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SMALL ZEROS OF QUADRATIC L-FUNCTIONS

Avrl E. OzLiK AND C. SNYDER

We study the distribution of the imaginary parts of zeros near the real axis of
quadratic L-functions. More precisely, let K(s) be chosen so that |K(1/2  it)| is
rapidly decreasing as 1 increases. We investigate the asymptotic behaviour of

F(a, D)=(5(t—251((%)1))—1 3 S K(pD

deF(D) Kd)

as D — oo. Here ) denotes the sum over the non-trivial zeros p = 1/2 + iy of
#d)
the Dirichlet L-function L(s, x4), and x4 = (5) is the Kronecker symbol. The

outer sum Z is over all fundamental discriminants d that are in absolute
deF(D)
value € D. Assuming the Generalized Riemann Hypothesis, we show that for

0<|a|<-§—, F(a, D)= -1+4+0(1) as D — oo.

1. INTRODUCTION

It is well known (see (3, 4, 8, 11]) that the zeros of Dirichlet L-functions L(s, x)
close to the real axis contain significant number-theoretic information. For example if
X is a quadratic character with x(—1) = —1, then zeros of L(z, x) close to s =1/2
have an effect on the class numbers of complex quadratic fields. In another direction,
if x is the non-principal character (mod4) then the “first” zero of L(s, x) in the
critical strip has a bearing on how primes are distributed in residue classes 1 and 3
(mod 4), respectively, and in particular on a phenomenon first observed by Chebysev
[5] concerning discrepancies in the distribution of primes into different residue classes.

Shanks [9] has given heuristic arguments for the predominance of primes in residue
classes of non-quadratic type. He conjectured that if a; is a quadratic residue and a3
is a quadratic non-residue (mod q), then there are “more” primes congruent to a;
than those congruent to a; mod ¢. Obviously the sense in which this predominance
occurs needs to be specified. Bentz [4] and Bentz and Pintz [3] have made progress in
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this direction. Their work clearly displays the significance of “small” zeros of Dirichlet
L-functions in comparative prime number theory. (See also [10].)

In this paper, we study under the assumption of the Generalized Riemarn Hy-
pothesis the distribution of “small” zeros of quadratic L-functions L(z, x4) for all
fundamental discriminants d that are in absolute value less than or equal to a given
constant D. More specifically, if 3 denotes a summation over all such d, we inves-

d€F(D)
tigate the asymptotic properties of Y. Y K(p)D*®7 as a function of a as D — oo.
dE€F(D) p(d)
Here K is a suitable kernel, 3 denotes the sum over the non-trivial zeros p = 1/2+1iy
p(d)

of L(s, x4) and x4 = (£) is the Kronecker symbol.

2. PRELIMINARIES AND RESULTS

Let ¢ and D be positive real numbers and define

R(z,D)= Y Y K(p)e"

deF (D) p(d)

where F(D) is the set of fundamental discriminants of quadratic number fields which

are in absolute value less than or equal to D; Y, denotes the sum over the nontrivial
o(d)

zeros p = 1/2 + iy of the L-series L(s, xa) where x4 = (4), the Kronecker symbol.
(Notice that we are assuming the Generalized Riemann Hypothesis.) Also we assume
that K(s) is analytic in the strip —1 < Re(s) < 2 such that fc+°°' K(s)z™*ds is
absolutely convergent for —1 < ¢ < 2 and all z > 2, K(1/2 +it) = K(1/2 —it), and
where a(z) = 1/(2wi) f:j::: K(s)z™*ds is real valued and of compact support on the
interval (0, co). As is well-known, we have

K(s) = /o T o

Since we are interested in zeros which are near the real axis we can choose K(s)
so that |K(1/2 +it)| is rapidly decreasing as t increases. However for now we shall
not specify any particular K(s). As we derive properties of Fy(z, D) we shall need
to impose further restrictions on a(z), and thus on K(s), but we shall do so as we
proceed.

We start by making use of the explicit formula

ZK(p)z"——E (2 )A(n)( ) ( )log' L+ oq).

p(d)
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This can be derived as in [6].
Consequently

Fi(z,D)=A+ B+ O(z'l/’D)

where > Z (z )A(n)( )

deF(D)n=1

and B= -1/2() 21

deF(D)

Now let A = A; + A, where

— _g-1/2 E Z ( )A(n)()

deF(D) n=1

= _g-1/2 Z Z ()A(n)()

d€F(D) n=1

and

here Y denotes the sun over those integers which are perfect squares.
n=0

Consider first A;. Since (%) =1 if n and d are relatively prime and (%) =0if

not, we see that
2172 Z Z ( )A(n)

deF(D) n=1
€F(D) n=1

(d,n)=1

We now write 4; = A;; + A12 where

Ay = —z71/2 E i a(;)A(n)

deF(D) n=1
eF(D) n=1

and Z Z ( )A(n)

deF(D) "'é,
(d,n)>1

But notice
pp——— l.?-'(D)lE ( )A(n)
n-—D

where |F(D)| denotes the cardinality of F(D). We now seek an asymptotic expansion
of A;;. To this end we have
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LEMMA 1. If the Riemann Hypothesis (R.H.) holds and

/ v!/*log? v |a'(v)]| dv exists and is finite,
0

then i ()A(n) % (2) 1/2+O( 1/‘logzz) (z — ).

n=1
n=0

PROOF: We use Riemann-Stieltjes integration to write

> o(2)acn= [ oo

n=

where ¥(u) = 30 A(n). Then under R.H. ¢(u) = u + E(u) with E(z) < u'/?log®u.
n<u

Consequently
[Te@aem = [To(G)avas [~ o(F)anwo:
But /owa(Z)d\/i - % -/oma(;)u_llzdu
and changing variable v = u/z,
% /0 wa(z)u'llzdu = % /0 " a()s 2y 22 dy
= 2o /o ~ a(o)o2do = 5K (%)zl/’.

On the other hand, by using integration by parts we get
* ru u * oo u
[ e@emem=a()evm| - [ Evaea(?)
= u
== [ Bae(3)

since a(z) has compact support in (0, ). By using E(v/z) < u*/*log® u we have

‘/oooE(\/"_‘)da(z') < ./nwull‘logzuda(;) =g! /omu”‘logzua’(;)du'

Changing variable v = u/z leads to

z™? / u/%log’ud' (E)du =z7! / z /41 /4 Jog? (zv)a' (v)z dv
0 z 0

=g/* / vi/t (log2 z + 2log zlog v + log? v)a'(v)dv < z/*log? z
0
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by the hypothesis. This establishes the lemma. 0

LEMMA 2. |F(D)| = 5ot D+O(\/_) (D — o).

((2)

PROOF: As is well-known, see for example, Davenport {6], a fundamental discrim-
inant is a product of relatively prime factors of the form —4, 8, -8, (—1)(” -/ p (p
any odd prime). Then we have

F(D) = F1(D)UF(D)UFs(D)

where Fi(D) = {d: d is an odd fund. disc. and |d| < D}
F4(D) = {d: d is a fund. disc., d = 4(8), |d| < D}

Fs(D) = {d: d is a fund. disc., d =0(8), |d| < D}.

Notice that in all cases the odd part of d is square-free. Also notice that if m, # 1,
is odd or = 4(8) and that the odd part of m is square-free, then precisely one of m or
—m is a fundamental discriminant. On the other hand, if m = 8my where m, is odd
and square-free, then both m and —m are fundamental discriminants. Thus we see

IF(D) = ) wi(m),
1<mgD
mOdd

F(D) = Y. #i(m),
lgms-?-
modd

and

[Fo(D)| =2 ) p(m).

1<mg 2
m odd
We now use the asymptotic formula,
Ma(z): = sz(n) z+0( 1/2)
()

ngz

see for example, Ellison [7].
From this we show that

My(z): = ) ’(n)—3c(2)z+o( ).

ngz

n Odd

For notice that
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My(z) = Mo(z) + Mo (-‘5)

e (5) = 0 (3) + 0 2)
(2) = 1 (2) + 10(55)

_ v _[logz
and so My(z) = 0<;N(—1) M, (2—v) where N = [log2] .

e a0t g% (S +0((3)"))
s T 5T o)

- %@ (1) +0() = ggye + 0(="):
But then
|F(D)| = [F1(D)| + |F4(D)| + | Fs(D)|
= Moy(D) -1+ M, (%) + 2M, (%)

=%(2)(D+§+282) +0(\/'D') =—1—D+0(\/5)

as desired.
Combining Lemmas 1 and 2, we have proved

ProrPosITION 1.

2((2) ()D+O(\/_)+0(Dz’1/‘log’z) (;::)

We next consider A;,.

All =

PROPOSITION 2. Under the assumptions of Lemma 1,

_1/2 z— 0
A €z (log z) Dloglog D (D . oo)

PRrROOF:

S Z e(Dam=er B 5 o5

deF(D) n=0 deF(D) P
(dn)>1 p prime

m21

pld
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We first show that for a fixed prime p,

Lad pZm
Z a.( >logp= O(log z).

T
m=1

Since a(z) has compact support in (0, oo), there exist positive constants ¢; < ¢z such

that a(z) = 0 if z ¢ [c1, ¢z}, and suppose M = max of |a(z)|. Then a(p?™/z) #

0 implies that ¢; < p*™/z < c; or equivalently that (log(ciz))/(2logp) € m <
oo

(log (c2z))/(2log p). But then Y a(p*™/z)logp < M(logz)/(logp)-logp < logz.
1

m=

Notice that the implied constant is independent of p. Now

Ay = z71/2 Z E a(gi—m)log;)«z_l/z z Elogz

deF(D) P deF(D) pid
p prime
m21
pld

<z V?logz Z 21.

d<D p|d
But, as is known, see [2], ¥ Y31 ~ Dloglog D. This establishes Proposition 2.  []
d<D p|d
Combining the two propositions yields

PrROPOSITION 3. Under the assumptions in Lemma 1, as £ — co, D — oo
A =—i L g(Nps o(pl/z) + O(Dz'l/"‘ log? :c)
2
+ O(z"l/z(log z)Dloglog D).

Now consider A, .

PROPOSITION 4. If the Riemann Hypothesis holds and
/ Iv“’/2 logs/zva'(v)| dv < 00, then A; <« D'V?z3/%10g'/2 ¢,
0

PrROOF: By the arguments in Ayoub [1}, we have for n not a square, that

3 (d/n) = O(Dl/ 21/t jog?/? n) where the implied constant is independent of
deF(D)
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n. Hence

-1/2 = n 1/2_1/47.,1/2
Ay <z ,.E:l: a(z)A(n)D n/4log!/? n.
Now we consider

ni:;a(g)A(n)nl/4 log!/?n = /000 a.(;)u.ll4 log*/? udi(u)

— > U\ 1747 _1/2 * U\ 174y _1/2
/; a(z)u log 'udu,+/0 a(z)u log"/* udE(u)

where ¥(u) = u + E(u) and again by RH. E(u) < u'/?log®u. We consider the first
integral, change variable v = u/z, use \/z +y < v/z + /¥ and obtain

/ a(z)'u.l/4 log*? wdu = / a(v)z/*v /4 1og!/? (zv)z dv
0 z o
= g%/4 / a(v)v!/*(log z + log v)llzdv
°
< z%/% / a(v)v'/ (logl/2 z +log!/? v) dv < z5/%1og/? 2.
0

Next we consider the second integral and integrate by parts, and changing variable
as usual:

= Y\ /4100172 - — = U\, 1/47,,1/2
./o a(z)u log’/*udE(u) = /0. E(u)d(a(z)u log u)
& u i u
<</0 ul/z(logzu)ulﬂlogl/zuda(;)+/o ul/z(logzu)a(;)d(ull‘logl/zu)
* 3/4 5/2 (u)1
<</; u (log -u.)a (z)zdu
® w2y, (B[ —-3/41/2 —s/ay..—1/2
+./0 u'/*log ua(z)(u log/*u+u log u)du
<</ 23434 10g5/2 (zv)a'(v)dv+/ u—llilogslzua(z)du
0 0 z

< 23 log®? 2 / v3/*1log®/? v a'(v)dv
0

+ 2754 log?/? z/ v/ *10g*/? v o(v)dv
0
< 3% logS/2 z.

Combining the results establishes the proposition. 0

From Proposition 3 and 4 we obtain

https://doi.org/10.1017/5S0004972700012545 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700012545

[9] Quadratic L-functions 315

PROPOSITION 5. Under the assumptions of Proposition 4,

__ 1l gL ~1/4 1og? ~1/2(1og z) Dlog log D
A= O K(z)D-i-O(Dz log z)+0(z (log z)Dloglog )

+0 (Dl/z:z:’/4 logll2 z) .
Now we consider B.

ProrPosITION 6.

B = %ﬂz_llza(%)DlogD + O(z-llza(-:—:)D) .

PROOF: We have

1 |d]
B 1/2 Z
(-"’) : @

deF(D)

=z'1/2a(%) > logld]——z-l/’a(%)log1rl.7-'(D)|.

deF(D)

First consider

Z logldl=/1Dlogud.7-'(u)=/1D10gud(ﬁu+E1(u))

deF (D)
where F(u) = ((2)+E1(u) and E;(u) < u'/? by Lemma 2. Now (1/¢(2)) _flp log udu =
(1/¢(2))Dlog D + O(D) by evaluation. On the other hand,

D D D
/ logudE;(u) = Ey(u)logu | — / E (u)dlogu
1 1 1

D
<<\/BlogD+/ u”2du < VDlog D.

1
1

RN
as desired. 1]

Thus B _llza(-:—:)(Dlog D + O(D)),

Combining Propositions 5 and 6, we have

THEOREM 1. Under the assumptions of Proposition 4,

Fy(z, D) = — 4_(12‘) : % : K(%)D + z%z-l/*a(%)mogp

+0 (""—1/2(108 z)Dloglog D) +0 (Dl/zz’/4 log'/? z) .
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We now normalise Fj(z, D) by taking z = D* and dividing by

(_(1251)- 5 K(%)
Hence let F(a, D) = (%2) -%-K %)D) ~B(D=, D).

Then we have

THEOREM 2. Under the assumptions of Proposition 4, as D — co

F(a,D)=—1+ (%K (%)) —la(D"‘)D“‘/z log D

+ 0(1)—"'/2 log D* loglog D) + 0(1)“‘/4)"-1/2 log!/? D").
In particular if 0 < |a| < 2/3, then
F(a, D)= -1+ o(1).

We are now in a position of using Theorem 2 to investigate the distribution of the

zeros of these L-functions.

THEOREM 3. Assume the hypotheses of Theorem 2. Suppose that r(a) is an
even function defined on (—oco, 00) with #(a) existing and such that 7¥(a) is supported

)

in [—2/3, 2/3]. Moreover suppose [°. ar(a)da converges. Then

(@) .2, (6x6) Zror ("2

deF(D) o(d)

= 2/°° (1 - Si;::a>r(a)da +o(1),

—00

where the implied constant depends only on the kernel K.
PROOF: Consider [, F(a, D)7a)da which by Theorem 2 is equal to

[ (7 () "etorym-emeap)tama-rtn

_ /_: (—x[_l'll(a) + ((%)K(%))—la(D“)D""/z logD)?(a)da +o(1)
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where x[_1,1) is the characteristic function of [-1, 1]. But

| xrn@iteida= [~ ga(arada=2 [ 2 o)

On the other hand,
/ D“’/za,(D—a)ﬂa)da - / D-2/2g(D-)r(a)da.

But D-ol2a(D-2) = / DP/24(DF)e-?"iaP4g

and by the change of variable ¢ = D~# | this integral equals

1 it ; dt
’) tl/2+2‘na/logD_
logD/0 a(t) t

-« ® 1/2ﬂ 1 /m 1/2 (;2xiaflog D _ ﬂ
—logD/o a(t)t t +logD o a(t)t (t 1)t'

Notice that

log t ae21n'(log t/log D)0

$27i aflogD _ 1= e21ri(log t/log D)a __ 1
log

= 2mi

for some 8, between 0 and a, whence

; logt
t21na/logD -1
< log D*
1 had ; dt a
d 1/2 $27i aflog D _ =
an log D ./0 a(t)t ( 1) 7 < Tog? D

where the constant is independent of a and D. Consequently,

/_ : D-oT2a(D-*}r(a)da = @K (%) /_ Z r(a)da + O (Fglz_p /_ : ar(a)da)
K(3) [~

1
= %gD ) . r(a)da + O (log2 D) .

Thus /:o (—X[_m](a) + (%K (%)) —la(D—")D—a/z log D) da

® sin2ra had 1
= —2[00 e r(a)da+2/wr(a)da+0(@)

*® sin 2wa 1
= 2/_00 (1 ~ )r(a)da+0<m).

Therefore /_: F(a, D)f(a)da = 2/°° (1 _sin 2"m‘>'r(oz)daz + o(1).

oo 2ra
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On the other hand, by the definition of F(a, D) we have

[ Pla, Dta)da
(i (3)) 5, Hro [

deF(D) /{(d)
D 1_(1\\"* = triaglogD
deF(D) p(d) —oo
°e triaylogD , _of v log D _ (7 log D
/_wﬂa)e I da =7 e N\ =)
D1 1\\ vlog D
Thus (———K(—)) E EK(p)r( )
2)2 2 deF(D) p(d) 2m
At sin 2Ta
= 2/_0o (1 ~ e )r(a)da + o(1).
0
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