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NONEXPANSIVE PROJECTIONS
ONTO TWO-DIMENSIONAL SUBSPACES
OF BANACH SPACES

BRUCE CALVERT AND SIMON FITZPATRICK

We show that if a three dimensional normed space X has two linearly independent smooth
points ¢ and f such that every two-dimensional subspace containing e or f is the range
of a nonexpansive projection then X is isometrically isomorphic to {,(3) for some p,
1 < p € co. This leads to a characterisation of the Banach spaces co and {;,, 1 < p € oo,
and a characterisation of real Hilbert spaces.

1 INTRODUCTION

In 1969, Ando [1] showed that a real three dimensional Banach lattice is isometri-
cally isomorphic to £,(3) for some p € [1,0] if and only if all sublattices are ranges of
positive nonexpansive projections. This and other results on characterising L, spaces
can be found in the books [6] and [8]). In recent work [3] and [4] we characterised
€,(3) by only requiring sublattices through two of the coordinate axes to be ranges of
nonexpansive projections. This allowed us to characterise the Banach lattices £,(n),
co and {, by requiring planes through Re; to be ranges of nonexpansive projections
for certain disjoint elements e;.

In this work we show that those results generalise to Banach spaces which are
not endowed with lattice structure and to e; which are not necessarily orthogonal.
In Theorem A we take two linearly independent smooth points e and f in a three-
dimensional normed space X such that every two-dimensional subspace which intersects
{e,f} is the range of a nonexpansive projection and conclude that X is £,(3). If e
and f are not orthogonal then we have p = 2.

We extend this result to higher dimensions in Theorems B and C. This yields a
characterisation of £, and ¢o which requires only a small number of planes to be ranges
of nonexpansive projections. In Theorem D we use this to characterise Hilbert spaces.

Let X be a Banach space. Recall that duality mapping J from X to subsets of
X* is defined by z* € Jz provided z*(z) = ||z||* = ||=*||*. The norm is smooth at z,
or z is a smooth point, provided Jz is a singleton. By projection we mean a linear
map P: X — X such that P? = P. A point z is orthogonal to a point y provided
Iz + ty]| 2 ||=|| for all t € R.
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2 THREE-DIMENSIONAL NORMED SPACES

The following result is basically by Blaschke [2] and appears in a form like this in
Ando [1). We give a different proof.

LEMMA 1. Let X be a real three-dimensional normed space with basis {e;,ez,e3}
where ey is a unit vector. Suppose every two-dimensional subspace which contains e;
is the range of a nonexpansive projection along a vector in span{ez,e3}. Then there is
a function F: R? — R such that

|z1e1 + z2e2 + z3e3]| = F(z1,||z2e2 + z3€3]]) for all z; € R.

PROOF: Let y(t), 0 < t < T, be a parametrization of the unit circle ||y(t)]] =1
in span{ez, ez}, such that

y(t + h) — y(t)

wlim N =p(t), lp()l =1,
and y(0) = y(T) = ||ez]| " 2. Then from the existance of a nonexpansive projection

onto span{e;,y(t + h)} along a vector u(¢ + h) in span{ez,e3} for each { we see by
taking the limit as A — 04 that the projection along p(t) is nonexpansive, so that
llzzer + y(t) + sp(t)|| = ||z1es + y(t)|| for all z,, s and t. Now for 2 > 0,

llzrer +y(t + Al = |lzres +y(8) + y(t + A) —y(2)ll
2 [lz1ex + y(8) + hp(t)I| - [ly(t + k) — y(t) — hp(2)|
2 [lz1es + y(B)I| = lly(t + k) — y(¢) - hp()||

so that the right-hand derivative of |[zje; + y(¢)|i,

lim lzyes + y(t +R)|| - ||z1es + y(t)l] > 0.
h-—v0+ h

Since y(0) = y(T') we see that ||zie; +y(t)|| = F(z1,1) does not depend on ¢. The
result follows by homogeneity of the norm. |

Now we introduce some standing assumptions for this Section.

Standing assumptions. Let X be a real three-dimensional normed space with
two linearly independent smooth points of norm 1, e and f, such that every two-
dimensional subspace which intersects {e, f} is the range of a nonexpansive projec-
tion. Let e; = e, f; = f, choose unit vectors e; and f; in span{e, f} such that
Je(ez) = 0 = Jf(f2) and let e3 be a unit vector such that Je(e;}) = 0 = Jf(e3), and
e; ¢ span{e, f}.
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PROPOSITION 2. For all numbers z,, z; and z3 we have

3

E L€

i=1

3

D lzile:

=1

(1)

PRrROOF: For any two-dimensional subspace M containing e, the nonexpansive
projection onto M is in a direction p tangent to e so that Je(p) = 0. Thus all such
p are in span{ez,e3}.

By Lemma 1 we have for all z;,
(2) |z1e1 + z2€2 + z3e3]| = ||z1€1 £ ||z2€2 + z3e3] €3]] -
Now to show (1) we only have to show
(3) z2ez + z3es|] = ||z2e2 — z3es|

for all z; and z,.

Considering f instead of e we have

(4) lyifi +y2fz +yafall = llya fr £llvafz +ysfsll el

for all y;, y; and y;.
Now let

(5) fi = ae; + Bez, 50 f # 0, and f; = ve; + Sea.

Thus for any t,

Ifr+thill = | fr + tes]] Dby (4)
= |laey + Bez + tes|| by (5)
= |lcer + [|Bez + tes]| es]] by (2).

But

If1 +tfoll = lfi = tf2ll by (4)

= ||xes + ||Bez — tesles]] as above.

Suppose for purposes of obtaining a contradiction that

(6) [|Bez + tes|| # ||Bez — tes|| for some t.

https://doi.org/10.1017/5000497270000424X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270000424X

152 B. Calvert and S. Fitzpatrick [4]

Then

lces + [|Bez + tes|| es]| = [lxes — ||Bez + tes]| es]
= |laer + [IBez — tes|| sl

and the convexity of the norm implies that ||ae; + se3|| is constant, and hence equal to
llecea]l = e, for |s| < max{||Bez + tes||, ||Bez — tes||} = 7. Thus ||ae; + zze2 + z3e3]|
= |a| whenever ||z2e; + z3e3]| < 7.

Thus for s <t we have
(7) 1f1 + sesll = [laer + Bez + ses|| = |
and putting s = 0 we see that |a| = 1. Now

lf1 + sesl| = || fr + sfall  (by (4))
= ||aes + Bez + s(vex + des3)|
= |[(e + s7)er + (B + s6)ez|

= |a+ 37| ”ael +(a+ 37)—1(ﬂ + s8)es ”

= |a+ sy| whenever |[(a+ s7) (8 +s8)| < r.

The convexity of the norm and (6) show that at least one of ||fe; + te3]| and
|Bez — tes]| is greater than ||Be;]| = |B|. Since [(e + sv) (B + s6)| is equal to |A|
when s = 0, by continuity |(a + sv)”'(8 + s6)| < r for s near 0. Using (7) we see
that |a + sv| = |a| =1 for s near 0, thus v =0.

If necessary taking f, to be —f instead of f we have f; = e; + fe; and f; =
de; = &; without loss of generality. Thus ||f1 — Be;z|| = |le1]| = 1 so that ||f; + Be;|| =
1 by (4). This means |le; +28ez]| = 1, so |le; — 2Bez|| = 1 by (2), which means
llfi — 3Bez|| = 1. By induction [le; + nfe;|] =1 for all n € N, giving 8 = 0, so that
e and f are not linearly independent. This contradiction shows that (6) is false and
hence ||Bez + tes|| = ||Bez — tes|| for all ¢. This yields (3) and completes the proof. §

We will need the following result from [3] or [4].
PROPOSITION 3. Let X be a real three-dimensional Banach lattice with unit basis
€1,€2,€3} suc at e; Ne; = 1 # j. Suppose every subspace which intersects
h that j=01if3 j. S b hich i

{e1,e2} is the range of a nonexpansive projection on X . Then X is isometrically
isomorphic to {,(3) for some p € [1,00].

PROPOSITION 4. Under our standing assumptions, either X is isometrically iso-
morphic to £,(3) for some p € [1,00] or there is an isometry -R: X — X such that
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Res; = e3 and for some t > 0 and some odd integer m > 2, letting § = 7m™! we have

Re, = cosfe; +t !sinfe, and Re; = cosfe, — tsin fey .

PROOF: If f; = tey then by Proposition 2, if we order X by the cone generated by
{e1,e2,€e3} then the hypotheses of Proposition 3 hold and X is isometrically isomorphic
to £,(3) for some p € [1,00]. Thus we assume that f; = ae; + fe;; a,f > 0
without loss of generality (replacing e; or e; by its negative if necessary). Recall that
f2 =ve1 + bex. If § =0 then f; = ke; and as above the required conclusion holds by
Propositions’ 2 and 3, so we take 6§ > 0 without loss of generality, changing the sign of
f2 if necessary. B

Now suppose v = 0. Then f, = e; sothat forall ¢, ||f; + tez|] = ||fi — tez||. Thus
[lces + (B + t)ez]| = |jaes + (B — t)ez|| and taking t = nS8 we have |jae; + (n + 1)Be;]|
= ||aes + (n — 1)Be;|| and for even integers m we get ||ae; + mBe;]| = o, s0 B =0
giving a contradiction which shows that 4 # 0. It will be seen later that v < 0.

Since |ly1fi + y2f2 + z3es]| = |ly1f1 — y2f2 + zses]| for all y;, y2 and z3, we have
[(y1e + y27)er + (118 + y28)e2 + zzes| = |[(y1e — y27)er + (¥18 — y26)ez + zzes|.
Let #; = y1a + y2v and z; = y18 + y26 so we have y; = (ab —ﬂ‘y)_l(&cl —yz2)
and y; = (ab — ﬂ'y)*l(azz — Bx1); ab — By # 0 since f; and f; are independent.
Thus

Nlzrer + z2ez + z3esl| = ||(abz1 — ayzz — ayzs + ¥Bz1)(0b — ) e
+ (Bbxy — Byzy — abzy + fbzy)(ab — ﬂ'y)_]ez + z3e;]|
= [l(aé + Bv)(ab — ,B'y)_]zlel —2a7(ad — By) tzze
+286(ad — By) 'z1er — (ab + By)(ab — By) zzen

+:c3e3”.

That means the reflection whose matrix with respect to {e1,ez,e3} is

ab+pBy —2ay

aé—By  ab—PBy

2836 —ab—fBy
ab—By af—By
0 0 1

is an isometry. Also by Proposition 2 the reflection whose matrix with respect to the

basis {e;, ez,€e3} is

1 0 0
0 -1 0
0 0 1

is an isometry and thus the composition of these reflections yields an isometry R whose
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matrix with respect to {e1,ez,€e3} is
ad+pBy 2ay 0
ab—By ab—Pvy

286 o+ By 0

ab—By ab—pvy
0 0 1

To show that v < 0 note that ||ya™fi + f2|| = ||[va~" f1 — f2|| so that
||7a_l(ael + Bez) + ve1 + ez = [[ya=(xes + Bez) — ves — 562” )
and hence
l2ves + (287 +8)es]| = | (2™ ~ §)es ] = Iy — 51,

Now ||2'ye] + (vBa™! + 8)ez|| > |yBa' + 6| so that & has opposite sign to 78a~?
and hence to y. Thus v < 0 as claimed, and —1 < (a6+ﬂ‘y)(a6—ﬂ7)—l < 1. Let

= cos™! ((a6 + By)(ab — ﬂ'y)_l) and define t by tsinf = —2avy(ab — ,H'y)_l ; since
0 < @ <7 we have ¢t > 0. The matrix for the isometry R is

cos 8 —tsinfd 0
(8) t71sin cosf# O
0 0 1

and by an easy induction, for all integers n, the matrix for R" is
cos(nd) —tsin(nf) O
t~lsin(nf) cos(nd) O
0 0 1

Now if 87 ~! isirrational then there is a sequence (n;) of integers such that cos(n;6) —
0 and sin(nj@) — 1. Then we have the matrices for R" converging to

6 -t 0
(9) t™* 0 o0
0 o0 1

This limit isometry takes e; to t~!e; and hence to e; (and ¢ = 1) so we have nonexpan-
sive projections onto every two-dimensional subspace containing e; and by Proposition
3 the required conclusion holds.

Otherwise there are co-prime integers & and m so that mf = kn. We take
integers 1 and j such that ¢k + jm = 1 so that the isometry (—l)jRi has matrix (8)

1. We replace R by this isometry and we may assume that m1 is odd,

with @ = 7m~
for otherwise m = 2b and R® has matrix (9) and as above we can apply Proposition 3.
The next stage is to show that the existence of such an R leads to a Euclidean

normnl.
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PROPOSITION 5. Suppose under our standing assumptions that there is an isome-
try R: X — X such that Re; = e; and for some t > 0 and some odd integer m > 2,
letting @ = mm~' we have Re; = cosfe; +t ' sinfe; and Rez = cosfe; — tsinfe; .

Then t =1 and X is isometrically isomorphic to £»(3).

PROOF: For each v there is a nonexpansive projection onto span{e;,e; + vez}
along a vector p(v) in span{e;,e;}. We can take p(v) = e; — g(v)es unless p(v) isin
Re; in which case take p(r) = e;, in fact we will see this case cannot occur.

For each a, v and s we have
aRe; + vRe; + €3 = (acos§ — vtsinf)e; + (vcosf + at ' sinf)e; + e
so that if g(u cosf + at™!sin 0) exists we have
||cRey + vRe; + €3]] < ”aRe] + vRey + €3 + s(ez — g(vcos 8 + at™!sinb)e;) ||
and applying the isometry R~ we get

|laer + ves + €3]] < ||ael +vey +e3 + s(R"lez - g(u cosf + at~ ! sin O)e;;)”
= “ael + vey + €3 + s(cos fey + tsinfe; — g(u cosd + at™!sin 0)63)”

and using R~! instead of R, we have

ey + ves + es|

< ”ael + ve, +e3 + s(cos fe; — tsinfe; — g(ucosB — ot 1sin 0)e3)||

provided g(u cosf — at~'sin 0) exists.

Now if ¢ = ae; + ve; + e3 is a smooth point then Jz(p(v)) = 0 and
Jz (cos fes + tsinfey — g(v cosf + at~1sin 0) e3) = 0 and hence we have that
Jz (cos fe, — tsinfe; — g(u cos® — at~!sin 0) e3) = 0 so that the vectors p(v), cosfe;
+ tsinfe; — g(u cos @ + at~!sin 0)63 and cosfe; — tsinfe; — g(u cos @ — at~!sin 0)e3

are linearly dependent. So if g(v) exists then

0 1 9(v)
tsinf cosf g(vcosf+at™'sing)|=0.
—tsinf cosf g(vcosd — at™'sinb)

That means
(10) 2cosf g(v) = g(u cos8 + at™! sin 8) + g(vcos — at~'sing).

On the other hand if g(r) ever fails to exist then since 0 < cosf < 1 we can
choose a smooth point ae; + ve; + e3 so that p(v) = e; while g(u cosf + at™!? sinﬂ)
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and g(ucosO —at™!sin 0) both exist. But the vectors e3, cosfe; + tsinfe; —
g(u cos 8 + at™!sin 0) e3 and cosfe; — tsinfe; — g(u cosf —at~1sin 0) e3 are linearly
independent, contradicting the linear dependence noted above. Thus g(v) exists for all
v and (10) holds for almost all (a,v) in R? since almost all pointsin X are smooth.

Since g is monotone increasing we may assume that g is continuous from the right
and it then follows that (10) holds for all & and v. Putting & = 0 gives cos8 g(v) =
g(cos @ v) so we have for all v,y in R,

(11) 29(v) =g(v+y) +9(v —y).
It is known (see [9], §72) that the only monotone solutions of (11) are the affine
functionsg(v) = kv +r and r = 0 since cos@g(v) = g(cos@v). Thus g(v) = kv for
all v, so for each v there is a nonexpansive projection onto span{es,e; + ve;} along
the vector e; — kves. It follows that the convex function N(z,y) = ||ze; + yes|| has
VN(z,y) L (y,—kz) almost everywhere and the solutions of the differential equation
4 _ .z
dz Y
give curves with N(z,y) constant. Thus y? +kz? = ¢ are curves with N(z,y) constant
and evaluating at (1,0) and (0,1) we find that if y> + 2% = 1 then N(z,y) =1. Thus

1
|lzez + yes|| = (¥* + 2%)? and so

1
[zer + yez + zes|| = |[zer + (y2 + 22)%(33 zRe; + (yz + 22)7e3

= :z:(cos feq + 177 sinGez) + (y2 + 22)%63

1
= ||z cosfe; + (t_2 sin? 0z? +y? + z2)763

= ||z cos? B¢,

+ ((1 + cos? O)t~2 sin? 2% + y2 + zz)%e3

z cos™ fe;

+ ((1 +cos?@+ ..+ cos?? G)t_2 sin? @z? + 9% + 22)%63

by an easy induction, so that letting n — oo we therefore have ||ze; + ye, + zes||

“(t—zzz +y2+z2)%63

. Evaluating at e; gives t = 1 and |ze; + yey + zes||

1
(z2 +y® + 2%)? as required. (]

Putting these propositions together we have proved the following result.
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THEOREM A. Let X be a 3-dimensional normed space with linearly independent
smooth points e and f such that every 2-dimensional subspace which intersects {e,f}
is the range of a nonexpansive projection. Then there is p € (1,00] such that X is

isometrically isomorphic to €,(3).

ProoOF: Using Propositions 4 and 5 we see that X is isomorphic to £,(3) for some
p € [1,00]. But £4(3) does not have any smooth points e such that every 2-dimensional

subspace containing e is the range of a nonexpansive projection. |

COROLLARY. Let X be a 3-dimensional normed space with basis {e;,e;,e3} of
smooth points such that every 2-dimensional subspace which intersects {e;,ez, €z} is
the range of a nonexpansive projection. Then there is p € (1,00] such that X is

isometrically isomorphic to £,(3).

3 SPACES OF HIGHER DIMENSION

We first need to record which points in £,(n) have the property we are interested
in.
PROPOSITION 6. If € € £,(n), n > 2, p # 2 is a smooth point such that every

two-dimensional subspace containing e is the range of a nonexpansive projection then

e has exactly one nonzero coordinate.

PROOF: Let e = (1,02,03,...,0,) where oy # 0 and |o;| < 1 for each i.
Let z = (0,1,-1,0,...,0) if az.a3 > 0 and = = (0,1,1,0,...,0) otherwise. Then
span{e,z} is not the range of a nonexpansive projection. For p finite this is a conse-
quence of [7], Theorem 2.a.4. If p = oo then smoothness at e implies that |o;| # 1;
then suppose that P is a nonexpansive projection onto span{e,z}. Since, for j =1,2
and 3, span{e,z} intersects the interior of the face of the unit sphere in £, (n) on
which the j** coordinate is 1, we have dim P~*(0) < n —3. But that means the range
of P is at least 3-dimensional, giving a contradiction.

The smoothness at e is needed in the case of £(n) because for example every
2-dimensional subspace containing e = (1,1,...,1) is the range of a nonexpansive

projection. |

THEOREM B. Let X be a n-dimensional normed space and let {ez,e3,...,e,}
be a linearly independent set of smooth points in X such that every 2-dimensional
subspace intersecting {ez,e3,...,en} is the range of a nonexpansive projection. Then

X is isometrically isomorphic to £,(n) for some p € (1,00].

PRrOOF: Thisis true for n = 3 by Theorem A. Let £ > 3 and assume that it is true
for n = k — 1. Suppose {ez,€e3,...,ex} is a linearly independent set of smooth points

in X such that every 2-dimensional subspace intersecting {ez,es3,...,ex} is a the range
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of a nonexpansive projection. We choose e; such that e; ¢ span{ez,e;,...,ex} and
Jei(e1) =0 for 2 < i< k and we also suppose that |le;f| =1 for 1 < i< k.

Let x; bescalars, 1 <1 < k, with z; # 0. By our inductive hypothesis there are
p,q and 7 in (1,00] such that

span{ez,€3,...,er} is isometrically isomorphic to £,(k — 1),
span{ey,ep,...,€x_1} is isometrically isomorphic to {4(k — 1), and

span{zie; + zz€2,¢€3,..., €} is isometrically isomorphic to £.(k — 1).

Now span{ez,es,...,ex_1} is isometrically isomorphic to £,{k — 2) by Proposition
6 if p # 2 and by subspaces of Euclidean spaces being isometrically isomorphic to
Euclidean spaces if p = 2. Similarly span{e;,es,...,ex_1} is isometrically isomorphic
to £g(k — 2), so we have p = q. Considering span{es,...,ex} we see similarly that
p =T.

If p #£ 2 then Proposition 6 and our choice of e; show that e; is orthogonal to

zTie1 + x2ey for 31 < k, giving

k
E Ti€i

= ”(“wlel + :0262“ 1 L3yt ’zk)”p

i=1
and similarly |z1e1 + zze2|| = (z1,22), so that, as required
= |[(z1, 2, -2l
If p = 2 then Jez(e;) = O implies that [|zie; + zoea|® = 22 + 22. Since

span{z;e; + T2€2,€3,...,€k} is isometrically isomorphic to £3(k — 1) we have

2 k k
el = E z;e;, E zie;
=1 =1
k k
2
= ||lz1e1 + z202||” + Zwiei, 2zie1 + 2zep + E z;e;

i=3 i=3
k k
—Zx?+22x,.]et (z1e1 + T2€2) +2v Z xiwjtejl
i=1 =3 1—3] i41
k k
_sz+2z Z Jei{e;)ziz;
=1 3=2 i=j+1
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which shows that the norm of span{e;,ez,...,ex} is Euclidean, as required to complete

the proof by induction. ]

Note that the corollary to Theorem A does not suffice to prove the corresponding
weaker form of Theorem B with {e;,e3,...,e,} replaced by {ej,ez,€e3,...,e,}. This
theorem extends to infinite dimensional spaces as follows.

THEOREM C. Let E be a Banach space of dimension at least 3 over R and let
{e; :1 € I} be a linearly independent set of smooth points with span{e; : 1 € I} dense
in E. Suppose that every two-dimensional subspace intersecting {e; : ¢ € I} is the
range of a nonexpansive projection. Then either
(a) F is isometrically isomorphic to ¢o(I) or to €,(I) for some p # 2, in
such a way that each e; corresponds to an element of the canonical basis
or
(b) E is isometrically isomorphic to a Hilbert space.

Proor: If I is finite then this follows from Theorem B and Proposition 6. Other-
wise there is p such that for each finite subset F' of I, span{e; : i € F'} is isometrically
isomorphic to £,(F), with each e;, i € F, corresponding to an element of the canonical
basis in €,(F) if p # 2. For p = oo it follows that E is isometrically isomorphic to
co(I), while for finite p # 2 it follows that E is isometrically isomorphic to £,(I), in
both cases the elements e; corresponding to canonical basis elements.

In the case p =2 let z,y € E and let z,,y, be elements of span{e; :7 € I} such
that ||z — z,|| and |ly — yn| are less than n~!. Then

- 2 —
(2ns ) = 47 (I2n + 9all’ = 120 = all”) = 47 (Ile + 917 = llz - yI1*)
so we define (z,y) to be
47 (Jlz +yll* = lle - 9lI*) = lim (2n,yn)

Then (, ) is a bilinear form such that ||z||* = (z,z) and E is a Hilbert space. |

Remark. The difference between this result and our previous work (3], (4] and [5] is
that the Banach space does not need to be a lattice and the points e; do not need to
be orthogonal. We do require the norm to be smooth at the points ¢;; without this
some other spaces satisfy our standard hypotheses.

The condition that span{e; : « € I} is dense in E can be weakened to span{e; :
i € I} being dense in some hyperplane in E. A similar modification is possible in our

final result which is a characterisation of real Hilbert spaces.
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THEOREM D. Let E be a real Banach space of dimension at least 3. Then E is a
Hilbert space if and only if there is a linearly independent set A of smooth points in E
such that the linear span of A is dense in E, every 2-dimensional subspace intersecting
A is the range of a nonexpansive projection and ||z + ty|| < ||z|| for some distinct
z,y€ A and t € R.

PROOF: In ¢y and ¢,, p # 2, the elements of A must be mutually orthogonal. |
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