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Introduction

Given two topologies 7 ,, 7, on a set X, 7, is said to be coarser than .7 ,,
written 7 < J,, if every set open under 7, is open under 7 ,. A minimal
Hausdorff space is then one for which there is no coarser Hausdorff topology
etc. Vaidyanathaswamy [4] showed that every compact Hausdorff space is
both maximal compact and minimal Hausdorff. This raised the question of
whether there exist minimal Hausdorff non-compact spaces and/or maximal
compact non-Hausdorff spaces. These questions were in fact answered in the
affirmative by Ramanathan (2], Balachandran.[1], and Hing Tong [3].
Their examples were, however, all on countable sets, and the topology con-
structed to answer one question bore no relation to the topology answering
the second. In particular, the minimal Hausdorff non-compact topologies
were not finer than any maximal compact topology.

We shall here construct two topologies on an extension of the real line
(formed by adjoining two points “‘at infinity’’) one of which is maximal
compact non-Hausdorff, and which is strictly coarser than the other which
is minimal Hausdorff non-compact. (In fact there are topologies lying be-
tween them.)

Further it is easy to show that there exist minimal T, topologies which are
not compact (although every maximal compact space is T!); and the unique
minimum 7T, topology is always compact; what then may be said of
minimal T and minimal T, spaces? It is shown that every minimal T,
space, and every normal minimal T space is compact; the general question
for minimal T, spaces remains open.

The authors would like to acknowledge the helpful suggestions of the
referee, especially as regards the material of section 3.

1. Let R be the set of real numbers. Let E = R u {a} u {b} with topology
J defined by the following neighbourhood systems:

W()={VCE:VD(x—d,z + d) for some d > 0}, if z e R;
W@ ={/CE:VD{@ul @ 2r+1)u U @2+ 1),
r=N rouN

for some integer N}
167
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W) = (VCE:VOBIoU (@ —1,2)0 U (2 —1,2),
r=N r=—N

for some integer N}.

Clearly E is Hausdorff and it induces the usual real line topology on R.
E is not T (regular) under J, so it is not compact. We show that.7 is mini-
mal Hausdorff.

Suppose J’ is a coarser Hausdorff topology on E. It is to be proved that
every interval (¢, d) of R is open in.Z”’, and that every basic neighbourhood
of a in I is a neighbourhood of 4 in J*; by symmetry the latter will hold
also for b, and thus 9 = 7.

The closed interval [m, #] is compact in ", so it is compact in the coarser
topology 7', for every open cover of {m, n] in 7' is an open cover of
[m,n] in J. But "’ induces a Hausdorff topology on {m, n] coarser than
that induced by J; and every compact Hausdorff topology is minimal
Hausdorff, so that  and ' induce the same topology on [m, n]. Then if
x € (c, ) there are open disjoint sets U, V, W of 7' containing «, a, b respec-
tively. It follows that for some integer N, the only points of U larger in
absolute value than IV are integers. But U is open in.7 so cannot contain
isolated points. Thus U is contained in some bounded interval [m, 2],
which has the usual topology. U n {c, 4) is open in [m, ], therefore in U,
therefore in E under 4. Then (c, d} contains a J -neighbourhood of every
one of its points, so is open in .

Let H be the basic neighbourhood of & containing ¢ and all intervals
(27, 27 4 1) for || > some integer N. There exist disjoint open sets U, V of
" with ae U, beV, so that U contains no points of (2r — 1, 27) for |r|
larger than some integer M. U being open in .7, it cannot contain arbitrarily
large integers without containing neighbourhoods of them, so U does not
meet [27 — 1, 27] for [r| > M’. Thus U — H is bounded, say U — H Clc, d].
Since [¢, d] is compact in ' which is Hausdorff, [c, d] is closed. Then
Un (E — [c,d]) is open in 7 and is contained in H, so H is a J'-neigh-
bourhood of 4. This completes the proof.

2. We may characterise maximal compact spaces by

THEOREM 1. A space E is maximal compact if and only if the compact
subsets of E are identical with the closed subsets of E.

ProOOF. Necessity: Suppose E is maximal compact under a topology .
Then every closed set is compact. Assume there is a compact non-closed
subset X of E. Define a topology 7' on E by open sets of the form
(0"~ (E — X)) u 0" where 0’ and 0 are any sets open in 7. This clearly
defines a topology which is finer than . since X is closed in this topology.
Let {G,:5¢S} be any open cover of the space (E, 7). Put
G,= (0,n (E—X))u0,, so that {0, U0, :seS} is an open cover of
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(E, 7); then there exist s,, s, such that E = U}, (0,,00;)), and
E— XCUL(0;,n (E—X))u 0" {0, : SeS} is an open cover of the
compact space (X T %), so there exist Spp1, * " Sy such that X C U,,_,,,H 0,
Then U¥,G; = E and g is compact which is impossible since 7 is max1~
mal compact. Thus every compact set is closed.

Sufficiency: If every closed set is compact, E is compact under 7. Now
assume every compact set is closed under 7. Let 7' (> 7) be a compact
topology on E. There exists a set X which is closed under 4’ but not under
g ; X is then not compact under 7, so there is an open cover of X under 9
having no finite subcover. This cover is an open cover of X under 4 since
J' >, and thus X is not compact but closed in the compact topology.7”,
which is impossible. It follows that E is maximal compact under the topolo-
gy . QED.

Notice this shows that every Hausdorff compact space is maximal
compact, since in a Hausdorff space every compact set is closed and in a
compact space every closed set is compact.

We may now coarsen the topology on the set E of the preceding section
to give an example of a2 maximal compact non-Hausdorff space. Define 7,
on E by neighbourhoods

Wie)={U:UD(x —d,z+d) for some d > 0} if ze R,

W (B)={{:UD{d}u U (2r — 1, 2r) for some integer N}

Ir|=N

Wia)={U:UD{@}u U 2 —d,, 2r+1+d)
IrieN

for some integer N, some 4, > 0}.

Clearly this defines a compact non-Hausdorff topology which is strictly
coarser than the original topology . Now if 7, is not maximal compact,
there is a compact non-closed set X. The interval [— #, #] is closed under
J 1, which induces the usual topology on [— n,#]. Thus X n [— #n, #] is
closed in X, and is therefore compact. Being a compact subset of [— #, n},
it is closed in [— #, #]. Then it follows that X A [— #, #] = X n [— #, #]
for all #, sothat X n R = X n R. Since X = X, eitheraor bisin X — X.

If e X — X, X meets an infinite number of intervals (2r — 1, 2r) for
integral 7; we may choose numbers d, > 0 such that X meets an infinite
number of intervals (2r — 1 + 4,, 2r — d,). The collection of open sets
consisting of {a} u U2 _, (2r—4d,, 27+ 14+4d,,,) together with all sets
(— 7,7) covers E — {b} and therefore X ; and there is no finite subcover of X
from this covering in view of the above. This is impossible since X is compact.
Thus b¢ X — X.

If ¢ X — X, X meets an infinite number of closed intervals [2r, 27 4-1], 7

https://doi.org/10.1017/51446788700027907 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027907

170 N. Smythe and C. A. Wilkins (4]

integral. For suppose that for [r| > N, X meetsnosuchintervals. Then Rn X
would eventually be contained in intervals (2 — 1, 27). For such intervals,
Xn{(2r—1,2r) = X n [2r — 1, 2r] which is compact, so we may choose
numbers d,>0 such that Xn (2 —1,2/)C[2r—1+44d,,2r —4].
Clearly these numbers 4, define a neighbourhood of 2 which does not meet X,
contradicting « ¢ X.

Now consider the open set {6} U U2 (2r — 1, 27) together with all the
open sets (— 7, 7). This is a covering of E — {a}, therefore of X, yet it has
no finite subcover of X. So again 2 ¢ X — X. But this contradicts our origi-
nal assumption, so that every compact set is closed and J, is maximal
compact.

3. It is natural now to ask whether every minimal T, (T; and regular)
space, and/or every minimal 7'y (7, and normal) space is compact. The
question is partly answered in

THEOREM 2. Every minimal 7', space is compact.

CoroLLARY. Every normal minimal Ty space is compact. In fact, the class
of minimal T, spaces is identical with the class of normal minimal T\, spaces,
and with the class of compact Hausdorff spaces.

Proor. Suppose X is normal and Hausdorff under a topology 7, but not
compact. We shall construct a strictly coarser T, topology on X, thus prov-
ing the theorem. The corollary follows immediately.

Since X is not compact there is a filter-base of closed sets of X with
empty adherence; i.e., a family & of closed sets such that any finite inter-
section of sets of & is a member of &, and whose intersection is empty
while the intersection of every finite subfamily is non-empty. Choose any
point z € X and define a topology J on X as follows: the open sets of 7
are those open sets of 7 not containing #, together with those open sets of
J containing x and some F ¢ &. From the finite intersection property of
filter-bases it follows that 7' is a topology; and J' is strictly coarser than
7, for if every set G open in J containing z contained some set F e .7, G
would meet every F ¢ # and it would follow z ¢ P =F, for every F ¢ &,
which is impossible.

The topology 7 is T, since for any y € X, X — {y} is open in .7 and con-
tains some F ¢ & (y ¢ F for some F ¢ #), and so is open in I,

Further the topology J is normal. For let 4, B be two disjoint sets
closed in J. Suppose z ¢ A, since z cannot be in both. X — A is open in 7,
so contains some F ¢ #. The sets 4, B u F u {z} are disjoint sets closed
under J which is normal, so there exist disjoint sets U, V open in J such
that ACU, BUF u{z}CV.z¢U and FCV so that U and V are both
open in 7. This completes the proof, since A CU, BCV.
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