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Hermitian Yang—Mills—Higgs Metrics on
Complete Kahler Manifolds

Xi Zhang

Abstract. In this paper, first, we will investigate the Dirichlet problem for one type of vortex equation,
which generalizes the well-known Hermitian Einstein equation. Secondly, we will give existence results
for solutions of these vortex equations over various complete noncompact Kihler manifolds.

1 Introduction

The Hermitian Yang—Mills theory plays an important role for holomorphic vector
bundles over a compact Kihler manifold M. The relation between the existence
of Hermitian Einstein metrics and stable holomorphic vector bundles over closed
Kihler manifolds is by now well understood, due to the work of Narasimhan—Seshadri
[18], Donaldson [4], Siu [21], Uhlenbeck—Yau [22] and others. The Higgs bundle,
which is introduced by Hitchin in [10] on a Riemann surface, is a holomorphic bun-
dle E together with a given holomorphic linear map

0: Q°(M,E) — Q'Y°(M, E)

which satisfies A0 = 0. Simpson [20] generalized the above results about Hermitian
Einstein metric to Higgs bundles. Different to the Higgs bundles, Bradlow [1, 2]
considered holomorphic vector bundles on which additional data in the form of a
prescribed holomorphic global section is given. Bradlow investigated the following
vortex equation

Vel Vas!

—1 —1
(1.1) AFH—T¢®¢*H+>\TId:O,

Here Fyy is the curvature of the metric connection determined by O and a Hermi-
tian metric H, ¢ is a holomorphic section of E, ¢* is the adjoint of ¢ with respect
to metric H. This vortex equation looks like the Hermitian Einstein (or Hermitian
Yang—Mills) equation with an extra zeroth order term, and we will call a Hermi-
tian metric satisfying (1.1) a Hermitian Yang-Mills—Higgs metric. In [2], Bradlow
proved the equivalence between the existence of Hermitian Yang—Mills—Higgs metric
and the ¢-stability of holomorphic bundle by minimizing the so called Donaldson’s
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functional. More recently, Hong [11] established the global existence of smooth so-
lutions to heat flow for the Hermitian Yang—Mills—Higgs metric on E, and proved the
existence of the Hermitian Yang—Mills—Higgs metric on the ¢-stable holomorphic
bundle by studying the limiting behaviour of the gauge flow.

It is natural to hope that geometric results dealing with closed manifolds will ex-
tend to yield interesting information for manifolds with boundary. In [5], Donald-
son solved the Dirichlet boundary value problem for Hermitian Einstein metrics on
Kihler manifolds. In the first part of this paper, we want to consider the Dirich-
let boundary value problem for Hermitian Yang—Mills—Higgs metric (or the above
vortex equation (1.1)). We obtain the following theorem.

Theorem 1.1  Let E be a holomorphic vector bundle over the compact Kihler mani-
fold M with non-empty boundary OM, and ¢ be a holomorphic section of E. For any
Hermitian metric f on the restriction of E to OM there is a unique Hermitian Yang—
Mills—Higgs metric H on E such that H = f over OM.

We will use the heat equation method to prove Theorem 1.1, and adapt the tech-
niques which already appear in the literature on the Hermitian Yang-Mills flow [5,
20, 21]. Let Hy be a Hermitian metric on E, and satisfying Hy = f over M. Con-
sider a family of Hermitian metric H(¢) on E with initial metric H(0) = Hy. De-
note by Apy) and Fy) the corresponding connections and curvature forms. When
there is no confusion, we will omit the parameter ¢ and simply write H, Ay, Fy for
H(t), Anq), Frg) respectively. The heat equation of (1.1) is following:

(1.2) e :—ZJ—_I(AFH—g¢®¢*H+g

Iy Ad).

One can easily see that, written in local coordinates, this is a parabolic semilinear
system. In fact, we proved that the heat equation (1.2) for the Dirichlet problem has
a long time solution H(#) for any initial metric Hy such that Hy|sp = f. We obtain
the following theorem.

Theorem 1.2  Let E be a holomorphic vector bundle over the compact Kihler mani-
fold M with non-empty boundary OM, and ¢ be a holomorphic section of E. For any
Hermitian metric f on the restriction of E to OM and any initial metric Hy satisfying
Hylom = f there exists a unique solution metric H( -, t) on E such that

_0H V=1 o V1
(13) H E_—zﬁ(AFH—TMM +>\Tld),

H(X,O) = HO; H(xat)|0M = f(x)

In the second part of this paper, we study the existence of Hermitian Yang—Mills—
Higgs metrics for a holomorphic vector bundle over a class of complete noncompact
Kihler manifolds. We would like to point out that Ni and Ren [16, 17] had discussed
the existence of a Hermitian Einstein metric on a complete Kihler manifold, and
we would adapt the techniques used by them. In section 4, we prove a long-time
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existence of the Hermitian Yang—Mills—Higgs heat equation on any complete Kihler
manifold, under some assumptions on the initial metric and the holomorphic section
¢. We obtain:

Theorem 1.3  Let M be a complete noncompact Kihler manifold without boundary,
let E be a holomorphic vector bundle over M with Hermitian metric Hy, and ¢ be a
holomorphic section of E. Suppose that there exists a positive number © such that
|2v/—1AFy, + ¢ @ ¢*H0 — X1d| < © everywhere, where ) is a real number. Then
the Hermitian Yang—Mills—Higgs flow

(1.4) H‘I‘Z—Ij :—ZV—_I(AFH—Q¢®¢*”+A@I

H(X,O) = HOu

d),

has a long-time solution on M x [0, 00).

In section 5, by studying the limiting behaviour of the solution of the above heat
equation, we prove the existence of Hermitian Yang—-Mills—Higgs metric over a class
of complete Kihler manifolds under some assumptions. The method we use is simi-
lar to that used by Li [13] in the heat flow of the harmonic map.

2 Preliminary Results

Let M be a compact Kihler manifold and E a rank r complex vector bundle over M.
Denote by w the Kéhler form, and define the map

L: QP9(M, E) — QPYLI*Y(ME)
by
(2.1) Lla) = aAw.

Here 279(M, E) is the space of global sections of AP9(M, E), where AP1(M, E) is the
sheaf of germs of smooth (p, g) forms on M with values in E. The L?-adjoint of this
map is denoted by

(2.2) A=L*: QPYM, E) — QF Y~ Y(M, E).
If a € QYY(M, E), then
(2.3) Aa = (o, w).

where (, ) denotes the point-wise inner product on (1,1) forms induced by the
Kihler metric on M. Let A be a connection on E; through the definition of A, we
have the following Kahler identities:

5 = V—1[04, A] = V—1(34A — Ady),
a:; = _\/jl[aA,A] = _\/jl(aAA - AaA)a

(2.4)
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on general (p, q) forms Q279(M, E). For the special cases of the above Kihler identities
are

(2.5) 05 = —V/—1A0s; 05 = V—1A0y,

on QY(M, E), Q%' (M, E). Let p € Q°(M,End(E)), one can check the fact that the
covariant Laplacian Ay = —V}V can be written:

AAP = _zgzaAP Y _1[AFA; P],
AAp = —28}8Ap + v —I[AFA, p]

Here F, is the curvature form with respect to connection A.

(2.6)

Definition 2.1 We define the Yang—Mills—Higgs functional
YMH,: A(H) x Q°(M,E) — R

by
1
27) YMHA(A, ) = [|Fallz: + ldadllf: + 26 @ ¢* — A1d |7..

Here, using the metric on E, we get identifications E ~ E* and also E® E* ~ End(E),
A(H) denotes connections on E that are compatible with H, and ¢* is the adjoint of
¢ taken with respect to H and ) is a real parameter.

In the case of closed Kahler manifold M, Bradlow proved the following proposi-
tion:

Proposition 2.2 The functional YMH : A(H) x Q°(M, E) — R can be written as
- 1 . A
(2.8)  YMHA(A, ) = 4[F3 |1 + 210a6 | + [ V=IAFs + 26 @ 6" — 1l

+)\/ V=1Tr(Ey) A w1 +/ Tr(F4 A F4) A w2,
M M

Here w!™ = (“’T;, and Fg’z is the component of F4 of type (0, 2).
An immediate corollary is that the functional YMH  is bounded below by
27ACL(E, w) — 8w Chy(E, w),

and this lower bound is attained at (A, ¢) € A(H) x Q°(M, E) if and only if

(2.9) F? =o,
(2.10) Oad = 0,

1 A
(211) \/—1AFA+E¢®¢*:EICI
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The third equation generalizes the Hermitian Yang—Mills equation (which is re-
covered by taking ¢ = 0) and is the analog of the classical vortex equation over R2.
For this reasons we call the equation (2.11) the Hermitian Yang—Mills—Higgs or the
vortex equation.

Let H be a Hermitian metric on holomorphic vector bundle E, and denote the
holomorphic structure by dg. Then there exists one and only one complex metric
connection which is denoted by Ay. By taking a local holomorphic basis e, (1 <
a < r), the Hermitian metric H is a positive Hermitian matrix (H,3)1<a <, which
also will be denoted by H for simplicity. In fact, the complex metric connection can
be written as

(2.12) Ay = H'6H,
and the curvature form as
(2.13) Fy = 0Ay = O(H '0H).

In the literature sometimes the connection is written as (OH)H ™! because of the
reversal of the roles of the row and column indices.

Definition 2.3  If the Hermitian metric H satisfying the vortex equation

(2.14) V—1AFy + %gb ® ¢ = % Id,

then we will call it Hermitian Yang-Mills—-Higgs metric. The notation ¢*/7 empha-
sizes that the adjoint is taken with respect to the metric H.

Bradlow [1] showed that the problem of minimizing the functional YMH (A, ¢)
defined on (E, H), a complex bundle with fixed metric, into the problem of find-
ing a special metric on (E, Jg, ¢), i.e., on a holomorphic bundle with a prescribed
holomorphic section. In fact these two problems are equivalent.

It is well known that any two Hermitian metrics H and K are related by H = Kh,
where h = K~'H € Q%M, End(E)) is positive and self adjoint with respect to K. It
is easy to check that

(2.15) Ay — A = h™'okh,
(2.16) Fy — Fx = O(h™'oxh),
(2.17) AlgTrh > —(|AFx| + |AFy)).

Let Hy be a Hermitian metric on E. Consider a family of Hermitian metrics H(¢)
on E with initial metric H(0) = H,. Denote by Ap() and Fy) the correspond-
ing connections and curvature forms, and denote h(t) = H, 'H(t). When there
is no confusion, we will omit the parameter ¢ and simply write H, Ay, Fy, h for
H(t), Auwy, Fre), h(t) respectively. The heat equation of (2.14) is

ey m 2o aymi(ar - o pe g

— Ad).
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It is completely equivalent to the following evolution equation:
(2.19) % = Noh+2V/—=1A(9ghh™ ' Ooh) — v/ —1(AFoh+hAFy) + \h—hop @ ¢* o,

where Ay = Ap,,00 = On,- We know that the above equation is a nonlinear
parabolic equation, as in [4],and h(t) are self adjoint with respect to Hy for t > 0
since h(0) = Id. Proceeding as in [4], we have

Proposition 2.4  Let H(t) be a solution of Hermitian Yang—Mills—Higgs flow (2.18),
@ be a holomorphic section of E. Then

0 v—1 v—1
(2.20) (5 - A) AFy = Y=g @ ¢ + L= [}; <o.

Proof By calculating directly, we have

) P
(2.21) E(AFH)—a(A(?E(h doh))

o
= Ag(9u(h 8t))

= —2v/—1A0p(Oy(AFy — gqﬁ ® o™+ @ 1d))

= Ap(AFy — —”2_1(;5 ® ¢+ —V;M 1d

— [V—=1AFy, AFy — @¢®¢*H + \/?/\

)

1d],

and

(2.22) A|AFy — ?gﬁ ® ¢ + \/?’\

V=1 V—=1\
= —V*V|AFy — T¢® o+ >

v—1 V=1
- 2Re< ~ VirVu(AFy = o6 © 6" + Y2 1)

AFH—§¢®¢*H+@M>

N Y )
+|Vu(AFy — T¢®¢ HJFT

Id %,

1}

b

H

1d)|3;-

https://doi.org/10.4153/CJM-2005-034-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-034-3

Hermitian Yang—Mills—Higgs Metrics 877

It is easy to check the following formulas,
Re(AFu¢ ® ™' + ¢ @ ¢*"AFy, AFy) = 2|AFylj;,

Re(AFy¢ @ ¢*1 + ¢ @ o™ AFy, —g(qﬁ @ ¢ —A1d))

= (|¢|2 - >‘) Re<_\/__1¢a AFH¢>H;
Re(V—1¢ @ ¢*(\Id — ¢ ® "), AFyr) ,, = (|]> — \) Re(—v/—1¢, AFp),

Re(vV=16® ¢(\1d —¢ ® ¢™1), Q(Md —6®¢"), = §|¢\2(A — [g[7)”.

Using the above formulas, we have

2 V= U s ST
(A—a)‘AFH— e @e + Yo Id}H
= 2‘ Vu(AFy — ggb ® ¢ + ‘/?A

2
o,

)

+2Re< [V =TAFy, AFy — g¢®¢*” + @m]

AFy — —”_lqﬁ@ o+ VoI Id>
2 2 H
V=1 it Oh V=1 /S by
v—1 V=1 2
- 2‘ VuAFy — Y g oo ¢ Y2 Id)‘
2 2 H
1 2
+ 5‘ V1P - N+ 2AFH¢’H
[ |
> 0.

Proposition 2.5  Let H(t) be a solution of Hermitian Yang—Mills—Higgs flow (2.18)
on M x [0, T), and let ¢ be a holomorphic section of E. Then

0
(223) (5 = 2) 16l = = 16BIol; — 21V ol

Proof By calculating directly, we have
8 2 a *xH
510l = 5, (0@ 6™ Id)y

Oh
o *Hp—1-""

+ (¢ ® ¢ (2V=1AFy),1d) , — (2V=1AFy)¢ ® ¢*,1d)
= (¢ @ ¢ (—¢ @ ¢ + \Id) — 2/ —1AFy¢ @ ¢*" 1d) |
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and

Aol = 2|Vudly — 2Re(VEVEG, ¢)n
= 2|VH¢|%I - 2<\/j1AFH¢7 ¢>Ha

where we have used Oz = 0. From the above equalities we have

0
(5 —2) 19 = 2VusP + (69 ™ (— @ ¢ + A1d), 1d) ,
= =2[Vuol + (A = [[i)|olF- |

Next, we will introduce Donaldson’s “distance” on the space of Hermitian metrics
as follows.

Definition 2.6  For any two Hermitian metrics H, K on bundle E set
(2.24) o(H,K) =TrH 'K +TrK 'H — 2rank E.

It is obvious that 0 (H, K) > 0 with equality if and only if H = K. The function o
is not quite a metric, but it serves almost equally well in our problem. Moreover
the function o compares uniformly with d(, ), where d is the Riemannian distance
function on the metric space, in that fi(d) < ¢ < f,(d) for monotone functions
f1, f>. In particular, a sequence of metrics H; converges to H in the usual C° topology

if and only if sup,, 0 (H;, H) — 0.

Proposition 2.7  Let H and K be two Hermitian Yang—Mills—Higgs metrics, then
o(H, K) is sub-harmonic:

(2.25) Ao > 0.

Proof Denote h = K~ 'H, applying —iA to (2.16) and also taking the trace in the
bundle E, we have

(226)  Tr(vV—Th(AFy — AF¢)) = —%A Tr b + Tr(—v/—TADghh~ ' Och).
By formula (2.14), then

ATrh = 2Te(—v/—1AOghh*0xh) + Tr(ho @ ¢*F — ho @ ¢*X).
Similarly, let k = H~!K; we have

ATrk = 2 Tr(—v/—1Adpkk ™ Ok) + Tr (ko ® 6K — ko @ ¢*H).
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Let {e;} be unitary basis with respect to metric K at the point under consideration,
and suppose that h(e;) = Aje;.
(2.27)

Tr(h¢®¢*H—h¢®¢*K+h_l¢®¢*K—h_1¢®¢*H)

=Tr((h—h"Ho @ 6™ (h —1d))

= {(h—h"o® ™ (h —1d)(e;), &)

i=1

=Y i = DO = AT, ek

i=1
=) i = D’ i+ DO (6, ek
i=1
> 0.
Using the above formula and the facts[4, 21]
Tr(—v/—1AOghh~'0xh) > 0, Tr(—v/—1A0gkk ' dkk) > 0,
h~! = k, we have
Ac(H,K) = A(Trh+Trh™' —2r)
= 2Tr(—v/—1ADshh ™' Oh) + 2 Tr(—/—1AOgkk ' Ok)
+Tr(ho @ 6™ —hp @ ¢  +h'p @ ¢ —h g ¢*)
> 0. u

Let H(t), K(t) be two solutions of Hermitian Yang—Mills—Higgs flow (2.18), and
denote h(t) = K(t)"'H(t). Applying —iA to (2.16) and taking the trace in the bundle
E, we have

(A — %) Tr h(t) = 2 Te(—v/—TADshh ™ dch) + Tr(he © 6™ — hé @ 6*K)
and
(A — %) Trh=i(t) = 2 Tr(—v—1A0sh thoxh D+ Tr(h @™ —h o2 ¢*H).
Using (2.27) again, then
(A — %) (Tr h() + T b= (1))
= 2Tr(—v/—1ABphh ' Oh) + 2 Tr(—v/—1Ash " hdyh™")

+Tr(h¢®(b*H—h¢®¢*K+hil¢®¢*K—h71¢®¢*H)
> 0.
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So we have proved the following proposition.

Proposition 2.8  Let H(t), K(t) be two solutions of Hermitian Yang—Mills—Higgs flow
(2.18). Then

(2.28) (A - %) o(H(t),K(1)) > 0.

Proposition 2.9  Let H(x,t) be a solution of Hermitian Yang—Mills—Higgs flow (2.18)
with the initial metric Hy. Then

(2.29) (A - %) lg{Tr(H; 'H) + Tr(H™'Hy)}

> —[2V-1AFy, + ¢ © ¢ — A1d| ;.
Proof Leth = H, 'H. Applying (2.18) and (2.26), we have

(2.30) (- %) Tt h = Tr (23/=ThAFy, + h © ¢* — Ah)

+2Tr(—v —1A8}5hh_180h).

(2.31) (A — %) Trh' = —Tr(2v/=Th ' APy, + ¢ ® ¢"Hh" — Ah™Y)

+2Tr(—v —1A35h*1h8Hh*1).
Direct calculation shows that [21]

2(Tr h) ™' Tr(—v/—1A0ghh ' 0oh) — (Tr h) " *|V Tr h|* > 0,

(2.32) )
2T h™") " Tr(—V/=1Adgh ' hdyh™") — (Tt k) 2V Tr b2 > 0.

From the above two inequalities, it is easy to check

(233) (TI' h+Tr hil)il{ —2\/ —1A55hh7180h - 2\/ —IABEhilhaﬂhil}
>(Trh+Trh ) ) VTrh+VTrh '
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Then, we have
o .
(A—g)lg{Trh+Trh }

=(Trh+Trh H 1A - %){Trh +Trh '}
—(Trh+Trh ) A VTrh+ VTrh '

= (Trh+Trh™Y) "' Tr(2v/=1hAFy, + h¢ @ ¢*H0 — \h)
—(Trth+Trh™H7!

x Tr(2v/—1h™'AFy, + ¢ @ ™™~ — A1)
+(Trh+Teh ™) (Tr(h— b "¢ ® ¢ (h — 1d))
+(Trh+Trh™H™!

x { —2v/=1AOshh™'0oh — 2/—1AOgh™'hoyh™"}
—(Trh+Teh™ )™ VTrh+VTrh~ !

> —2V/=1AFy, + ¢ @ ¢ — \1d |,.

where we have used formula (2.27) and (2.33). [ |
Using (2.26), (2.32), (2.33), and proceeding as in the above proposition, we have:

Proposition 2.10  If H(x) and Hy(x) are two Hermitian metrics, then

(2.34) Alg{TrHy'"H+TrH 'Hy} > —[2V/—1AFy, + ¢ ® ¢* — \1d |,
— |2V=1AFy + ¢ ® ¢*F — \1d |

Corollary 2.11  Let H be an Hermitian Yang—Mills—Higgs metric, and Hy a Hermi-
tian metric. Then

(2.35) Alg{Tr(Hy 'H) + Tr(H 'Ho)} > —|2v/—1AFy, + ¢ ® ¢* — A1d| -

3 The Dirichlet Boundary Problem for HYMH Equations

In this section we will consider the case when M is the interior of compact Kihler
manifold M with non-empty boundary OM, and the Kihler metric is smooth and
non-degenerate on the boundary. The holomorphic vector bundle E is defined over
M. Let ¢ be a holomorphic section of E. We will discuss the Dirichlet boundary prob-
lem for the Hermitian Yang—Mills—Higgs metric by using the heat equation method
to deform an arbitrary initial metric to the desired solution. The main points in the
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discussion are similar to that in [5, 20]. For given data f on OM we consider the
evolution equation:

m 2 ymr - e gy

(3.1) ot Ald),

H(t)|i—o = Hy, Hlom = f.

Here Hj is an arbitrary smooth initial Hermitian metric satisfying the boundary con-
dition. Denote h(t) = H, 'H(t). Then the evolution equation (3.1) is completely
equivalent to the following equation:

% = Noh + 23/ =1A(Oghh™'0yh) — /—1(AFoh + hAFy) + \h

(32) _ h¢ ® ¢*H0h,
hO0)=1d, hlpy —1d

where Ay = Apy,, 0y = On,. We know that the above equation is a parabolic equa-
tion, so standard theory gives short-time existence.

Proposition 3.1  For sufficiently small e > 0, the equation (3.2), and so also equation
(3.1), have a smooth solution defined for 0 <t < e.

The main point of the proof is to show that the solution of equation (3.1) persists
for all time and converges to a limit. First we want to prove the long-time existence
of the evolution equation. Let H(¢) be a solution of the evolution equation (3.1), and
h(t) = Hy "H(t), then

0 Tr( %)
(3.3) E(lgTr h) = Toh

_ Trh(—2v/=1AFy — ¢ @ ¢* + X1d)
o Trh

< 2|AFy — _Vz_l(b ® ¢*H + A ‘2_1

Id |g,

and similarly

V-1 A-1

J -1 —1 «H
. - < S A A A ,
(3.4) t(lgTrh ) < 2|AFy 5 OR ™ + 3 Id |y

Theorem 3.2 Suppose that a smooth solution H; to the evolution equation (3.1) is
defined for 0 < t < T. Then H, converges in C° to some continuous non-degenerate
metric Hr ast — T.
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Proof It is well known that the space of metrics on the given bundle E is complete.
Given € > 0, by continuity at + = 0 we can find a § such that

supo(H;, Hy/) < e,
M

for 0 < #,¢" < §. Then Proposition 2.8 and the maximum principle imply that

supo(H;, Hy/) < e,
M

forall t,# > T — §. This implies that H; are a uniformly Cauchy sequence and
converge to a continuous limiting metric Hr. On the other hand, by Proposition
2.4, we know that [AFy — ‘/leqﬁ ® ¢ + ’\T\mldh{ are bounded uniformly. Using
formulas (3.3) and (3.4), one can conclude that o(H, Hy) are bounded uniformly,
therefore H(T) is a non-degenerate metric. [ |

We take the following lemma from [4, Lemma 19]and [20, Lemma 6.4].

Lemma 3.3 Let H(t), 0 <t < T, be any one-parameter family of Hermitian metrics
on a holomorphic bundle E over compact Kihler manifold and satisfying a Dirichlet
boundary condition. If H(t) converges in C° topology to some continuous metric Hr as
t — T, and if sup,, | AFy| is bounded uniformly in t, then H(t) are bounded in C' and
also bounded in L (for any 1 < p < o) uniformly in t.

Theorem 3.4  Given data f on the boundary OM and initial Hermitian metric H,
then the evolution equation (3.1) has a unique solution H(t) which exists for 0 <
t < oo0.

Proof Proposition 3.1 guarantees that a solution exists for a short time. Suppose
that the solution H(t) exists for 0 < t < T. By Lemma 3.3, H(t) converges in C°
to a non-degenerate continuous limit metric H(T) as t — t. From Proposition 2.4
and the maximum principle, we conclude that |[AFy — @gb ® ¢*H + @ Id |y is
bounded independently of t. Moreover, from Proposition 2.5, we have

0
(5 —2) ol < = Iolilal

Assume that |¢|% attains its maximum on M x [0, c0) at the point (xg, to) with 0 <
to < T, xo € M. If || (x0,t0) > | )|, then

(% 1) 1600, t0) < 0.

This is contradicted with the maximum principle of the heat operator. Then |¢|?
must attain its maximum point at t = 0 or on OM. So we have

(3.5) 6] < max{sup|olF,, A} -
M
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Moreover, supy; |AFy |3, is bounded independently of t. Hence by Lemma 3.3, H(t)
are bounded in C! and also bounded in L} (forany 1 < p < o) uniformlyin ¢. Since
the evolution (3.2) is quadratic in the first derivative of h, we can apply Hamilton’s
method [9] to deduce that H(t) — H(T) in C*, and the solution can be continued
past T. Then the evolution equation (3.1) has a solution H(t) defined for all time.

Next, we want to show the uniqueness of the solution. Suppose that K(¢) is an-
other solution of equation (3.1). From Proposition 2.8, we have

(a- g) o(H(t),K(1)) > 0,

and o(H,K)|;—o = 0, 0(H, K)|sm = 0. By the maximum principle, we have
o(H(t),K(t)) =0, ie, H(t) = K(1). [ |

From Theorem 3.4, we can discuss as in [5] to deduce the existence of Hermitian
Yang—Mills—Higgs metric. First, we shall need the following lemma.

Lemma 3.5 ([5])  Supposeg > 0 is a sub-solution of the heat equation on M x [0, 00),

ie, % — Ag < 0. Ifg = 00n OM for all time, then g decays exponentially:
(3.6) supg(-,t) < Ce ™,
M

where (1 > 0 depends only on M, and C depends on the initial value of g.

Let H; be a solution of the evolution equation (3.1) for 0 < ¢t < co. We consider
the function g = ’ AFy — @¢ ® ¢ H + ‘/Tj/\ Id’ ; on M x [0, 00). By Proposition
2.4, we know that % — Ag < 0, and the Dirichlet boundary condition satisfied by

H(t) implies that, for t > 0, g vanishes on the boundary of M. Thus Lemma 3.5 tells
us that g decays exponentially, and in particular that

(3.7) /OO Vg dt < oco.
0

Directly calculated, we have

(3.8) |lgTr h(t)| — lgrank E = /Ot %| IgTr h(s)| ds
~—Jo Trh ~— L
and similarly
'
(3.9) g Trh ()| < lgrankEﬁ—/0 Vgadt.
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Using (3.8), (3.9), we know that supy; 0(Hy, H(t)) is uniformly bounded for t €
[0, 00). Then there exists a subsequence of the H(t) converging in C° to some con-
tinuous metric Ho. It is then easy to show, as in Theorem 3.4, that a subsequence

of the H; converges in C* to a smooth metric Hy,, and since ’AFH - —Vz_lqﬁ ®

oH + @ Id|; tends to zero with t — o0, this limit is the desired Hermitian
Yang—Mills—Higgs metric. By Proposition 2.7, it is easy to prove the uniqueness of
Hermitian Yang-Mills—Higgs metric satisfying the same data f on boundary OM. So
we have proved Theorem 1.1.

4 HYMH Flow over Complete Kahler Manifolds

Let M be a complete, noncompact Kahler manifold without boundary, in this case,
we will simply say M is a complete Kahler manifold. Let E be a holomorphic vector
bundle of rank r over M with metric Hy, and ¢ be a holomorphic section of E. In this
section we are going to prove a long-time existence for the Hermitian Yang—Mills—
Higgs flow under some conditions on initial metric Hy and section ¢. As in [16], we
use the compact exhaustion construction to prove the long-time existence.

Let {€2;}°, be an exhausting sequence of compact sub-domains of M, i.e., they
satisfy €2; C Q41 and U:1 Q; = M. By Theorem 3.4, we can find a Hermitian metric
H;(x,t) on E|g, for each i such that

H;lagi = —2v/~1(AFy, — —V2_1¢®¢*Hf + —Vz_l)\ld),

H;(x,0) = Ho(x),
Hi(-x7 t)|6Q,- = HO(-x)u

Vas! V!

-1 -1
lim (AFy, — ——¢® o™+ TMd) =0.

(4.1)

Suppose that there exists a positive number © such that
|2/ =1AFy, + ¢ @ ¢*h — >\Id|H0 <O

on any points of M. Denote h; = H; ' H;. Direct calculation shows that

(4.2)
0 Tr(hihiﬂ%hi) H,
— | = 9 7| < _ : *Hi
‘&lgTrh, ‘ Toh < |2V-1AFy +9® ¢ )‘Id|H,-’
B B Tr(hi-1 2 hihi") L
‘ElgTrhil :‘_Tt:l S|2\/—1AFHi+¢®¢H’—>\Id|Hi,

By Proposition 2.4 and the Maximum principle, we have

(4.3) sup |2v/—1AFy + ¢ © ¢ — A1d|, <O.

Q; x[0,00)
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Integrating (4.2) along the time direction,
Lo
|1g Tr hi(x,t) — lgr| = ‘/ a(lgTr hi(x,s))ds| < Ot.
0

Then we have

(4.4) sup Trh; <rexp(OT), inf Trh; > rexp(—0OT),
;% [0,T] ;% [0,T]
and
(4.5) sup Trh ! <rexp(OT), inf Trh ' > rexp(—OT),
Qi x[0,T] Q;x[0,T]
This implies that
(4.6) sup o(Hy, H;) < 2rexp(OT),
Q% [0,T]
and
(4.7) (rexp(©T))'1d < hi(x,t) < rexp(©T)1d

forany (x,t) € Q,; x [0, T]. In particular, over any compact subset (2, for i sufficiently
large such that  C €;, we have the C 0_estimate

(4.8) sup o(Hy, H;) < 2rexp(OT).
Qx[0,T]

Without loss of generality we can assume that €2 = B,(R). Here By(R) denotes the
geodesic ball of radius R with center at fixed point 0 € M. First, we want to show
that there exists a subsequence of {H; } converging uniformly to an Hermitian metric

H,, on B,(R) x [0,1].

Denote 7; = Tr(h;) + Tr(h; ). Direct calculation as before shows that over
Q; %[0, T]
(4.9) AT = ATr(h) + ATe(h )
= —Tr(hi(2V/=1AFy, + ¢ ® ¢* — A1d))
+ Tr(h(2V/—1AFy, + ¢ ® ¢*™ — \1d))
— Tr(h; ' (2V/—1AFy, + ¢ ® ¢*™ — A1d))
+ Tr(h; ' (2V/—1AFy, + ¢ @ ¢*H — \1d))
— Tr2vV/—1Adgh;h; ' O hi) — Tr(28/—1A0gh; ' hioy,h;"
+Tr((hi — b o ® ¢ (h; — 1d))
> —C, + Cye(hy).
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Here e(h;) = — Tr(2\/—_1A(‘_)Ehi8H0 h;), C; and C; are positive constants depending
only on © and T, and we have used formulas (2.26), (4.3)—(4.5) and (4.7). Choosing i
sufficiently larger such that B,(4R) C €2;, let 1 be a cutoff function which equals 1 in
B,(2R) and is supported in B,(4R). Now multiply the above inequality by 7,2 and
integrate it over M. Then

/TH/)ZATI‘ > _Cl/ Ti¢2+Cz/ i e(h;).
M M M

Integrating by parts, and then integrating along the time direction, we have

Cz/OT/sze(hi)gcl /OT/an%/OT/MWwPTf.

Using (4.4) and (4.5) again, we obtain the following estimate:

T
(4.10) / / e(h;) < Cs.
0 JB,(2R)

Here C; is a positive number depending only on ©, T and R.

Because e(h;) contain all the squares of the first order derivatives (space direc-
tion) of h;, h; have uniform C° bound, and also %hi are uniformly bounded. So,
the above inequality implies that h; are uniformly bounded in L?(B,(2R) x [0, T]).
Using the fact that L} (B,(2R) x [0, T]) is compact in L*(B,(2R) x [0, T]), by passing
to a subsequence which we also denoted by {H;}, we have that the H; converge in
L*(B,(2R) x [0, T]). Given any positive number ¢, we have

T
(4.11) // o*(Hj,Hy) < e,
0 B,(2R)

for j,k sufficiently large. By Proposition 2.8, we know that o(H;, Hy) is a sub-
solution of the heat equation. Applying the mean value inequality of Li and Tam [12]
for the nonnegative sub-solution to the heat equation, we have

(4.12) sup 02(H]-,Hk) < Cye.
By(R)x[0,%]

Here C, is a positive constant depending only on ©, R, T, and the bound of sectional
curvature on B,(2R). From (4.12), we can conclude that H; converges uniformly to a
continuous Hermitian metric H,, on B,(R) x [0, %].

Next, we will proceed as in [5, §2.3] to obtain the C'-estimate on B,(R) x [0, %].
We need the following lemmas. The following Sobolev inequality was proved by
Saloff-Coste [19, Theorem 3.1].

Lemma 4.1 ([19]) Let M™ be an m-dimensional complete noncompact Riemannian
manifold, and By(r) be a geodesic ball of radius r and centered at x. Suppose that
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—K < 0 is the lower bound of the Ricci curvature of B.(r). If m > 2, there exists
C, depending only on m, such that

(4.13) (/B

x

|f\2‘1) g < exp (C(1 + VKr)) Vol (B,(r)) " 1
(r)

x/w(wf e Tis

forany f € C5°(By(r)), where ¢ = 5. For m < 2, the above inequality holds with a
replaced by any fixed ji > 2.

Using the above Sobolev inequality, and Moser’s iteration [12, 14], we have the
following mean-value inequalities.

Lemma 4.2 Let M"™ be an m-dimensional complete noncompact Riemannian man-
ifold without boundary, and B,(2R) a geodesic ball centered at o € M of radius 2R.
Suppose that f(x,t) is a nonnegative function satisfying

(4.14) (A — %)f > —Cif

on B,(2R) x [0, T]. If =K < 0 is the lower bound of the Ricci curvature of B,(2R), then
for p > 0, there exist positive constants C, and Cs depending only on m, R, K, p, and T
such that

T
(4.15) sup  fP < Cz/ / fP(y,t)dydt + C5 sup fP(-,0).
0 B,(R)

By($R)%[0,%] B,(R)

Lemma 4.3 Let M be an m-dimensional complete noncompact Riemannian man-
ifold without boundary, and B,(2R) a geodesic ball centered at o € M of radius 2R.
Suppose that f(x,t) is a nonnegative function satisfying (4.14) on B,(2R) x [0, T]. If
—K < 0is the lower bound of the Ricci curvature of B,(2R), then for p > 0, there exists
a positive constant C depending only on m, R, K, p, 9, n, and T such that

T
(4.16) sup 1P §C/ / fP(y,t)dydt,
)T] 0 JB,(R)

By(1=0)R)x [nT,(1—n
where0 < 6, < 1.

Proof of Theorem 1.3 For any pointx € B,(2R), choose a small ball B,(r) such that
the bundle E can be trivialized locally, and let {e, } be the holomorphic frame of E.
So, a metric H; can be written as a matrix which also is denoted by H; on B,(r). The
complex metric connection with respect to H; can be written as follows:

A; = H; '0H;
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and the curvature form
Fy, = O(H; '0H;).

Choose a normal coordinate {y;} on B,(r) and centered at x, and denote p; =
HfldH,-(a%). It is easy to check that

0 OH; OH; 0
4.17 (A.——) _ g1 OHi - 9Hi O oH,
(4.17) o~ g )= —pHT Pt 0@
on By(3). In fact, this follows from (4.1) by considering the one-parameter fam-
ily of solutions obtained by translating in the direction of 0%’ H:(y1, .o osym) =
Hi(y1,...,y1+5,...,¥m). It follows that the square norm \plﬁii =Tr lei_lp'l*Hi
satisfies

9 2 2

(4.18) (A - 5) lpilg, = —Calpili, — cuilpilm,

on Bx(g), where Cy4, Cs are positive constants depending only on O, T, and ¢. Let
f =1+ |plf, from (4.18), we have

(A_%)fz—csf

On the other hand, there must exist constants C; and Cg such that

C,1d < {g(a%,a%)} < Cyld

on B, (%), where g is the Kahler metric of M. So, we have

QZ‘H{I
1

OH;
Ay

OH; —1 2 —1
Oy 1 < [HVHily < CSZ:‘H"

H;

Using formula (4.15) in Lemma 4.2, and (4.10), we conclude that there exists a posi-
tive constant Cy which is independent of i such that

(4.19) sup \Hi_IVHiﬁ{O < Cy.
B, (r/4) X [0,T/4]

Since x is arbitrary, we can conclude that the C'-norm of H; is bounded uni-
formly on any B,(R) x [0, %]. By the C%-estimate (4.6) and the above C!-estimate,
the standard parabolic theory shows that, by passing to a subsequence, H; converges
uniformly over any compact subset of M x [0.00) to a smooth Ho, which is a solution
of the Hermitian Yang-Mills—Higgs flow (1.4) on the whole manifold. Therefore we
complete the proof of Theorem 1.3 ]
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5 HYMH Metric Over Complete Kahler Manifolds

In this section, we consider the existence of the Hermitian Yang—Mills—Higgs
(HYMH) metrics on some complete Kihler manifolds. As above, here complete
means complete, noncompact, without boundary. Since we have established the
global existence of the HYMH flow on complete Kihler manifolds, in this section
we aim to show that the HYMH flow can converge to a HYMH metric under some
assumptions. First, we will give a proof of the following existence theorem. The
method we used here is similar to that used by Li in the harmonic map case [13].

Theorem 5.1 Let M be an m-dimensional complete Kahler manifold, (E, Hy) be a
holomorphic vector bundle with Hermitian metric Hy, and ¢ a holomorphic section of
E. Assume that \{(M) > 0, where A\;(M) denotes the lower bound of the spectrum of
the Laplacian operator, and that ||2/—1AFy, + ¢ ® ¢ — X1d ||y < 00 for some
p > 1 and real number \. Then there exists a Hermitian metric H on E such that

2V—=1AFg + ¢ ® ¢ — X1d = 0.

In addition, if p > %, RicM > —K (K > 0), and infyepr V(1) = a > 0, where V(1)
denote the volume of the geodesic ball B, (1) centered at x of radius 1, then the Hermitian
Yang—Mills—Higgs metric H given above must satisfy

o(H(x), Ho(x)) — 0
asx — oo.
Proof Let {€2;}3°, be the exhausting sequence of compact sub-domain which we

chose in the above section. Let H;(x, t) be a solution of (4.1), and let H;(x,t) = Hy(x)
outside €2; for all t > 0. From the proof of Proposition 2.4, we have

1) (o= %) |2V=TAFy + ¢ ® ¢ — A1d|},

> 2| Vi, @V =1AFy + ¢ © ¢ — A1d)| .
By direct calculation, one can check that
Vublh > |VI6]ul?

for any section 6 in End(E). Then, we have
9 *H;
(5.2) (A—E)\zx/—lAFﬂi+¢®¢ —/\Idny_ > 0.

Since |H; ! %HJ = 0 outside 2;, using the maximum principle, we have

(5.3)  [2v/=1AFy, + ¢ @ o™ — X1d | (x, 1)

< / Ko, (x, y,1)| 2V =TAFy, + ¢ © ¢*™ — X1d| , (y,0) dy
Q

< / K(x,y,t)|2V/=1AFy, + ¢ @ ¢*" — )\Id|H0(y, t)dy,
M
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where Ko, (x, y,t) is the Dirichlet heat kernel of €2; and K(x, y, t) is the heat kernel of
M. For simplicity, we denote 7(H) = |2¢/—1AFy + ¢ ® ¢* — \1d |p. Therefore

(5.4) /T(Hi)p(x,t)dxg/ 7(Hy)? (x) dx.
M

M

for any p > 1. From (5.3), we have

(5.5) T(H;)(x,t) S/K(&}’J)T(Ho)()’)d)/
M

S(AK@%N@V(&ﬂ%WﬁMY-

By the estimate of the heat kernel [7], from the condition A; (M) > 0, we have

Mg - D)

(5.6) / Ki(x,y,t)dy < C* exp( (t — l)) .
M

Proceeding as (4.2)—(4.4), we have

(57)  o(Hi(x 1), Hy(x) < ZrankE(exp(/ T(H,-)(x,t)dt) - 1).

0

So, we have obtained the uniformly C° estimates on H;. From §4, we know that,
by passing to a subsequence, H; converges uniformly over any compact subset of
M x [0.00) to a smooth H(x,t) which is a solution of the Hermitian Yang—Mills—
Higgs flow (1.4) on the whole manifold.

From (5.4)—(5.7), we have

(5.4') /ﬂmWﬁﬂé/ﬂmW@m
M

M
(55 ﬂmmﬂs(LKm%m@Q%A;mwwmﬁi

and
(5.8)  o(H(x,t),Hx, 5)) < 2rankE(exp</27'(H)(x, ) dt) —1).

Combining the above inequality with (5.5"), (5.6), we have proved that the H(x, t)
converge uniformly to a continuous Hermitian metric Hy.

From the C%-estimate (5.8), proceeding as in the proof of Theorem 1.3, we can
obtain a C'-estimate of H(-,t). Then the standard parabolic theory shows that a
H(-,t) converges uniformly over any compact subset of M to a smooth Hermitian
metric Hy, as t — 0o. From (5.5"), and (5.6), we have proved that H,, must satisfy

(5.9) 2V —1AFy__ + ¢ @ ¢*H= — \1d = 0.
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Let hi(x,t) = Hy 'H;, and p;(x,t) = lg(Tr h; + Tr h; ') — lg2 rank E. By (2.34),
we have

(5.10) Ap; > —7(H;) — 7(Ho).

Then, the above inequality and the Poincaré inequality imply

/ Px,t)dx < L/ A% §|2dx
lel ; S N0D Jo, p;

p—2 p—1 :
= 1= Da D /Q pi (T(Ho) + 7(H;)) dx

< (/Q ol dx) %(/Q(r(Ho)w(Hi))P dx) g

By (5.4), we have

(5.11) / PP (x,1) < Cps M (M) [ (Ho) |y -

i

where C(p, A\1(M)) denote a positive constant depending only on p and A; (M).
Denote h = HJIHOO, and p = Ig(Trh+ Tr h~') — Ig2 rank E. From (5.11), we
have

(5.12) [ 00 < COp MM
M

From Corollary 2.11, we have
(5.13) Ap > —71(Hy)-
If dim M = m > 2, we denote the Sobolev constant by

[Vul3

0£ueW(B,(R) |||

(5.14) S:(B«(R)) =

2
2m
m—2
and if dim M = m = 2, we denote the Sobolev constant by

[Vull

(5.15) S1(B«(R)) = 2
0wy (B.(R) [ U] 2e

It was shown in [6] that under the additional assumption that Ricy; > —K and
infuepr V(1) = a > 0, the Sobolev constant on B, (1) has a positive lower bound
depending only on K, g, and A\, (M). By Moser’s iterative argument, we have

(5.16) p(x) < C(p,a, K, M) 1pllre.y + Va1 F |7 (Ho)l a1y } -
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By the volume comparison theorem and (5.12), we have
p(x) — 0.
as x — oo. Equivalently,
0(Hoo(x), Hy(x)) = Tr h(x) + Trh~'(x) — 2rank E — 0,
as x — oQ. |
Theorem 5.2  Let M be an m-dimensional complete Kéihler manifold (m > 2), (E, Hy)

be a holomorphic vector bundle with Hermitian metric Hy, and ¢ be a holomorphic sec-
tion of E. Assume that the Sobolev constant S;(M) > 0, and that

2V =1AFy, + ¢ ® ¢* — N1d || 1oy < 00

for some p € (1, %) and real number \. Then there exists a Hermitian metric H on E
such that
2V=IAFy + o @ ¢*F — X1d = 0.

Furthermore, if we assume that | 2v/—1AFg, + ¢ @ ¢* — X Id| € LP(M)NL (M) for
somer > % and

V(1) / |2V/=1AFy, + ¢ @ ¢ — X1d|" dy — 0
B(1)

mp
m—2p°

as x — oo, where q =
the above must satisfy

then the Hermitian Yang—Mills—Higgs metric H given in

o(H(x),Hy(x)) — 0

as x — Q.

Proof The proofis completely similar to that of Theorem 5.1. Using the condition
S, (M) > 0, we have [3, 15]

(5.17) ( / K(x, w)dy)% < Clm, S,(M)#.
M

Here g = %. Then, from (5.5), (5.5'), (5.7) and (5.8), we can conclude that there
exists a global Hermitian Yang—Mills—Higgs flow H( - ,t), and H( -, t) converge to a
smooth Hermitian Yang—Mills—Higgs metric Ho, as t — oo.

On the other hand, we only need to replace the Poincaré inequality by the Sobolev
inequality (5.14) when we apply the inequality (5.10) Ap; > —7(H;) — 7(Hy). Then,
we have

(5.18) ( / P10 dx) " < Cp, M) r(Ho) lsian,
M
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where g = mﬁ—‘;p. By Moser’s iterative argument [8, Theorem 8.17] for (5.13), we
have

(5.19) p(x) < C(p, m, S;(M){||pllzaes, 1)) + V(1) ||7(Ho) ||1rB.(1)) }-

Then, the conclusion that o (H(x), Hy(x)) — 0 as x — oo follows. [ |

Lemma 5.3 ([16])  Let M be a complete Riemannian manifold with nonnegative Ricci
curvature. Let f be a nonnegative continuous function on M. Consider the heat equation

(A - %) u(x,t) =0,  u(x,0) = f(x).

Then it has a nonnegative solution u(x, t) such that fooo u(x, s) ds < oo if and only if

* s
—_— dyds < o0.
/0 Vi(s) By (s) f(y) y

From Proposition 2.4, we know that the Hermitian Yang-Mills—Higgs flow
H;(-,t) which we constructed on the sub-domain €2; must satisfy
0
A— —) H) >0,
( g ) T =
7(H;)(x,0) = 7(Ho)(x),

7(H;)(x, t)|x€6(2i~

(5.20)

If the initial‘metric Ho s.atisﬁes fooo AT fo(s) T(Hp)(y) dyds < oo, by Lemma 5.3
and the maximum principle, we have

T, (%, 1) < ulx, ).

Proceeding as in Theorem 5.1, we can conclude there exists a global HYMH flow
H(x, t) satisfying

o(H(x, t,), H(x, 1)) < 2rankE(exp(/tzT(H)(x, ) dt) - 1)

< 2rank13(exp(/tz u(x,t)dt) - 1) .

t

Since fooo u(x,s) ds < oo, we can conclude that H( -, f) must converge to an Hermi-
tian Yang-Mills—Higgs metric H.,. So, we have proved the following theorem.
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Theorem 5.4  Let M be a complete Kithler manifold with nonnegative Ricci curvature,
(E, Hp) a holomorphic vector bundle with Hermitian metric Hy, and ¢ a holomorphic
section of E. Assume the initial metric Hy satisfies, for every x € M,

/ ’ 12/ =1AFy, + ¢ ® ¢ — \1d |(y) dyds < oo.
o Vi(s) J

Then there exists an Hermitian metric H on E such that
2V —1AFy + ¢ @ ¢ — \1d = 0.
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