ifkez,
J e
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then y y
q q
(Slbenih did?} " < < {(Stbup e} .
k k
which shows that

1/q -1/p
Jo2 > sup {Xk:[bk+lﬂk_+ll dk]q} {Z[bkpﬁ.p(uk)]p] = Epoa.
k

bEBy,

If
-1

1y
Ei,= Sup{;[akﬂﬂl;rll dk]q} q{;[akpﬁ.p(ﬂk)]p}

a; >0

then obviously Eq > < E| ;. To obtain a reverse estimate let by = iy ez am [ (tx + fom)-
Then by T and by R <k @m + tk Sk amu;', and since the lower bound in this
equivalence is 1/2 it follows that by > a;/2, k € Z. Moreover p;'b; | so that b =
{bk} € Bo.1. Recall that pg ,(p) 1T and pixpg »(px) | so by Proposition 2.1

el )

m<k

1/p

{Z[bkpﬁ.p(uk)]p} i < {Z pﬁ.p(uk)[
k k

+{;[/‘kpﬁ.p(ﬂk)]p [gk ! ]p } 1/p

I/p

< {Xk:[akpﬁ.p(ﬂk)]p }

and therefore Jyo, > Ey2 > E),. But by the usual reverse Holder’s inequality and the
fact that v pg p(ptir1) = apiepg p(ix) if k € Z, we obtain that

Ei2 = sup (il g dk]q}ll/q ={ [__L]"}'/r
w20 {Xilakpsp (¥ 177 kezL 1 pap(1k)

1/r
e dYo(s) r/q
—_— =F,.
o {é’fu pz,,,(s)} } ’

Similarly, using the fact that pg ,(1x) = apg p(1ix+1) if k € Zy, one obtains that Jo; > Ej.
It follows that Jy > E;, i = 1,2 and the lower bound for (2.10) follows.

To complete the proof of the theorem it remains to show that the nondegeneracy
assumption on the measure d7 can be removed.

Suppose that
fooo(s%l)q dY(s) = oo

then the function f(s) = <5, is in Qo1 and it is easily seen that J and, consequently, £
of (2.10) are not finite. Therefore the estimate (2.10) is satisfied in this case. Similarly
‘E = 00 so that (2.11) also holds.

Now let

./ooo(:c—j-—f)qdv(s) < 00, ./01 d(s) < oo or ./000 s7dy(s) < oo.
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If0<p <g<oo,thenfi(s) =s/(s+¢),t>0,is in Qy, so that J > E of (2.11) is
always satisfied. We need to show only that J < ‘E. To prove this, we assume E < 00,
for otherwise there is nothing to prove, and define @Y., e > 0, by dv.(s) = dY(s)+¢e d3(s),
where d(s) satisfies (2.1). It follows then that @7, satisfies the non-degeneracy condition
(2.1) with g instead of p. Moreover, pg(f) < p (1), t > 0, when p < g and therefore
by what we have proved

S sup MELONI e

DTy = D, G gy < OOl ST

and the required part of (2.11) easily follows as ¢ — 0.
If 0 < g < p < 0o we define d7. by

dY(s) = dV(s) + eals) dB(s),

where o > 0 is to be defined. If J and E are defined as in (2.10) then J, and E, are
defined by (2.10) with 47 replaced by dV. andJ < J,, E < E, always holds. We wish to
find o so that d7, satisfies the non-degeneracy conditions.

By Holder’s inequality with exponents p/q, /g

(o) = (o) ([ )

so that o should satisfy
(i) fg°o’/7dpB < oo, for then

k() e

< _/Om(;—i—l)qdv(s)+5{Am(ﬁ)pdﬁ(s)} '/p{_/o‘” ol dﬁ}]/r

is finite. Since we require that

00 = [)' dY.(s) = ./O' dY(s) + e_/O' os)dA(s)

and
00 = /1 s9dYe(s) = /1 stdy(s)te /l00 stals) dB(s)
the function o must also satisfy
(i1) j(} adfB = oo and (iii) [§° s?a(s) dB(s) = oo.
To this end we construct a(s) on the intervals [0, 1] and (1, 00) separately. First
consider [0, 1] and use that [} dG(s) = oo, but fj s” dB(s) < oo.
Let

1 ~
¢= inf{u € (0,p] : [0 s" df(s) < oo] and £ € (& min(p, €r/q)),
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then define for s € [0, 1], a(s) = s°q /r. Clearly,

1 1
/0 oz’/"dﬁ=/0 sEdB(s) < oo
and ] L
/0 adB = /0 sb/r dB(s) = 0o, since £q/r < €.
Next, assume that [[° d3 < oo but [{° 5P dB(s) = c0.
Let "
— . 0 14 x C _
(—sup{uE(O,p)./l s dB(s)<oo} and (€ ((5 1),@),

then define for s € [1, 00), a(s) = salr. Clearly

/.OO o19dg = /]mszdﬂ(s) < oo

and

/lm sla(s) dB(s) = /1 7417 4B(s) = 00

since g +(q /r > (. Hence the « so defined satisfies (i), (ii) and (iii) and @7, satisfies the
nondegeneracy conditions. By what we have proved, J. & E. where

(Rofrdy+e [ fladpy e
J.=
et (2P dpyp

~J+eVIC < oo.

Therefore, J+£!/9C &~ J. ~ E. > E and henceJ > E. On the other hand lim,_ E. = E
and therefore J + £'/9C < E which implies J < E. This completes the proof of the

theorem.
By taking ¢ = 1 and dj3(s) = s Pv(s)ds, 0 < p < 0o, where v > 0 is a weight function
satisfying
V(S) 1 — [ _
2.15) ) Gy <o /Os v(s)ds—_/l Ws)ds = 00,

in Theorem 2.1, we see that df3 satisfies the nondegeneracy conditions. Moreover the
corresponding fundamental function

oo V(s)ds
0 (stry

has discretizing sequence { 1 }xcz. Under these notations we obtain a principle of duality
formulated by the following reverse Holder inequality:

1/p
(2.16) pap(0) = { } = 'y/p()

THEOREM 2.2. (@) Let1 < p < oo and 0 < g | on R*. Suppose v satisfies (2.15),
then

. foof N 00 [ X / 1/p'
2.17) 1= ggfpl == fg(}]pf(x)dx}l/p ~ {/0 [/0 g]p rV(x)a'x} P 7

https://doi.org/10.4153/CJM-1996-050-3 Published online by Cambridge University Press


file://{/ik/kez-
https://doi.org/10.4153/CJM-1996-050-3

972 M. L. GOL'DMAN, H. P. HEINIG AND V. D. STEPANOV

where

(2.18) V()= VPP, ().
k

Here V is defined by (2.16) and 6, is the Dirac 6-function.
() If0<p<landg >0, then

(2.19) I~ sup(/0 )V"/”(t)

>0

PROOF. (a) We may assume that lim,_, g(x) = 0, for if lim, ., g(x) = C > 0, then
Wlthf = X[0.4], £ > 0

Ct C
> ~
TP v+ [PxPv(x)dx PP pg (0

and hence / > Csup,. ﬁ = 00, where pg , is given by (2.16).
i
Similarly, since by Lemma 2.1, pg,(11x) || the right side of (2.17) is

c{ [ L op ) "ec (30w v Guor | v

= C{;p;f,'(uk)} " .

Hence (2.17) holds in this case.
Now it is known' (cf [4, p. 117]) that F € Qq,, if and only if, F(x) ~ f§ f with f |.
Hence the left side of (2.17) becomes

N [5° F—dg)
TN 3 e Faw v de) 77

By Theorem 2.1 with ¢ = 1, dY = —dg and d3(x) = xPv(x) dx, this is equivalent to
! /p/ _ U pl _ —n ! /P/
(S oratu)/osptu?' ) = {5 [ 8] ! VG

AR

Note that in this case
N )~ ! " d, + —d,
Py (i) Hy / sdg(s) /A g(s)

= i |-seolt + [ gwrds| + e =i [ .

Hence (2.17) follows.
Part (b) of the theorem follows from the proof of [25, Theorem 3.3].

! We are grateful to Professor L.-E. Persson for drawing our attention to this fact and for the discussion we
had on this topic.
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COROLLARY 2.1. Suppose 0 < p < 00, g > 0, v > 0 measurable on R* such that

N L R

. -p/P'
Ifl<p<ooand V=Y [ J§° min(s” . x")v(s) ds] 8, (x) with {p} the discretiz-
ing sequence for pg (1) with d(3(s) = v(s) ds, then

(2.20) le(lzg. %; ~ {[))o [ fo > min(s,x)g(s)ds]p/ ‘V(x)dx} 1/,,'.

If0<p<1,then

e 5 min(t,$)g(s)
reow, T frodile b T min(e, sPyv(s)ds) P

PROOF. Let g = 1, dY(s) = g(s)ds, dB(s) = v(s)ds in Theorem 2.1, then the result
follows since

1/p

ppp(t) = ! {min /Om(sp, t”)v(s)ds}

and
pei(O) ~ 1! /Om min(s, )g(s) ds.
Observe that if T is an integral operator defined on g ; then the characterization of
weight functions u, v for which || Tf]|4u < C|If||p., | < p, ¢ < 00, holds is equivalent

by (2.20) to the problem of characterizing the weight functions 9 and u for which

{/Ow [/om min(s,x)(T*g)(s)dsr,‘V(x)dx}l/plSC{ /0“’ U= }l/q/

holds. Here T* denotes the adjoint of T"and g > 0, arbitrary. This problem is in some
instances easier to solve, specifically if one permits additional conditions on pg; (cf- [9,
Remark 4]).

3. Applications. We now make use of the results of Section 2 to study mapping
properties of the identity operator, the Hardy-Littlewood maximal operator and the
Hilbert transform on weighted I'-Lorentz spaces. Specifically we extend to I'-spaces
some of the results proved in [17] for weighted A-spaces.

We assume throughout this section that the weight function v(x) > 0 satisfies the
nondegeneracy condition (2.15) and that ¥ and V are defined by

3.1) V(ty= ¢ /000 (svisz)P ds, V= ; V(Y™ St

respectively (¢f. (2.16), (2.18)).
Observe that in the assertions below the norm of the dual space I';(v) with 0 < p < 0o
is expressed by

I = sup [ /Ooof(x)g(x) dx]

Mlirpm=<t

llg
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(see for example [3]).
The following formulation for the weighted dual I"-space holds:

THEOREM 3.1. If v satisfies (2.15) and V, V are given by (3.1) where {j;} is the
discretizing sequence of t ' V'/P(t), then

D) =T (P V). 1<p<oo

and
[0) =TtV P(n). 0<p<I1.

PROOF. Apply [3, Theorem 4.1, Chapter 7], (2.17) and (2.19) of Theorem 2.2.

The weight characterizations for which the identity operator is bounded on weighted
A-spaces has been given in [2], [17], [24], [25] for various ranges of indices. The
extensions of these results to weighted I'-spaces in [8], [9], [10], [25] follows now
directly from Theorem 2.1 in the next result.

As in the case of Vin (3.1) or (2.16) we write dY(s) = s~ 9w(s)ds, w > 0, and define

w(s) 1/q
e

(32) Pt | W),

Also the operator norm of the identity operator on I is denoted by ||i]|,—-

THEOREM 3.2. (a) If 0 < p < g < 0o, then i:T',(v) — I'y(w) is bounded, if and only
if
w4
—— <
Vi/e(r)

(b) f0<g<p<oo 1/r=1/qg—1/p, then

lill—q & Epq = supi>o

1/r
il % Epg = {S00rat00)] p3pi)V | < 00,

where { [k }kez is the discretizing sequence for pg .

PROOF. Sincef € Qp; has the form f(x) = [5 g, where g | (¢f. [4, p. 117]), the results
follow from (2.11) and (2.10) of Theorem 2.1.
Now we consider mapping properties of the Hardy-Littlewood maximal operator

(33) M) = sup 115' [y

xEQCR"

on weighted A-spaces. Here Q are cubes in R” with sides parallel to the coordinate axes.
As usual g* denotes the rearrangement of g and

g =x"" .[ g () dt.

Hence if

Pr@y=x" [ f0dt,  Pf) = PPN),
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then Pf*(x) = f**(x). Since f/* is decreasing it is clear that Mf*(x) = (Pf*)(x) and since
a result of C. Herz shows that (Pf*)(x) < c(Mf)*(x) (cf. [3, Theorem 3.8, p. 122]) it
follows that

(34) (MfY'(x) & (Mf")(x) and (M) () & (P2 )(x).

In order to establish boundedness of M on weighted I'-spaces, it suffices therefore to
establish corresponding results for the Hardy operator on decreasing functions, indeed it
is equivalent to obtain embeddings for i: ', (v) — T'4(v).

THEOREM 3.3. Let 0 < p, ¢ < 00, ¢ > 1, and v(x) > 0, w(x) > 0 be locally
integrable functions with v satisfying the nondegeneracy conditions

(‘;(.S,.) ;j; <00, ./01 s Pv(s)ds = /loo v(s)ds = oo.
Then
(a) Theinequality
3.5) 1M1 117 < Clflls S €TH0)

is satisfied for 1 < p < q < 00, if and only if A = max;=g 123 4; < 00, where

so=swpl [} (0} = s [swoas) [ vioras)

>0 >0

Ay = stl>10p{/’00 s lnq(S/t)W(S)ds} q{'/,oo s ‘V(s)ds} "

Az = sup{/tms_"w(s)a's}l/q{_/lOO s lnp/(t/s)’l/(s)ds} v

>0

Moreover A ~ C.
() If1 < qg<p<oo I/r=1/q—1/p, then (3.5) is satisfied, if and only if,
B = max;= 23 Bi < 0o, where

= { () ),/,,( )r/p/w(t)dt}'/’,

Bl:{.o [ "’W(S)ds] Us”‘V(s)ds] t_qw(t)dt}]/r’
&4KU WM%UfWWmmM mmﬂw
{/m[/m "W(s)ds] /"[/sl’lnp(t/s)‘l/(s)ds] pvq/(t)d,}
Moreover B~ C.

(c) If0<p <1< q<oo, then (3.5) is satisfied, if and only if, D = max;=9.1 2 D; <
00, where

Do = sup[/ } -1,

>0

https://doi.org/10.4153/CJM-1996-050-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-050-3

976 M. L. GOL'DMAN, H. P. HEINIG AND V. D. STEPANOV

D, = sup{ [ 5 Iw(s) ds} Y n gy dr,

>0 't

00 1
D, = sup{ / s791In?(s / t)w(s) ds} /th“'/p(t),
>0 ‘1

and again D & C.
Here V and V are of course defined by (3.1).

PROOF. It follows from (3.4) that (3.5) is equivalent to proving

1/q 1/p
2 M\a
{[C@rmw) "< [Tev) ™ os<rl.
But by the usual reverse Holder’s inequality, this is equivalent to

§Pg 0o VT
(3.6) 3;3—{180(},”@,/1,@{/0 g, g>o.

Now

L Pne=[" P,

where the adjoint P of P is Pg(t) = [® g(s)% and P’g(r) = [ In(s/ t)g(s)‘%. But
clearly, P?g | and therefore by Theorem 2.2(a) and (b), the left side of (3.6) is in case
1 < p < oo equivalent to { [°[J§ P2g¥’ V(x)dx}'/?, and in case 0 < p < 1 equivalent
to sup,~o{ Ji P>g}V~'/P(¢). Now, a simple calculation shows that

| Pg = x[Pg() + Pg(x) + P'g(x)].

Therefore, it suffices to characterize the weight functions for which, in case | < p < o0,
each of the following integrals
D {°LG g Veyaxr',

i) {5°L° gLy x V(x)dx}'/7

i) {f5°L° In(e/X)gOLY ¥ V(x)dx}! /7,
andincase 0 < p <1 < g < oo the following suprema

V) supo{fig) V1P,

V) sup,o{ 70 gls) L }ev=11P(),

vi) supso{ i In(s /1)g(s) L }ev /(o)

are dominated by
[ee) "
0

Here g > 0 is arbitrary and 1 < g < co. But the characterizations of weights for these
Hardy type operators are well known (cf. [15], [23]). Forif 1 < p < g < o0, then the
estimate implied by i) holds, if and only if, 49 < 0o, and the estimate for ii) holds, if
and only if 4; < 0o. The inequality for iii) is satisfied (see [23]) if 45 + A3 < oo. This
proves (a).
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If1 <g<p<oo,1/r=1/q—1/pthe inequalities for i) and ii) are satisfied, if and
only if By < o0, respectively B; < oo. The estimate for iii) follows again from [23] and
is satisfied if and only if B; + B; < o0.

The proof of (c) requires the usual reverse Holder’s inequality. In the case iv) the

estimate ,
a{ [ o < [ 1)

>0

expresses the boundedness of the operator g(s) — g(s) V~"/7(¢), from Lz:l_q,(O, o) to
L'(0,¢), t > 0. But this is equivalent to the estimate

1/q
y=1r(r) ’h"w < C sup h(s),
</0 ) o 0<Sgl
which is obviously satisfied with C = Dy. Similarly for (v) and (vi).
Our final result concerns the mapping properties of the Hilbert transform H defined
by
o f(y)dy

J—o x—y

(Hf)(x) = P.V.

on weighted I'-spaces.

THEOREM 3.4. Suppose p,q,w and v are as in Theorem 3.3, then the inequality
IHEN55, < ClIfll5 S € Tp(v), is satisfied

(@) Incasel <p <q < oo, ifand only if, Ay = max;=.123(4;, Fo, F)) < 00, where
A;, i=0,1,2,3 are the constants of Theorem 3.3 and

Fo= sup{/olw} '/q{./lo" ln”’(s/t)‘V(s)ds}l/p/,

>0
Fy = S,SE{./(: ln"(t/s)w(s)ds}l/q{./tOO ‘V}l/pl.

Moreover C & Ay.
(b) For1 < q<p <oo, I/r=1/q— 1/p, the inequality holds, if and only if,
By =max;=23(Bi, F2, F3) < 0o, where B;, i =0, 1,2, 3 are given in Theorem 3.3 and

k= {/ooo (/0' W)r/p (/,OO In” (s / )V (s) dS>r/pl w(t) dt} '
B= [ ([ waomeras) ™ ([ vioras) ™ voar] "

Moreover C & By.
(¢c) For 0 < p <1 < g < oo, the inequality holds, if and only if, Dy =
max;=o.1.2.3(D;) < 0o, where D;, i =0, 1,2 are given in Theorem 3.3 and

D =sup | (s / wis) ds | W yiteg),

Moreover C & Dy.
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PROOF. By [3;Theorem4.8, p. 138] and [17] the rearrangement inequality (Hf)*(¢) <
(PA)() + (Pf)(1) < (HF)(2) is satisfied. But since Pf(f) + Pf(¢) = P(Pf)() the bound-
edness of H:T,(v) — I'y(w) is equivalent to the inequality

e <c{ i)

for 0 < f |. By the reverse Holder inequality and the fact that the adjoint of P2P is PP?,
the inequality is equivalent to

152 fP(P*g) C o\ M
G7) s o < b €

where g > 0 is arbitrary. But since P(P*g) | we can apply Theorem 2.2(a) and (b), so
that (3.7) is equivalent to

o0 (Lo vom)  zcl )
if 1 <p < o0,and
Y sup [, PP}~ 1r) < cof ["ew)".

if 0 < p < 1, where ¥ and V are defined by (3.1). Since

[} PPPg = Pg(x) +2(Pg(x) + Pe(x)) + Pg(x)

we proceed as in the proof of Theorem 3.3: In case 1 < p < 00, (3.8) shows that we
must characterize the weights for which each of the integrals
D {5 Py VY7,
i) {f5°(Pgy V}'/P
i) {JS°L0E InCx/s)g(s) ds¥ x 7 V(x)dx}' /P
and
iv) {JS°L° In(s /x)g(s) LY Vix)dx}! /¥
is dominated by the right side of (3.8). Incase 0 < p < 1 < ¢ (3.9) applies and we must
characterize the weights for which
V) supo{ PR}V /P (),
vi) sup,.o{ i Pg}V—"/P(x)
vii) sup,so{S5[L fi In(t/5)g(s)ds]de}V—"/P(x)
and
viii) sup,o {517 In(s /)g(s) L] de} V=P (x)
are dominated by the right side of (3.9). But since these weight characterizations are
known and follow as in the proof of Theorem 3.3, we omit the details.
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