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Abstract

In this paper, we show the existence of solutions of functional equations f;x € Sx N Tx and
x = fix € Sx N Tx under certain nonlinear hybrid contraction and asymptotic regularity condi-
tions, generalize and improve a recent result due to Kaneko concerning common fixed points of
multivalued mappings weakly commuting with a single-valued mapping and satisfying a gener-
alized contraction type. Some related results are also obtained.
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1. Introduction

Nadler [12] proved a fixed point theorem for multi-valued contraction mappings,
which is called Nadler’s contraction principle. Subsequently, a number of
generalization of Nadler’s contraction principle were obtained by Ciric [23],
Khan [8], Kubiak [9], Kaneke [6, 7], Sessa [14, 19], Singh [10] and many others
[22, 24].

Recently, non-linear hybrid contractions, that is, contraction types involving
single-valued and multi-valued mappings have been studied by Mukherjee [11],
Naimpally et al. [13], Rhoades e al. [16] and Sessa et al. [20, 19].

In this paper, we show the existence of solutions of functional equations
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fix € SxNTxandx = f; € SxNTx under certain non-linear hybrid contraction
and asymptotic regularity conditions where {f;} is a family of single-valued
mappings on a metric space, S and T are multi-valued mappings on a metric
space. Our results are generalizations and improvements of some results due to
Kaneko, Kubiak, Mukherjee, Naimpally et al., Rhoades et al. and many others.
Also, we obtain other related results by using the proximinality of sets.

2. Preliminaries

Let (X, d) be a metric space. A subset K of X is said to be proximinal if for
each x € X, there exists a point y € K such that d(x, y) = D(x, K), where
D(x, A) denotes the ordinary distance between x € X and a non-empty subset
A of X. We shall use the following notation and definitions:

CL(X) ={A: Ais anon-empty closed subset of X},

CB(X) = {A : A is anon-empty closed and bounded subset of X},
CX)={A:Aisa non-erﬁpty compact subset of X} and
P (X) = {A: Ais anon-empty proximinal subset of X}.

ForA,Be CL(X)and¢e > 0.

N(, A) ={x € X :d(x,a) < ¢ forsome a € A},
Esp={>0:AC N(g,B)and B C N(¢, A)}, and
infEAYB, ifEA'B 76@

H(A, B) = { e Enn w20

H is called the generalized Hausdorff distance function for C L(X) induced
by the metric d, and H defined on C B(X) is said to be the Hausdorff metric
induced by d.

It is well-known that P,(X) € CL(X) and C(X) C Px(X) ([21]).

Let { f;} be a family of a singled-valued mappings from X to itself and S, T
be multi-valued mappings from X to the non-empty subsets of X.

DEFINITION 2.1. If, for x, € X, there exist sequences {x,} and {y,} in X such
that

Yon = fonXon-1 € Sxp, foreveryn € N,
Yon+1 = fong1X2n € T2y foreveryn € Ny = NU (0},
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then Oy, (x0) = {y, : n = 0, 1,2, ...} is said to be the orbit for (S, T; f;) at xo.
Further, 0y, (x,) is called a regular orbit for (S, T; f) if

d ) < H(Sx,_1,Tx,), if n is odd,
Yoo Yt ) =1 H(Tx,_), Sx,), ifn is even.

DEFINITION 2.2. If, for xy € X, there exist sequences {x,} and {y,} in X such
that every Cauchy sequence of the form oy, (x;) converges in X, then X is called
(S, T; fi)-orbitally complete with respect to xy or simply (S, T'; f;, xo)-orbitally
complete.

If, for each i € N, f; is an identity mapping on X, then Oy (xo) is denoted by
0(xo) and (S, T'; f;, xo)-orbitally completeness by (S, T'; xo)-orbital complete-
ness.

DEFINITION 2.3. A pair (S, T) is said to be asymptotically regular at xo € X
if for any sequence {x,} in X and each sequence{y,} in X such that y, €
an—l U Txn—l, 1imn—>oo d(yn» yn+1) = 0

We remark that Definitions 2.1-2.3 with § = T and f; = f foreachi e N
reduce to Definitions 4, 6 and 7 of [16], respectively, and orbital completeness
need not imply the completeness of the space. Evidently, a complete space is
orbitally complete.

DEFINITION 2.4. For each i € N, the mappings f; and S are said to be
commuting at a point x € X ([2]) if f;Sx € Sf;x. The mappings f; and S are
said to be commuting on X if f;Sx C Sf;x for every point x € X.

In[17], Sessa introduced the concept of weak commutativity for single-valued
mappings on a metric space and Sessa et al. [19] extended this concept to the
setting of a single-valued mapping and a multi-valued mapping on a metric
space.

DEFINITION 2.5. For each i € N, the mappings f; and § are said to be weakly
commuting at x € X if H(f;Sx, Sfix) < D(f;x, Sx). The mapping f and S
are said to be weakly commuting on X if they are weakly commuting at every
x € X.

Note that commutativity implies weak commutativity, but the converse need
not be true even in the case of singled-valued mappings as shown in Section 4.
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EXAMPLE. Let x = {1, 2, 3, 4}, define a metric d on x and mappings f, S on
X as follows:
d(1,2) =d(3,4) =2, d(1,3)=d2,9) =1
d(1,4) =d(2,3) =3/2,

S(1) =8@3) = {4}, $2)=8=54) ={3},
f=fQ=f4 =2, f(4) =1, respectively.

Then we have Sf(1) = {3} and fS(1) = {1} and so f and S do not commute
atx = 1, but f and S are weakly commuting at x = 1 since

H(Sf(), fS(1)) = D(f(1), §(1)) =2.

Let # be the family of all mappings ¢ from the set R of non-negative
real numbers to itself such that @ is upper-semicontinuous, non-decreasing and
¢(t) < tforanyt > 0.

The following theorem is an interesting result for the existence of coincidence
points of non-linear hybrid contractions:

THEOREM 2.1. [16] Let T be a multi-valued mapping from a metric space X
into CL(X). If there exists a mapping f from X into itself such that T (X) C
f(X),foreachx,y € X and ¢ € F ,

(21) H(Tx,Ty)=<

¢(max(D(fx,Tx), D(fy,Ty), D(fx,Ty), D(fy, Tx)d(fx, fy))),
2.2) ¢(t) < qt for each t > 0 and for some 0 < g < 1,
(2.3) there exists a point xg € X such that T is asymptotically regular at

xo and f(X)is (T; f, xo)-arbitrally complete, then f and T have

a coincidence point in X.

If f is not the identity mapping, then the commuting mappings f and T
satisfying the hypotheses of Theorem 2.1 need not have a common fixed point
in X.

Now we can consider: What additional conditions will guarantee the existence
of a common fixed point of f and T'?

In [16], Rhoades et al. gave the solution to this problem. In this paper, we
also investigate different sets of conditions under which the fixed point equation

x=fixeSxNTx forxe Xandeachi e N

possesses a solution.
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3. Results

Now we are ready to give our main theorems:

THEOREM 3.1. Let S and T be multi-valued mappings from a metric space X
into Px(x) and let { f;} be the family of all continuous mappings from X into
itself such that

3. SXHUT(X) C filX)foreachi € N,
32y H(Sx,Tx) <
¢(max(D(fix, $x), D(f;y, Ty), D(fix, Ty), D(f;y, $x),d(fix, f;y)))
foreachx,ye X,i,jeN,i # jand ¢p € F,
(3.3) @ () < qt for eacht > 0 and for some fixed q € (0, 1),
(3.4) there exists a point xo € X such that the pair (S, T) is asymptot-

ically regular at xy, and
(3.5) foreachi € N, f;(X)is (S, T; f;, xo)-orbitally complete.

Then (1) f;, S and T have a coincidence point in X .

If z is a coincidence point of f;, S and T and f;z is a fixed point of f;, then
we have:

(2) fiz is also a fixed point of S provided f; is weakly commuting with S at
z for every eveni € N foranyodd j € N,

(3) fiz is also a fixed point of T provided f; is weakly commuting with T
atz;

4)  fiz isacommon fixed point of S and T provided f; is weakly commuting
with eachof Sand T at z.

PROOF. (1) Let x, be a point in X satisfying (3.4). Since S(X) UT(X) C
fi(X), for each i € N, we can find sequences {x,} and {y,} in X such that
Yo = fonXou—1 € SXp, foreveryn € N,
Yol = fans1Xon € Txpny  forevery n € Ny,
d(yZn’ y2n+l) < q_l/zH(SXZm Tx2n+1) and
d(Yont1, Yonr2) < @ PH(Txz041, SXant2)-
By (3.4), we have lim, oo (¥4, Yut1) = 0.

Now, we want to show that {y,,} is a Cauchy sequence in f;(X). Suppose
that the sequence {y,,} is not a Cauchy sequence. Then there exists a positive
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number ¢ such that, for each positive integer «, there exist integers n(x) and
m(x) such that

(3.a) Kk <nk) <m)
and
(3b) d(yZn(K)v yZm(K)) = €.

Letd;; = d(y:, y;) and d; = d(yi, yi4+1) for each i, j € N. Then, for each
integer x, we have

(3.c) € < ) 2mic) < any 2miy—2 + Gamoy—2 + domy—1-

For each integer «, let m(x) denote the smallest integer satisfying (3.a) and
(3.b) for some n(x). Then we have dau)2mu)—2 < € and it follows from (3.c)
that
(3.d) Klifg) Aoy, 2m@e) = €.

Using the triangle inequality, we get
|daniy,2micy-1 = Qoney 2meo)| < damr-1 and
|d2n(x)+1,2m(x)—1 - d2n(x),2m(x)| S d2n(x) + d2m(x)—1,

which yield
lim dan),2mey-1 = lim doniey+1,2me—1 = €
K—>00 K—>00

in view of (3.4) and (3.d) and so, by (3.2), we have
d2n(x),2m(x) = d2n(x) + d2n(x)+1,2m(x)
< dopiy + q_l/zH(szm(x), T Xon46)+1)
=< d2n(x) + q—1/2¢(max (D(me(K)+1x2m(x)’ Sx2m(x)),
D(on(K)+2x2n(x)+l’ Tx2n(x)+1): D(on(K)+2x2n(x)+1’ szm(x)),

D( fomuy+1X2mucys T Xoniy41)5 d(me(x)+1x2m(K)’ f2n(K)+2x2n(x)+l))5
< dongey + ¢ ¢ max (d d d
= Aoy T4 AX (A2m(xc)» Aan(c)+15 A2n(k)+2,2m(x) s
d2n(K)+1,2m(K)+11 d2n(x)+2,2m(lc)+l))'

Using the upper semicontinuity of ¢ and letting x — oo, this inequality
yields
e<q ' Pp) <qVqe <¢
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since £¢ > 0 and ¢'"/2 < 1, which contradicts the choice of £ and so the
sequence {y,,} is a Cauchy sequence. Similarly, we can prove that {y,,.} is
also a Cauchy sequence in f;(X).

Since f;(X) is (S, T; f;, x¢)-orbitally complete, the Cauchy sequence {y,,}
has a limit « in f;(X) for each i € N. By condition (3.4), we have

0= ,.lil?o d(Yan, Yant1) = ,.lil?o d, Y1)

and so {y»,,,} also converges to u.
Hence there is a point z € X such that f;z = u. By condition (3.2), for any
eveni € N,

D(fiz, Sz) <d(fiz, yan+1) + D(Y2011, S2)
<d(fiz, Y1) + H(Sz, Tx2,11)

< d(fiz, yoarr) + &( max (D(fi2, $2), D(fonszXansts Tons),
D(fiz, Txan41), D(fan42Xons1, 82), d(fiz, f2n+2x2n+1)))-

< d(fiz, youer) + ¢( max (D(fi2, $2), DOanra, Tximn),
D(fiz, Txms), DOmiz ), d(fi7, yous2)))-

< d(fiz, yser) + &( max (D(fi2, $2), dGaaszs Yini1),

d(f:2, yns) Az, £i2) + D{fiz, $2), d(fiz, yous2))-

Letting n — o0, this inequality yields
D(fz, Sz) < ¢(max (D(f:z, $2)0,0, D(f:z, Sz), 0)).

If fiz ¢ Sz for any even i € N, then D(f;z, Sz) > 0 and the above inequality
implies

D(fiz, Sz) < ¢(D(fiz, §2)) < D(fiz, §z),
which is a contradiction.

Hence f;z € Sz for every even i € N since every proximal set is closed.
Similarly, we have f;z € Tz for any odd i € N. Therefore, z is a coincidence
point of f;, S and T foreachi € N.

(2) If for any eveni € N, u = f;z is a fixed point of f;, then u = fiu =
fifiz € fiSz. If f; is weakly commuting with S at z, then f;Sz = Sf;z since
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fiz € Sz. Therefore, we have u € f;Sz = Sf;z = Su; that is, u is a fixed point
of §.

We can also prove (3) by the same techniques, and by (2) and (3), we have
4).

Since (2.3) implies (3.2), Theorem 3.1 with § = T and f; = Ix (the identity
mapping on X) improves slightly Theorem 2.1. Theorem 3.1 remains true when
we replace P, (X) by CL(X).

Replacing the condition (3.1) of Theorem 3.1 by orbital regularity, we have
the following:

THEOREM 3.2, Let S and T be multi-valued mappings from a metric space X
into P.(X) and let { f;} be the family of all continuous mappings from X into
itself such that the conditions (3.2) holds,

(3.6) ¢(t) <t foreacht > 0andsome p € F ,

(3.7) for some xg € X, and each i € N, there exist sequences {x,} and
{yn} in X such that the orbit O (xo) is regular, the pair (S, T) is
asymptotically regular at xy and f(X) is (S, T; f:, xo)-orbitally
complete. Then we have:

(1) foreachi € N, f;, S and T have a coincidence point in X,
(2) if the limit of O, (xo) is a fixed point of f;, then the conclusions (2) and
(3) of Theorem 3.1 are also true.

We remark that Theorem 3.2 with S = T and f = f; foreachi € N is
Theorem 2 in [16].

It is well known that if S is a multi-valued mapping from X into C(X), then
forevery x, y € X and u € Sx, there exists a point v € Sy such that

d(u,v) < H(Sx, Sy).

Hence, if § and T are multi-valued mappings from X into CL(X), then
orbital regularity in Theorem 3.2 can be dropped.

THEOREM 3.3. Let S and T be multi-valued mappings from a metric space
X into C(X) and let { f;} be the family of continuous mappings fro X into itself
such that the conditions (3.1), (3.2), (3.4), (3.5) and (3.6) hold. Then all the
conclusions of Theorem 3.2 are also true.
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Consider the following condition:

(3.8) H(Sx,Ty) <
¢(max(D(fix, Sx), D(f;y, Ty), D(fix, Ty), D(f;y, $x), d(fix, f;(»))
foreachx,ye X,i,jeN,i# j,and¢p € & .
In Theorem 3.1, if we replace (3.2) by (3.8), the asymptotic regularity of

(S, T), (3.4), is not needed.
In fact, we have the following:

THEOREM 3.4. Let S and T be multi-valued mappings from a metric space X
into P.(X) and let { f;} be the family of continuous mappings from X into itself
such that the conditions (3.1), (3.5) and (3.8) hold. Then all the conclusions of
Theorem 3.1 are also true.

In Theorems 3.1 and 3.3, taking f = f; on X for each i € N and defining
¢ (@) = qt,0 < g < 1, we have the following:

COROLLARY 3.5. Let S and T be multi-valued mappings from a metric space
into P.(X) and let f be a continuous mapping from X into itself such that the
condition (3.4) holds, as well as

(3.9) SX)UT(X) C f(X);
(3.10) H(Sx,Ty) <
gmax (D(fx, Sx), D(fy, Ty), D(fx,Ty), D(fy, Sx),d(fx, fy))
foreachx,y € X and for some 0 < g < 1,
(3.11) f(X)is (S, T, f, xo)-orbitally complete, and
3.12) [ is weakly commuting with each of S and T .

Then f, S and T have a common fixed point in X.

COROLLARY 3.6. Let S and T be multi-valued mappings from a metric space
X into P.(X) and let f be a continuous mapping from X into itself such that
the conditions (3.9) and (3.12) hold, and

(3.13) H(Sx,Ty) <

g max (D(fx, $x), D(fy, Ty), 3(D(fy, $x) + D(fx,Ty)), d(fx, fy))
foreachx,y € X and for some 0 < g < 1.

Then f, S and T have a common fixed point in X .
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The following theorem is an extension of a recent result due to Kubiak [9]:

THEOREM 3.7. Let S, T be multi-valued mappings from a metric space X into
P.(f(X)Ng(X)) and f, g be continuous mappings from X into itself such that
the conditions (3.12) and (3.13) hold. Then f, g, S and T have a common fixed
pointin X.

REMARK. Our results extend some theorems of Hadzic [1] and Sessa et al.
[20] to the version of hybrid contraction mappings.

4. Some related results

Let X be a reflexive Banach space and WC(X) denote the family of non-
empty weakly compact subsets of X. Note that every non-empty weakly com-
pact subset of a reflexive Banach space is proximinal [21] and so closed.

We need the following lemma for our main theorems:

LEMMA 4.1. ([10]) Let f € & andty > 0. If t,.1 < f(@,) foralln € N,
then the sequence {t,} converges to 0.

The following theorem is an extension of a result due to Kaneko [7]:

THEOREM 4.2. Let X be a reflexive Banach space and let {S,}, {T,} be se-
quences of mappings from X into WC (X) such that

4.1) H(S»x, T, y) <
¢(max (D(x, Spx), DO, Ty, JDG, Toy) + DGy, Su)), dx, 7)) )
for each x, y € X and for some ¢ € F .
Then there exists a point z € X such that z € S,,z N T,z for each m,neN.

PROOF. First, we assume that # = 0. Let xo = X be an arbitrary point. Then
there exists a point x; € S;xgp such that d(xg, x;) = D(xo, Sxp). This is possible
because S is a non-empty weakly compact subset of a reflexive Banach space
and so is proximinial.

Now, foralln € N, we have D(x,, T,x;) < H(S,xy, T,x;) = 0 and hence we
have x; € T,x,. Similarly, foralln € N,

D(xy, S1x1) < H(T,x, S1x1) =0 vyields x; € S,x;.
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Thus x; is a common fixed point of the two equations {S,} and {7, }.
Next, we assume that 2 # 0. Let x4 € X be arbitrary but fixed.
Construct a sequence {x,} in X such that

X2p-1 € Snx2n—2, Xop € Tnx2n—1’
d(X2n_2, X2u—1) = D(X2n_2, SpX2n_2), and
d(x2n—1v x2n) = D(x2n—l9 Tn-x2n)'

The existence of such a sequence in X is guaranteed by the proximinality of
S.(x) and T, (x) foreachm,n € N.

Now, suppose that x, = x,,, for some n € N. If n € Nis even, then we have
Xon € Spt1X2n-

Further, for each m € N, we have

D(Xz,,, meZn) 5 H(S,,+1X2,,, Tm-x2n)
< ¢((max (D (an, Sue1x2n), Dxan, T,

LD (tan, Tutan) + DGan, Siix2n)), d(aan))
= ¢(D(x2n, Tx2n)).
If D(x,,, T,,x2,) > 0, then it follows from the above inequality that
D(x2q, TnX2n) < D(X2n, TX2n)s

which is a contradiction.

Thus, we have x,, € T,,x,, foreachm € N.

Slmllarly’ D(X2,,, Smx2n) =< H(Smx2m TX2,,) = ¢(D(X2,,, Smen)) giVCS Xon €
Snx,, foreachm € N.

For an odd number n € N, we have also the same results.

Therefore, in each case, we have a common fixed point for the sequences
{Sn} and {T}.

Suppose now that x, # x,,; for all n € N. We shall show that {x,} is a
Cauchy sequence in X. Let us first observe that

d(Xon, Xon41) = D(x24, Spi1X2)
5 H(Tnx2n—l’ Sn+1x2n)

< ¢( max (DG, Syia%20), Dot Tokan 1),

LD Gaps Toxon-1) + D anoty Sus1X20)), dCam, xZn_l)))
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= ¢((max (dCoon 1, x2), d (s Xons1), 201, 32011)))
< ¢(max (d (Xan—1, X2n), d(X2ns Xan41),

L Goan, x30) + d oy X3010))) ).

If d(x2,_1, X21) < d(X2n, X20+1), then the above inequality yields
d(Xan, Xont1) < @(d(X2n, X2n11)) < d(Xon, X2n41),

which is a contradiction. Therefore, we get

d(X2n, Xons1) < @ (d (X251, X20)).
Similarly, we can show that
d(X2n41, X2n12) < P(d(X2n, X2041))-
It follows from the above relations that
d(Xn, Xp11) < @(d(Xn, Xn—1))-

By Lemma 4.1, we have lim,_,, d(x,, x,4+1) = 0, which yields that {x,} is
a Cauchy sequence in X. Since X is a Banach space, this Cauchy sequence
converges to a point in X, Let lim,, o, x, = z. Then we have

D(xyp_y, Twz) < H(S,X2n—2, Tpn2)
< ¢((max (D(xan-2, Swx2a-2), Dz, T2),
DG, Tn?) + Dz, Syxaa-2)), A2, 2)))
< ¢((max (d (a2, x20-1), Dz, ),
HD (-2, Tn2) + A, x20-1)), dX2a2, ) ).
Letting n — o0, the above inequality yields
Dz, T,z) =0.

Since 7,,z is closed, z € T,,z forall m € N.

Similarly, we have also z € §,,z forallm € N.

Therefore, z is a common fixed point of the sequence {$,} and {7,}. This
completes the proof.
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Let f, g be single-valued mappings from a metric space X into itself.
Recall that the mappings f and g are said to be weakly commuting [17] if
d(fgx,gfx) <d(fx, gx)forany x € X.

Clearly two commuting mappings [4] (that is, fgx = gfx for any x € X)
are weakly commuting but the converse is not true.

EXAMPLE. Let X = [0, 1] with the Euclidean metricd and let f, g X — X
be defined by f(x) =2x/(x + 1) and g(x) = x/(2x + 1) forall x € X. Then
the mappings f and g are weakly commuting but not commuting.

Some fixed point theorems for commuting and weakly commuting mappings
may be found in [3-5] and [14-18, 20].

COROLLARY 4.3. Let f, g, S and T be single-valued mappings from a com-
plete metric space X into itself such that
(42) d(fx,gy) <
o(max (d(fx, Sx), d(gy, Ty), d(fx, Ty) +d(gy, $x)), d(Sx, Ty)))
for each x, y € X and for some e % ,

4.3) (f, S) and (g, T) are weakly commuting pairs.
Then f, g, S and T have a unique common fixed point in X .

PROOF. Define two mappings A, B by Ax = {fx} and Bx = {gx} for any
x € X. Then (A, S) and (B, T) are weakly commuting pairs. Now in view of
Theorem 4.2, there exists a point z € X such that Sz € Az and Tz € Bz, which
yields Sz = fz And Tz = gz. Substituting in (4.2), we obtain

d(fz,g2) < <p(max{d(fz,Sz), d(gz,Tz), 5[d(fx,Tz)+d(gz,5z)), d(Sz,Tz)})
= ¢(max {0,0.d(fx, g2). d(f2,82)}) = #(d(fz. g2)).

If fz # gz, then we obtain the contradiction d(f z, gz) < d(fz, gz). Therefore
z is a common coincidence pointof f, g, S,and T'.

We shall now show that fz is a common fixed pointof f, g, Sand T.

Since f and § weakly commute, d(Sfz, fSz) <d(Sx, fz) =0and Sfz =
fSz. But Sz = fz. Therefore Sfz = fSz = f?z and fz is a common
coincidence point of f and S.
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Since g and T weakly commute, d(gtZ,Tgz) <d(Tz,gz) =0and gTz =
Tgz. Since gz = Tz we obtain Tgz = gTz = g%z and gz is a common
coincidence pointof f, g, Sand T. Since fz = gz, fz is acommon coincidence
pointof f, g, Sand T.

From (4.2), we obtain

d(fz,gf2) < <p(max {d(fz,S2),d(gfz Tf2),
\d(fz, Tfz) +d(gfz, Sz)], d(Sz, sz)})
= p(max {0,0,d(fz gf2). d(fz,8f2)} )
=@d(fz,8f2)),

which forces fz = gfz and fz is a fixed point of g. From Tgz = g?z and
fz = gz, it follows that fz is also a fixed point of T'.

If we can show that fz is also a fixed point of f, then, from Sfz = f?z = fz,
it follow that fz is a also a fixed point of S. So consider

d(ffZ, fZ) = d(ffZ, gZ)
< o( max {d(ffz. 5f2),d(gz.T2),

Yd(ffz, T2) +d(gz, Sf2)), d(Sfz, Tz)})

= (p(max {0,0,d(ffz, £2),d(ffz, fz)})
= @(d(ffz, f2)),

which implies that ffz = fz.
We shall now show uniqueness. Suppose that ¥ and v are common fixed
points of f, g, S and T. Then, from (4.2),

d(u,v) =d(fu, gv)
< ¢(max {d(fu, Su),d(gv, Tv),

Yd(fu, Tv) +d(gv, Sw)), d(Su, Tv)})

= ¢(max {0, 0,d(u,v),du, U)})
= ¢(d(u, v)),

which implies that u = v.
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COROLLARY 4.4. [20] Let S and T be two continuous mappings from a com-
plete metric space X into itself. Then S and T have a common fixed point in X
if and only if there are two self-mappings A and B on X such that

4.4) AXYUB(X) Cc S(X)NT(X)
(4.5) d(Ax,By) <
p(max(d(Sx, Ax),d(Ty, By), %(d(Sx, By)+d(Ty, Ax)),d(Sx, Ty)))
for each x, y € X and for some ¢ € &,
4.6) (A, S) and (B, T) are weakly commuting pairs.

Further, z is the unique common fixed point of A, B, S andT .

THEOREM 4.5. Let X be a compact metric space and let S, T be multi-valued
mappings from X into P,(X) such that either S or T is continuous,

47) H(Sx,Ty) <
#(max (d(x, $2),d(y, Ty), }d(x. Ty) +d(3., Sx)). d(x, )
foreachx,ye€ X,x # y,

and for some ¢ € F . Then either S or T has a fixed point in X.

PROOF. Suppose that § is continuous. Define ¢ X — Rby ¢(x) = D(x, Sx)
for all x € X. Then ¢ is continuous on X. Since X is compact, there exists a
point xq € X such that ¢(xy) = min{p(x) : x € X}. Now, choose x; € Sxg
such that d(xo, x;) = D(xo, Sxo). This is possible because Sx, is proximimal.
Similarly, we can choose x, € Tx; and x; € Sx; such that

d(x1,x3) = D(x;, Tx;) and  d(x, x3) = D(x2, $x).
Let us suppose that d (xg, Sxp) > 0 and d(x, T1x) > 0. Then we have

d(xy, x2) < H(Sx0, Txy)
< ¢(max (D(x0, Sxp), D(x1, Txy),

LD (xo, Tx1) + D(x1, $x0)), d(x0, 11)) )
< ¢((max (d0xi, ), 1o, %2), d(xo, 31))),

which yield d(x, x;) < d(xg, x1).
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Similarly, we have also d(x,,x3) < d(x,x;). Therefore, we have
d(x, x3) < d(xp, x;) = ¢@(xp), which is a contradiction to the minimality
of ¢(xy). Hence either D(xy, Sxg) = 0 or D(x;, Tx;) = 0. Since the proximal
sets Sxp and T x; are closed, it follows that either xo € Sx, or x; € Tx;. This
completes the proof.
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