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1. Introduction

Let F, denote the finite field with ¢ elements, Z,, the residue class ring
Z/mZ. 1t is known that the projective linear groups G = PSL,(F,) and
PGL,(F,) (g9 a prime-power = 4) are characterised among finite insoluble
groups by the property that, if two cyclic subgroups of G of even order inter-
sect non-trivially, they generate a cyclic subgroup (cf. Brauer, Suzuki,
Wall [2], Gorenstein, Walter [3]). In this paper, we give a similar character-
isation of the groups G = PSL,(Z 1) and PGLy(Z 1) (p a prime = 5,
t=1).

These satisfy the weaker condition ! that, if two cyclic subgroups of G
intersect in a group of even order, they generate a cyclic subgroup. If
z € G, let Z¢(x) denote the subgroup generated by the roots of z, i.e. by the
elements of G of which z is a power. Then this condition may also be expressed
as follows:

(1.0) Re(u) is cyclic for every involution u € G.

A finite group G of even order which satisfies (1.0) will be called an #Z-group.

PGL,y(Z 1) is an extension of a group, P, .(p), of order p3 by
PGL,(F,). If p =5 and t =1, PGLy(Z 1) and PSLy(Z 1) are insoluble
and neither splits over P, ,(p). If p = 3, however, both groups are soluble
and both split over P, ,(3).

THEOREM 1. Let G be an insoluble R-group with trivial centre. Suppose
that G does not split over its largest normal subgroup of odd order, O(G), and
further that, when G|O(G) ~ PSL,(F;) or PSLy(F,;), O(G) is a prime-power
group. Then G = PSLy(Zz) o PGLy(Z p1) (P a prime = 5,1 = 1).

Although Theorem 1 is actually deduced from the more general Theorem
3, the method of proof is, in effect, to establish successively that G/O(G),
O(G) and G are what they should be. The first and last steps present no
essential difficulties because the results are at hand for dealing with them
— for the former, the powerful theorems of Gorenstein, Walter 3] and Suzuki

1 I am indebted to Professor Z. Janko for suggesting this condition to me.
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[6] and for the latter, detailed information about the cohomology groups of

F,(PGL,(F ))—modules The proof in the second step is based on the simple
observation that A, is a subgroup of PSL,(F,). This, and the fact that G
is an Z-group, 1mply that A, acts as a group of automorphisms on O(G)
in such a way that each involution in A, has cyclic fixed-point group.
Theorem 2 takes care of this situation. Let P, ,(p) (p prime, 0 < s <¢)
denote the kernel of the naturally defined epimorphism PGLy(Z,:1) —
PGL,(Z 1)

THEOREM 2. Let H be a group of odd order. Suppose that A, acts as a group
of automorphisms on H in such a way that each involution in A, has cyclic
fixed-point group. Then H is nilpotent and if S 1s Sylow subgroup of H, S is
either cyclic or a group P, ,(p).

Theorem 2 points to the chief obstacle in determining all soluble %-
groups, viz. the determination of the groups of odd order which admit an
automorphism of order 2 with cyclic fixed-point group. The detailed
structure of such groups is not known, though it has been proved that they
have nilpotent derived groups (Kovics, Wall [4]).

In Theorem 3, we determine all #-groups which contain neither a
normal Sylow 2-subgroup nor a normal Sylow 2-complement. Some notation
is needed before stating the Theorem.

DEFINITION. An #-group G is said to be reduced if it satisfies the follow-
ing two conditions: :

(i) G has no non-trivial direct factor of odd order;

(ii) G does not contain two non-trivial normal subgroups of relatively prime
odd orders.

A direct product 4 X B (|4| even, |B| odd) is an #-group if and only
if 4 is an Z#-group, B is cyclic and (|B|, |#4(u)]) = 1 for every involution
ue A. A group G with normal subgroups N;, N, of relatively prime odd
orders is an #-group if and only if G/N,, G/N, are both #-groups (Lemma
2.3). Thus, in order to determine all .@-groups 1t is sufficient to determine the
reduced ones.

The notation G = (4; B) indicates that the group G is an extension
of the group B by the group 4, i.e. G has a normal subgroup B such that
B =~ B, G/B = A. Such an extension is called holomorphic if B has a
complement A in G and ¥¢(B) < B. We denote the cyclic group of order
k by Cy, the direct product of % copies of C, by (C;)" and the dihedral group
of order 2k by D,,.. S,,, A, denote the symmetrlc and alternatlng groups on 7
letters o

"THEOREM 3. Let G be a group of even order which contains neither a
normal Sylow 2-subgroup mor a normal Sylow 2-complement. Then G is a
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reduced R-group if and only if it is isomorphic to one of the following groups:

(1.1) PGL,(F,), PSL,(F,) (g a prime-power = 3);

(1.2) PGLy(Z 1), PSLy(Z 1) (P a prime = 3, ¢ = 1);

(1.3) the umnique holomorphic extensions (PGL,(F,); (C})3), (PSLy(F,); (C,)3)
(p a prime = 5);

(1.4) the unique holomorphic extension (PSL,(F;); (C,)3) (p an odd prime
=1,20r 4 (mod 7), ¢t = 1);

(L.5) the umique holomorphic extension (Ag; P, (p)) (p a prime = 41
(mod 5), 0 < s < t,¢t = 1);

(1.8) the unique holomorphic extensions (Ag; P, (P)), (Su; Poo(p)) (P a
prime = 3,0 <s <t t=1);

(1.7) the dirvect product, amalgamating central subgroups of order 3, of Cy:
(¢t = 1) and the unique non-splitting central extension (Aq; Cs).

NoOTE. A proof of existence of groups (1.3)—(1.6) may be constructed
along the following lines. Representation theory gives the monomorphisms:

(1.3) PGL,(F,) - GL4(F,) = Aut ((C,)3),
(1.4) PSLy(F;) - GL4(F,),
(L.5), (1.6) Ss, As — PGL,(F,),

where p satisfies the appropriate congruences in (1.4), (1.5). The last three
monomorphisms may be lifted (essentially by Schur’s splitting theorem)
to monomorphisms:

(1.4)’ PSL,(F,) — GLy(Z,:) = Aut ((C,9)°),
(1.5'), (L.6) Sy, Ag — PGLy(Z,113).

(1.3), (1.4)" establish the existence of the corresponding groups directly.
(1.5)" (1.6)" provide them as subgroups of PGL,(Z,.1). The uniqueness of
these groups follows from the proof of the Theorem. The verification that
they are #-groups is straightforward.

Two problems arise naturally out of these results. The first is to charac-
terise the groups PSL,(2/p'*1Q2) and PGL,(Q/pt+'1R2), where 2 is the ring
of integers in an algebraic number field and p a prime ideal of 2. The second
is to determine the groups satisfying suitable generalisations of (1.0).
E.g., Suzuki’s simple groups have the property that the root groups of all
involutions are abelian.

Arrangement of the paper. The deduction of Theorems 1 and 2 from
Theorem 3 is described below. The remainder of the paper is devoted to
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proving Theorem 3. The main steps are as follows. After some preliminary
general results, it is shown, in Proposition 2.7, that every non 2-nilpotent
R-group G satisfies one of the following conditions:

(i) the Sylow 2-subgroup of G are elementary abelian of order = 8;

(il) G/O(G) =~ PSL,(F,) or PGL,(F,) for some odd prime-power g¢.

The Theorem is proved for groups of type (i) in § 3, for groups of type (ii)
in Proposition 2.8 (O(G) cyclic) and § 4 (O(G) non-cyclic). The last case is
the most complicated and an outline of the method is given at the beginning
of §4.

Depucrion oF THEOREM 1 FROM THEOREM 3. Let G satisfy the con-
ditions of Theorem 1. The list (1.1)-(1.7) shows that the Theorem is true
for reduced Z-groups. Thus, we have only to prove that G is reduced.

By Proposition 4.1.4 and the insolubility of G, O(G) is nilpotent. Let
S(# 1) be a Sylow subgroup of O(G), T the complement of S in O(G) and
I' = G|T. By Proposition 4.1.4, I'is a reduced #-group and since Z(G) = 1,
Z(I') n O(I') = 1. Theorem 3 now shows that one of the following condi-
tions holds (notice that O(I") ~ S and I'JO(I') = G/O(G)):

(@) G/O(G) = A4 or Sg;
(b) G/O(G) = A5 or PSLy(F;);
(c) for some prime p, G/O(G) = PSLy(F,) or PGLy(F,) and S is a p-group.

Case (a) is excluded because G is insoluble. In case (b), the hypotheses
of the Theorem ensure that G = I, so that G is reduced. If {c) holds (but
neither (a) nor (b)), then every Sylow subgroup of O(G) is a p-group for
the one fixed p, so again G = [’ and G is reduced. This completes the proof.

DepuctioN oF THEOREM 2 FROM THEOREM 3. Let H satisfy the condi-
tions of Theorem 2 and form the splitting extension G = (4,; H) correspond-
ing to the given action of 4, on H. Since the involutions in A, have cyclic
fixed-point groups, G is an #-group. By Proposition 4.1.4., H = O(G) is
nilpotent.' Let S, T, I" be as in the previous proof. By Proposition 4.1.4.,
either S is cyclic or I'is reduced. In the latter case, Theorem 3 shows that
S(~ O(IN)) is a group P, ,(p). This completes the proof.

2. General results

We first consider the factor groups of an #-group.

2.1 LEMMA. Let G be a group of even order, N a normal subgroup of odd
order. If w is an involution in G, then ey (uN) = Re(u)N|N.

Proor. Clearly, N is an involution and Z¢(u) NN < Zen(uN). It
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remains to prove that, if zNV is a root of 4N, then x € Z¢(#)N. Since N has
even order, x has even order; let v be the involution in <{z)>. Then vN is the
involution in (xN), so that vN = «N. By Sylow’s theorem, v = nun—
for some #n € N. Therefore n! xn € Z¢(u) and so x = nzn(n, x] € Ze¢(u)N,
as required.

2.2 COROLLARY. If G is an Z-group and N a normal subgroup of odd
order, then G[N is an Z-group.

2.3 LEMMA. Let G be a group of even order and Ny, N, normal subgroups
of relatively prime odd orders. Then G is an K-group if (and only if) G/N,,
G[N, are R-groups.

PROOF. Let % be an involution in G and write R = #¢(#), R, = R N,.
We prove that R is cyclic by showing (a) that R is abelian and (b) that the
Sylow subgroup of R are cyclic.

(a) Since R/R, ~ RN,N; = #ev (uN;), R|R; is cyclic. Therefore,
since R, n R, = 1, R is abelian.

(b) Let P be a Sylow p-subgroup of R. Since (|R,|, |R,|) = 1, we may
assume p 1 |R,|. Then P ~ PR,/R; < R/R,, so that P is cyclic, as required.

Clearly, a group G of even order is an #Z-group if and only if ¥¢(#) isan
Z-group for each involution # € G. We now determine the structure of €¢(u).

2.4 LeMMA. Let G be an R-group, uw an involution in G and x € €c(u).
If « has odd order or order 2* > 2, then x € Ag(u).

Proor. If x has odd order, xu € Z¢(%). Since u € Ze(u), x € Ze(u).
If = has order 22 > 2, let v be the involution in (x). Then x € Z¢(v) and
2u € He(v), so that u € Z¢(v). Since Z¢(v) is cyclic, = v. Hence x € Z¢(u).

2.5 LEMMA. Let G be an R-group and w an involution in G. Then €¢(u)
has one of the following structures:
Com; Dy X C,((4m,n) = 1); ((Cy)%; C,) (nodd, t = 3).

Proor. Write C = %¢(u), R = #Z¢(u) and let K be the subgroup of R
formed by its elements of odd order. By lemma 2.4, K <« C and C = KQ,
where @ is a Sylow 2-subgroup of C. Again by lemma 2.4, Q n R is a cyclic
subgroup of Q such that? Q\\(Q n R) consists entirely of involutions. It is
well known that this implies either

(@) 9 R=Q and Q is cyclic
or (b) QR =2 and Q is dihedral

or (c) Q is elementary abelian.

 If Y © X, X\Y denotes the (set) complement of ¥ in X.
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In case (a), C = KQ = R is cyclic. In case (b), |[C:R| =2 and
C = R u vR for some involution v € Q. Let R,(R,) be the product of those
Sylow subgroups of R whose generators are inverted (centralized) by wv.
Then D = R, u vR, is dihedral, R, is cyclic and C = D X R,; clearly D, R,
have relatively prime orders. In case (c), C = KQ is evidently an extension
((Cy)*; C,), m odd. This proves the lemma.

2.6 COROLLARY. The Sylow 2-subgroups of an R-group are cyclic, dihedral
or elementary abelian.

2.7 PROPOSITION. Ewery #-group G satisfies one of the following con-
ditions:
(@) G has a normal Sylow 2-complement;
(b) the Sylow 2-subgroups of G are elementary abelian of order = 8,
(c) G is an extension (I'; P), where P has odd order and I' =~ PGL,(F,) or
PSL,(F,) for some odd prime-power q.

Proor. If neither (a) nor (b) holds, the Sylow 2-subgroups of G are
dihedral. By lemma 2.4, the centralizer of an involution in G has an abelian
2-complement. Therefore, by a theorem of Gorenstein and Walter [3], G is
an extension (I%; P), where P has odd order and I' & 4,, PGL,(F,) or
PSL,(F,) (¢ an odd prime-power). The first case is excluded by corollary 2.2
because A4, is not an #Z-group. This proves the proposition.

We now dispose of the easiest case arising in (c).

2.8 PROPOSITION. Let G be an extension (I'; P), where P is a non-trivial
cyclic group of odd order and I' ~ PGL,(F,) or PSLy(F,) (g an odd prime-

power). Suppose G does not have a normal Sylow 2-subgroup. Then G is a
reduced B-grovp if and only if it is a growp (1.7).

PRoOF. It is easily verified that (1.7) is a reduced #-group. Conversely,
let G be a reduced #-group satisfying the conditions of the proposition.
Let G+ denote the subgroup (of index 1 or 2) such that GHP ~ PSLy(F,).
Since P is cyclic, G'P centralizes P. Now G'P/P = (C,)® if G = G+ ar(;d
g = 3, and G'P = G* otherwise. The former case is excluded because G
does not have a normal Sylow 2-subgroup. Therefore G+ centralizes P.
Suppose now that G > G+. Let  be an involution in G+. Since %P has a root
in (G/P)\(G*/P), it follows from lemma 2.1 that « has a root v in G\G*.
By lemma 2.4, v centralizes P and so €e¢(P) = G. Thus, P =< Z(G) in all
cases.

It is easy to see that, if P n G’ = 1, then either G/P > Agyand G’
(Cy)? or P is a direct factor of G. Both cases are excluded by assumption.
Now P n G’ is isomorphic to a subgroup of the Schur multiplicator & (G/P)
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of G/P. It is known? that |¥(G/P)| =6 if G/P ~ PSL,(F,) ~ A4 and
|#(G|P)| = 2 otherwise. Therefore G/P ~ Ag and |P n G'| = 3. Since G
has no direct factor of odd order > 1, it follows that G’ is the non-trivial
(central) extension? (44; C5) and P x Cy. Thus G is the group (1.7).

Finally, we determine the structure of the Sylow 2-normalizers in an
R-group.

2.9 LEMMA. Let G be an B-group, Q a Sylow 2-subgroup of G, N =.A4"¢(Q)
and C = Cg(Q). Then C = QXK (K cyclic) and N|C acls as a group of
fixed-point free automorphisms® on Q. Also N = C unless Q = (C,)* (t = 2).

Proor. The first and last statements follow at once from lemma 2.4
and corollary 2.6. To prove the second statement we must show that, if
z € N commutes with the involution # € @, then x commutes with every
involution v € Q. By lemma 2.4, ¥¢(#) has a cyclic normal Sylow 2-comple-
ment K Since v € ¥¢(#) and x € K, v normalizes {x>. Therefore [v, z] e
(x> n Q == 1, so that v commutes with z, as required.

3. Elementary abelian Sylow 2-subgroups

In this section, we assume that
(A) Gis an A-group,
(B) G has a Sylow 2-subgroup Q ~ (C,)* (¢t = 3).

3.1 LEMMA. Either G has no subgroup of index 2 or G has a normal
2-complement.

Proor. Lemma 2.9 shows that either Q < Z(A47(Q)) (in which case G
has a normal 2-complement by Burnside’s theorem) or Q < A47(Q)’ (in which
case G has no subgroup of index 2).

3.2 LEMMA. If G has a normal 2-complement P, then P is cyclic.

Proor. By a theorem of Ward [7], P is nilpotent. We may therefore
assume that P is a p-group for some prime p. Since G/®(P) is an #-group
and since P is cyclic if P/@(P) is cyclic, we may further assume that P is
elementary abelian.

Let us regard P as a vector space over F, on which Q acts as a group
of linear transformations. Since Q ~ (C,)?, the irreducible representations
of Q over F, are all 1-dimensional. Since p = 2, P is a completely reducible

3 Schur [5].

4 The uniqueness of this extension follows from the fact that the ‘‘Darstellungsgruppe’
of a simple group is unique (Schur, Lc.).

5 This implies that N/C is metacyclic with cyclic Sylow subgroups.
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Q-module. Thus P is a direct sum of 1-dimensional submodules Py, - - -, P,.
Now, by lemma 2.4, no involution in @ centralizes more than one P,. On
the other hand, if » > 1,

Co(P1) N Co(Pg) > 1

Because |Q:Fo(P;)]=1o0r 2 and |Q] = 23. Thus » =1, i.e. P is cyclic as
required.

3.3 PROPOSITION. G satisfies one of the following conditions:

(@) Q2 G;
(b) G has a cyclic normal 2-complement;
() G =@ PSL,(Fy)xXC, (t = 3, s odd).

PRrOOF. Choose an involution # € Q such that the order of € (#) (= €¢(u))
is as large as possible. By lemma 2.4, ¥{#) has a normal cyclic 2-comple-
ment K.

FIRST cASE: ) does not centralize K. Let P be a Sylow subgroup of K
which is not centralized by Q. Then Q, = Q n € (P) is a subgroup of Q of
index 2 and every element of Q\Q, inverts the elements of P.

We prove that #7(Q) < A" (P). It is sufficient to prove that, if x is an
element of 47 (Q) of odd order, then P = P* Since |Q| = 8and |Q : O,| = 2,
0, n Q7 > 1. Aninvolution v in ¢; n Q] centralizes both P and P*, whence
by lemma 2.4, P = P?, as required.

Now, since @ does not centralize P, the cyclic group A" (P)/% (P) has
even order. By lemma 3.1, #°(P) has a normal 2-complement. Since
A(Q) S A(P), it follows that Q < Z(A7(Q)). Hence, by Burnside’s
theorem, G has a normal 2-complement (which is cyclic by lemma 3.2).

SECOND CASE: () centralizes K, i.e. € (u) is abelian. If v is an involution
in Q, then clearly ¥ («) < % (v). Hence, by the choice of € (1), € (u)= € (v).
Thus every involution has abelian centralizer. By a theorem of Suzuki [6]
(and lemma 3.2), G satisfies one of the conditions in the proposition.

4. Dihedral Sylow 2-subgroups

In this section, we assume that
(A) G is a reduced B-group;
(B) P is a non-cyclic 8 normal subgroup of G of odd order;
(C) G|P ~ PGL4(F,) or PSL,(F,), where q is an odd prime-power.
Write I' = G/P. Choose a subgroup H/P of I'isomorphic to 4, and let

¢ The case where P is'cyclic was treated in lemma 2.8.
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T = {1, u,, u,, uz} be a Sylow 2-subgroup of H. Let I'y(p"), I'f (p*) denote
the groups PGLy(Z ), PSLy(Z,) (p an odd prime).

We prove, in 4.1, that P is a p-group with each G-composition factor ?
‘of order p3. Let [P} = p3¢, |P : P'| = $3° (0 < s < ¢). We call G a split group
if P has a complement in G. Two groups satisfying (A)-(C) are said to be
of the same type if they have the same I, p, s, ¢ and both are split groups or
both non-split groups. In 4.2, we show that G has the same type as some
group listed in Theorem 3. Then, in 4.3, we complete the proof by showing
that groups of the same type are isomorphic.

4.1. Structure of P.
4.1.1. LEMMA. If X s an H-subgroup of P, then

X=X XX, X, n X, =X, nX;=X;n X, =X,,
where
X, = xu) (i =1,2,3), X, = €x(T).

X, X,, X, are cyclic groups conjugate in H. X is a cyclic Hall subgroup of X
and X, < Z(P).

Proor. The first statement is a known general result (cf. Gorenstein,
Walter [3]). The X, (¢ = 1, 2, 3) are cyclic because G is an #-group, conjugate
in H because the u; are. Let 1 =<4, § =< 3,7 %7. Since u,u; = w,u;, u,
normalizes X ;. Therefore, since X; is cyclic and u = 1, X, (= €x,(4;)) is a
Hall subgroup of X;. This and the first part of the lemma show that X is
a cyclic central Hall subgroup of X. X, < P, (=¥p(T)) and P, is central in
P, whence X, is central in P.

4.1.2. COROLLARY. If X s an H-subgroup of P of prime exponent p,
then either Xy =X =~ C, or Xg=1, X = X, XX, X X3 =~ (C,)3 X 1s the
unique minimal H-subgroup of P of p-power order.

Proor. The lemma shows that Xy = X =~ C or X, = 1, X = X, X, X,,
|X| = $3 In the second case, X' < X and (X")g = X,=1,sothat X' =1
and thus X = X, XX, x X, > (C,)3 X is patently a minimal H-subgroup.
Let Y be any H-subgroup of P of exponent p. Since, X, Y are minimal
H-subgroups, the H-subgroup XY has exponent p. Hence XY is a minimal
H-subgroup and so XY = X = Y. Thus X is unique.

4.1.3. LEMMA. P is milpotent.

Proor. We prove the following result: if X is an H-subgroup of P of

7 We shall often regard P as a G-group, i.e. a group on which G acts by conjugation.
Thus, the G-subgroups of P are those subgroups of P which are normal in G. Where convenient,
we will use additive notation and module terminology for abelian G-groups.
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prime exponent p and D/C an H-composition factor of P such that C
centralizes X, then D centralizes X. Since P is soluble, this implies that
Z (P) > 1. This last result and corollary 2.2 then show that the ascending
central series of P terminates at P. If Y is an H-subgroup of P, we write
Yo = €p(T), Vi = €ylu) (i = 1,2, 3).

Since X, < Z(P), we may assume that X > X,. Then, by corollary
4.1.2, |X| = p? and X,, X,, X, are simple T-groups, no two of which are
T-isomorphic. Also, if v is an element of H which transforms the #, cyclically,
then X is a simple (v, TD}-group. Hence, by Clifford’s theorem, either X,,
X,, X4 are TD-groups or X is a simple T'D-group. In the first case, TD
induces an abelian group of automorphisms of X, so that [T, D] centralizes
X. By lemma 4.1.1, D = D, [T, D] and so D centralizes X. In the second
case, consider the groups X = €5 (CD;) (1= 1,2, 3). Since X; < D, and
CD,<aTD,;, X is a non-trivial TD-group. Therefore, since X is a simple
TD-group, X = X. Thus, D = D, D, D, again centralizes X. This proves
the lemma.

We break off at this point to prove a general result about #-groups,
required in deducing Theorems 1 and 2 from Theorem 3. Notice that the
hypotheses that G is reduced and P non-cyclic have not been used in proving
Lemmas 4.1.1—4.1.3. Thus, these results apply to any Z-group satisfying
(c) in Proposition 2.7.

4.1.4. ProposITION. If G is any non 2-nilpotent R-group, then O(G) is
nilpotent.

Let S be a Sylow subgroup of O(G), U the complement of S in O(G) and
I'=G|U. If S is cyclic, S < Z(@). If S is non-cyclic, Sn Z(G) =1 and
I' is a reduced R-group.

ProoF. Since G is not 2-nilpotent, either (b) or (c) of Proposition 2.7
holds. In the former case, O(G) is a cyclic central subgroup of G by Proposi-
tion 3.3 and Lemma 2.9. In the latter case, O(G) is nilpotent by Lemma 4.1.3.
Clearly, I' is an Z-group. Since O(I") = SUJU ~ S and O(I') n Z(I') =
(SnZ(G)UJU = S~ Z(F), we may assume for the remainder of the
proof that I' = &, S = 0(G).

By the last part of Lemma 4.1.1, either S is cyclic or S n Z(G) = 1.
In the former case, S < Z(G) by Proposition 2.8. In the latter case, & is
reduced because O(@) is a prime-power group and O(G) n 2'(G) = 1. This
completes the proof.

We return now to the study of the group G. In the next two corollaries,
the assertion that P is a p-group follows from Lemma 4.1.3 and the assump-
tion that G is reduced. The remaining statements follow from Corollary 4.1.2.

4.1.5. COROLLARY. P is a p-group for some prime p. There is precisely
one series
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1) P=Py>P,--->P, =1

of H-subgroups of P such that each factor P[P, | has exponent p; in particular
(1) is the Frattini series of P. For eacht, |P;: P; | = p or p3.

4.1.6. COROLLARY. (1) is the unique G-composition series of P. Every
G-subgroup, and in particular every characteristic subgroup, of P is one of

the P,
We consider now the power and commutator structure of P.

4.1.7. LEMMA. The rule xP; — x? P, (xe P,_;; 0 << i < t) defines a
G-isomorphism n; : P,_,|P, — P,;/P, ;.
Proor. By Corollary 4.1.6., [P, P,---, P] < P,,,. Therefore, if

zxeP and ye P, —_

(2y)” = 2"y[y, ©]1¥) (mod Py,),
ly, 2] = 1 (mod P,,),
and so
(2) (ey)” = 7y (mod P,).
(2) shows that =, is a well defined G-isomorphism. 7, is non-zero because

P, /P, is not a group of exponent p. Therefore, since P,_,/P, and P;/P, ,
are irreducible G-modules, 7, is a G-isomorphism.

4.1.8. CorOLLARY. Every factor P,/ P,., has order p.

ProoF. The lemma shows that all factors have the same order, $ or p3.
If the common order were p, P/®(P) = P[P, would be cyclic and so P
would be cyclic, contrary to assumption.

4.1.9. COROLLARY. P, is the set of p-th powers of the elements of P;.

ProoOF. Let z € P and ye P\ P,,. If X =1¢—1, y is a central element
of P of order p and (zy)? = 2. If £ <t—1, y*e P, \ Py, and so, by (2),
(ry)? £ x*. Thus, (xy)? = 2” if and only if ye P,_;. It follows that theset S
of p-th powers of the elements of P; has |P,|/|P,_| = |P;,,| elements.

Thus S = P, ;. .
4.1.10. LEmMA. If P’ = P,, then [P;, P;] = P,,;,, (where P, = 1 when
k> t).

Proor. Replacing y by [, y] in (2), we see that, if z,ye P and
[, y] € P,, then

(3) [xp’ Z/] = [(L‘, y]p (mOd Pk+2)'
It follows easily from (3) and lemma 4.1.7. that

[xp" ?/p’J = [a, f‘/:[pm (mod Py, ;yo1s)-
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Therefore, since P, ;.1 = D(P;,,4), the commutators [2*, y*'] (v, y € P)
generate P, ;... On the other hand, by corollary 4.1.9, these commutators
generate [P;, P,].

"4.1.11. LEMMA. There exist u, v e H and x € P\ P, such that

(1) =03 = (uv)® =1,

(ii) =* = z;
(iii) *° = [2°, xv"][z", 2°°, u]}.

Proor. Write N = A 'yx(T). Clearly, NP = H and since each factor
P,/P,,, is a faithful T-module, N n P = %p(T) = 1. Therefore N is a

complement of Pin H and so N ~ A,. Choose #, v € N so that (i) holds.
By Corollary 4.1.2, P/P, has a 7-module decomposition

P|P; = {yP> ® <y" P> ® <y" P,
where (yP,)* = yP,. In particular,

(") = (¥"")* (mod P) (i=1,2)

so that

(4) (57, 97 1% = [y", y”'] (mod P,,).
Here

(5) [y°, 4”1 2 1 (mod P,,,) if s <t,

since otherwise P’ < P,,,, contrary to the definition of s.

Since |yP;| is odd and #2? = 1, we may assume y* = y. We prove, by
induction on #—s, that (iii) holds for a suitable generator x of {y).

The assertion is obvious for s = ¢. Suppose s < ¢ and y* = abc, where
a=1[y, ¥, b= [y° 4y ul}, ce P, ,. Now b2 = (a—'a*)* = b2, so that
(ab)* = a*b*b* = ab; hence ¢* = c. By lemma 2.4, ¢ has the form y*"" and

therefore
y** = ab, where 1 = 14-pupt1-%.

Since a¢ P,,, and be P,,, (by (4) and (5)), A7 0 (mod p). We choose = so
that x* = y. Setting
Ty = X%, Iy =2a", Ezzx;“l, §g =137,
and using (3), we find that
a = [x,6,, x3&5]
= [%y, &[T, %5][%s, T3, &31(@s, X385, £5](&s, @abs]
=[xy, 2]

Then, since
2 _ A%
(2, 23]* 1€ Py, [, %3, ] 1€ Py,
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we get b2 = [x,, 5, u]*" and
2" = Y7 =ab= ([@2, 23] (2, %5, “]é)ﬂ-
Thus z satisfies (iii) as required.

4.1.12. COROLLARY. H is a splitting extension of P by A,.

4.1.13. LEMMA. The I-module P|P, affords a faithful, absolutely irre-
ducible, unimodular vepresentation p of I' over F,. If P is non-abelian, p is
self-contragredient.

Proor. If I' > 4,, the lemma follows from Corollary 4.1.2. We may
therefore suppose that I" > H/P and that the restriction, p’, of p to H/P
satisfies the conclusion of the lemma. Then p is absolutely irreducible
because p’ is. p is faithful because p’ is faithful and every non-trivial normal
subgroup of I contains TP/P.

Suppose p were not unimodular. Since I' > H|P, I' is generated by
involutions. Thus there exists an involution #P € I" such that the matrix
U = p(uP) has determinant —1. U is similar to diag (—1, —1, —1) or
diag (—1, 1, 1). The first case is impossible because p is faithful and
Z(I') = 1. In the second case, U has a 2-dimensional space of invariant
vectors, which means that €p/p (#P;) has a subgroup = (C,)% This is im-
possible by lemma 2.4. Hence p is unimodular.

Suppose now that P is non-abelian, i.e. s << ¢. Let 2P € I'and let Z be
the matrix of the induced linear transformation on PP, with respect to the
basis zP,, ° P;, ** P in lemma 4.1.11. The relation (iii) and its conjugates
under v show that Z =adj Z, i.e. ZZ' = |Z|I. Hence |Z| =1 and
ZZ' = I. This shows that p is self-contragredient.

4.2. Type of G.
4.2.1. LEMMA. One of the following holds:

@) g=p =5;

(b) g=3,p=23;

(c) g=05,1I"~ Ay and p = 41 (mod 5);

(d) ¢ =7, > I'f(7), P is abelian and p =1, 2, or 4 (mod 7).
In the last 3 cases, G is a split group.

Proor. Let ¢ = A, where 7 is prime.

FIRST CASE: p # 7. Let E be an elementary abelian subgroup of I” of
order 7* and N = 4" (E). P|P; is a completely reducible E-module; let
%1, X2, %3 be the corresponding linear characters of E. Since E is faithfully
represented, we may assume y, is not the trivial character. Then yx; has
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[N : E| conjugates under N because N/E acts fixed-point-free on E. Since
each such conjugate is a y;, 4(¢g—1) < 3 if I' @ PSL,(F,) and ¢—1 < 3 if
I' @ PGLy(F,). Hence eitherg =3 o0rqg =51 x A;orq =171 ~ I'}(7).
If ¢ = 5, an element of I" of order 5 is represented by a linear transformation
with characteristic roots 1, &, £71, where ¢ is a primitive 5-th root of 1.
Therefore e+¢ = —3(14+/5) e F,and so p = +1 (mod 5). If ¢ = 7, an
element of I"of order 7 is represented by a linear transformation with charac-
teristic roots o, w?, w*, where w is a primitive 7-th root of 1. In the contra-
gredient representation, the same element is represented by a linear trans-
formation with characteristic roots w™, w=2, w™%. Hence P is abelian by

lemma 4.1.13. Since o+ w?+w? = —3(1+4+4/—7) €eF,, p=1, 2 or 4 (mod
7). In all these cases, G splits over P because P, I" have relatively prime
orders.

SECOND CASE: p = 7. Let Z be the matrix representing an element of
I’ of order 3(g+1) in the representation p. The smallest power p# such that
p*=1 (mod %(g+1)) is ¢ Hence Z has a characteristic root 6 such that
F,(0) = F,. Each of the 21 conjugates of 6 over F, is a characteristic root
of Z, so that 24 < 3. Thus ¢ = p as required. If 4 = 3, P has the comple-
ment A4";(T) in G. This completes the proof.

4.2.2. LEMMA. If p = 5 and G = I’y (p?), G does not split over P.

Proor. A Sylow p-subgroup S of G is regular because |S| = p* and
p = 5. If G were a split group, S would be generated by elements of order p
and so would have exponent p. However, it is easily verified that G has
elements of order p2.

Before proving the next lemma, we set down some facts about the
representations of ¢ = I',(p) or I'j (p) over F, (cf. Brauer and Nesbitt [1]).
The }(p+1) irreducible wunimodular representations of ¥ over F, have
degrees 1,3, 5, -, p and all are absolutely irreducible. We denote the corre-
sponding irreducible ¥-modules by [17, [3], - - -, [#]. Notice that the module
[#] is projective because p divides |¥| to the first power.

By lemma 4.1.13, P[P, ~ [3] when ¢ = p. The representation corre-
sponding to [3] is given by the classical isomorphism I(p) — O3 (F,)
(or I'(p) — 24(F,)). It is the only faithful unimodular representation of
degree 3 (otherwise such a representation would have all composition factors
of degree 1 and ¢ would be nilpotent, which is clearly not the case).

4.2.3. LEMMA. If p = 5,¢ = 2, the group of automorphisms of P|P, has
no subgroup =~ I'y(p).

Proor. We may assume without loss of generality that ¢ = 2. Choose
T, =, ¥y = 2%, T3 = a° as in lemma 4.1.11. Then either #? = [x,, %3],
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2% = (%3, ,], 2% = [2y, %,] or P = (C,.)3. Thus, if G is the #-group I'y(p'+)
(t=3), P~ P|P,or P,|P,. Since €c(P,/P,.,) = P,, @ induces a group
of automorphisms of P[P, , isomorphic to I'y(42). Thus, the group of auto-
morphisms, 4, of P has a subgroup X ~ I',(p?). Moreover, by the argument
in lemma 4.1.13 (applied to @), we may suppose each « e X has the

property that
3

(x; Py)* =11 (&, Py)* (z=1,2,3),

1
where (a;,)" (a;;) = I, |og;] = L.
Let B denote the subgroup of A formed by all automorphisms « with
this property. Then B = XC, where C is the group of automorphisms 6
of the form

3
= z; [T % (¢ =1,2,38).
1

Clearly, B is an extension of C by I'y(p) and 8 — (0,;) is an isomorphism of

C onto the additive group of all 3 x 3 matrices over F,. If w € B, 6 € C, then

6= is the element of C corresponding to the matrix (a;;)™ (8,;) («;;). It follows

that Cis a I',(p)-module =~ 31 [3] (where v denotes the contragredient).
Now, since p > 3, C is the direct sum of the I';(p)-submodules

Cy = {0[(0,;) = AL},

Cs = {6[(01'1') = —(01'7'),}’
Cs = {01(9) = (0,,)", tr(0,;) = 0}.

Since [3] is absolutely irreducible, [3] ® [3] has only the one submodule =~
[1]. Since C is self-contragredient and since [1], [3], [5] are its only possible
composition factors, it follows easily that C; are irreducible. Thus, C ~
1] ® [3] @ [5] and X is a complement of C,C; in B.

Suppose now that A has a subgroup Y =~ Iy (p). Let v denote the
natural homomorphism of 4 into the group of automorphisms of P/P;.
Evidently Y™ > I'f(p), so that P/P; ~ [3] as Y”-modules. Thus, if P is
abelian, Y7 is conjugate in GL(P/[P;) == A7 to a subgroup of B7. If P is not
abelian, Y < B by the argument in lemma 4.1.13. Hence we may assume
that Y < B in both cases.

It now follows that both YC; and X+ are complements of C,C,in YC,
where X+ is the subgroup of X of index 2. Therefore X+ ~ YC,, contrary
to lemma 4.2.2. This proves our result.

42.4. COROLLARY. If p=qg =5 and t = 2, then s = 1 and G|P; does
not split over P|P,.

Proor. If s> 1, P|P,is abelian and G induces a group of automorphisms
of P[P, isomorphic to I'. If P/P, has a complement X /P, in G/P;, X induces
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a group of automorphisms of P/P, isomorphic to I'. By the lemma, neither
case is possible.

4.2.5. PROPOSITION. There is a subgroup G of a group (1.2), (1.3) or (1.4)
which has the same type as G.

Proor. We consider the cases of lemma 4.2.1 in turn.

(a) Here s = 1 by lemma 4.2.4. If G is not a split group, we may take
G = Ty(p**Y) or I'f (p**) by lemma 4.2.2. If G is a split group, then ¢ = 1
by lemma 4.2.4., and we may take G as a group (1.3).

In the remaining cases, G is a split group by lemma 4.2.1.

(b) The group P,_; ,,.,(p) defined in § 1 has order % and by lemma
4.1.10, its commutator subgroup is Py, ; ;.;(p), of index p%. Hence we
may take @ as one of the groups

(A4; Ps—l,s+t—-1(p))’ (54; Ps—l,s+t—1<]>))-
(c) Here p = 4-1 (mod 5). Hence we may take

G = (As; Poy,srea(P))
(d) Here s =¢tand p =1, 2 or 4 (mod 7), by lemma 4.2.1. Hence we
may take @ as the group (1.4).

4.3. Unigqueness. In this subsection, G, G denote groups which satisfy
(A)—(C) and have the same type.

4.3.1. PROPOSITION. If G is a split group, G ~ G.

Proor. The proof is by induction on ¢ (= 1). We may assume that
G/P, , ~G|P,,. Choose x, u, v in G as in lemma 4.1.11. We first prove
that there is an isomorphism a : G/P,_, — G/P,_, such that

(xPy,)* = fpt—v (uP, ,)* = 'ﬂpt—lr (WP ,)* = z7Pt—1r

where Z, %, 7 also satisfy (i)-(iii) in lemma 4.1.11.

Take any isomorphism 8 : G/P, , — G/P,_,. We may evidently choose
¥e(xP, ) e uP, )" 9e (WP, ) so that &, 4, 7 satisty (i), (ii). These
elements satisfy (iii) modulo P, ,. Hence, by the proof of lemma 4.1.11,
there is a power & = #* such that %, %, 7 satisfy (i)-(iii), where A =1 if
s=1t (Lp)=1if s=¢t—1 and A=1 (mod p*1*) if s <¢—1. Since
[P, P, ,_]] = P, by lemma 4.1.10, the mapping z — z* is a central auto-
morphism of P/P, ;. Since G splits over P, this can be extended to an
automorphism 6 of G/P, ;, which fixes 4P, , and 7P, ,. Then « = g0 :
G/P, ., — Q| P,_, satisfies the required conditions.

Let S be the subgroup of G X @ formed by the elements (y, z) satisfying
(yP,_y)* = zP,_,. If X, Y are the kernels of the projections
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¢:S—>G, (y2)>y;9:S>G, (4,2) > 2
and Qi = 97 (P) = yi(P)) (0 <i=<i-1),

then 1<X<Q < <Qe=0
1l<¥Y <@ < <0,

are S-composition series of Q with factors z (C,)%; moreover, S/Q ~ I
and the factors are isomorphic /-modules. We note also that Q has a comple-
ment K in S. For we may take K = A4 "g({(», %), (v,7))) if ¢g=p =3,
and in all other cases (|Q], [S: Q|) = 1.

If ks = ¢ > (k—1)s, the descending central series of P, P are P >
P,>--+>Py y,>land P> P,>---> P,_,, > 1bylemma 4.1.10.
Since @ is a subdirect product of P, P, its descending central series has the

form 0 =00 > QW > ... QD> |
and
1) QWX = QWY = Q,, 0=i<k-1).

By the proof of lemma 4.1.7,

Mt Q/Qs - Q(i—l)s/Qis ’ zQs - zp“_l).’ (1 é z é k_l)
is a well defined S-epimorphism. By (1) and since X < Z(Q), the natural
commutator epimorphism

Q/0W ® QUYMW — QWQU+D)

induces an S-epimorphism

Vit (Q/Qs) &® (Q(i——l)s/Qis) — Q(i)/Q(i+1) i< h1
st ® ins —> [y, w]Q(i'l-l) } ( =1= ).

The product (1@ )y (Q/Qn) ® (Q/Q.) — Q2/Qu+V
satisfies ((1® w)7:) (90, ® ¥Q.) = QU+

and so induces an S-epimorphism of the exterior square

Q01 @0) QU0 Yy,
(¥Qs) A (2Qs) — [y, 2 ]QU+Y

Now M = (Q/Q,) A (Q/Q,) is an indecomposable ZS-module with unique
composition series M > pM > -+ - > p*M = 0. Therefore Q¥ /QU+D) ~
MpM (1 <4 < k—1), where p™ < p* is the exponent of Q¥/QU+V_ If
1 =4 =< k—2, the group Q,,/0 ..y, Of exponent p* is a homomorphic image
of Q¥/QU+D) and so r, = s. If 4 = k—1, Q%1 has the same exponent as
Q¥ VX = Qu_y)s Viz. p~%*-Vs so that 7,_, = ¢t—(k—1)s. Thus, [Q'| =
P2 and |Q : Q' = p3e+V). In other words, Q' is a subgroup of @, of index
2.
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Since Q/Q, ~ (C,:)?® and since all S-composition factors of @ are iso-
morphic to (C,)3, Q/Q' =~ (C,m)? or (C,)2x(C,)®. Now by the choice of
z, &, -+, the elements z* = (x, &), u* = (u, %), v* = (v, 9) satisfy (iii)
in lemma 4.1.11. Thus (z*)?" € Q’. Since

QIQ" = (&*Q', (z%)"Q', (+%)"Q", Q10"
Q/Q’ has exponent p°. Therefore Q/Q" ~ (C,.)3x (C,)3.

Now the Imodule Q,9(Q)/®@(Q) is a direct summand of Q/®(Q):

QIP(Q) = (RI2(Q)) ® (A12(Q)/2(Q)).
(For either (p,|I'])# 1 or p = ¢ =3 and Q,P(Q)/D(Q) is the injective
module [3].) This implies that R < S and Q/Q" = (R/Q’) X (Q1/Q’). Since
0, = Q'X =0Q'Y, Ris a common complement of X, Y in Q. Therefore KR is
a common complement of X, Y in S. This gives

G~ S/X ~KR = SJY ~ G,

as required.

For the remaining proofs, we need some information about the cohomo-
logy of 4 = I'y(p) or I'S (p) over F,. We assume that p > 3. The symbol

a b, -

u, v, *-*

will denote a ¥-module N with successive Frattini factors

N/®(N) x [a]® D] ® -,

O(N)/P(P(N)) ~ [u] @ [v] @ -+, - .
Let 1], [3),---, [p]" denote the principal indecomposable modules
corresponding to the irreducible modules [1], - - -, [p]. [k]’ is self-contra-

gredient and has a unique maximal submodule M, which satisfies [£]'/
M, =~ [k]. Using these facts and the known values of the Cartan invariants
of & (cf. Brauer and Nesbitt [1]), we find easily that

1 k
) ={(p=2|, [p) =1[p), [R] = |p—k—1,p—k+1| (1 <k<p).
1 I

There is a very simple projective resolution

R U s A A N | Y )

viz.
3 p—2 1
> p—=2,p—4| > |1, B3| > |p—2|—=[1]—0.
3 p—2 1

https://doi.org/10.1017/51446788700006182 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006182

[19] A characterisation of PSLy(Z,.) and PGL4(Z,2) 541

The successive kernels K; = ker 9, are given by

l:])—fl 3 l:]b-—2:|
oI Lpal 1]
Let L, N be modules and Q — IT — L a projective presentation of L.

By definition,
Ext (L, N) ~ Hom (Q, N)/],

where [ is formed by the elements of Hom(Q, V) which extend to elements of
Hom(II, N). The cohomology groups H*(N) = H*(%, N) are given by

H!(N) ~ Ext (K,_;,N).
In view of the presentations
M,—>[R)] - [kR],K,~>II,~>K,_,,
and since M is the unique maximal submodule of [£]’, we have
(1) Ext (], [m]) = Hom (M, [m]),
(2) Hi([k]) =~ Hom (K,, [£]).

4.3.2. PROPOSITION. If G is not a split group and p # 5, then G ~ G.

iR

ProoF. We use the same method as in proposition 4.3.1. The proof
is by induction on #(= 1). We may assume G/P, ; ~ G/P,_, (using corollary
4.2.4.). Choose any isomorphism « : G/P, ; — G/P,_,, and form S as before.
Then [Q: Qi = 1@, : Q'| = $® and Q/Q" = (C,s)® or (C,)°. Now Q/Q" is a
ZImodule so that the first case is excluded by lemma 4.2.3.

It follows that Q/Q’ is an F,I-module with composition factors [3], [3].
Now the extension S/Q’ of Q/Q" by I'is determined by a certain element of
H2(Q|Q’), i.e. (cf. (2)) by a certain homomorphism K, % Q/Q. Moreover,
if Q/Q’ LS Q/Q, is the canonical epimorphism, the extension S/Q, of Q/Q,
by I" is determined by the homomorphism X, “ Q/Q,. By lemma 4.2.4,

af # 0. Since K, ~ ‘:132] and p % 5, we have
(3) Q/Q" ~ (im «) @ (ker ) (as I-modules),

where, of course, ker 8 = Q,/Q’. Let im « = R/Q’. The extension S/R of
Q/R by I'is determined by the homomorphism K, L O/R, where Q/Q’ 5 Q/R
is the projection corresponding to (3). Evidently, ay = 0 so that /R has a
complement L/R in S/R. Then L is a common complement of X, Y in S
and so G ~ G as before.

The remaining case p = 5 requires a different argument.
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4.3.3. LEMMA. Let G = Ty(p*t) or Iy (') (¢t =2). If8 p#£3 or 7,
the group of outer automorphism classes of P has a single conjugacy class of
subgroups = I.

ProoF. Let 4 be the group of automorphisms of P. Let J, C, B denote
the subgroups of inner automorphisms, central automorphisms and auto-
morphisms induced by elements of G. Then B ~ I,(p?) and B is an exten-
sion of J by I',(p). Choose z,, %5, ; as in the proof of lemma 4.2.3. An
element 0 of C has the form

3
#f = a, I] 2§ (f=1,23),
1

and we may define C,, C,, C; as before. An element « of 4 has the property
that

(@ Py)* =TI (2; P,)% (t=1,2,3),

e

where (o;;)' («;;) = I, |a;;] = 1. Therefore C is a I'y(p)-module with the C; as
irreducible components. It may be proved that B n C = (3, BC = A.

It follows that B/J (=~ Iy(p)) is a complement of CJ/J (=~ C,C;) in
the group of outer automorphism classes A/J. The lemma now follows
from the fact that

m(@le ) = Hom ([P 7] e m) =0 (37

4.3.4. LEMMA. Let G = To(pt*) or I (p*+1) (¢ = 2). Let G be an exten-
sion of P by I' such that Z(G) = 1. If* p #30r 1, G ~ G.

ProoF. We may regard @, G as groups of pairs (2, #)(x el ue P)
with multiplications
(& u)(y, ) = (ay, &(@, y)uiW) in G,
(2, 4)(y, 9) = (&y, clz, Y)u*®v) in G,

where 7, v are homomorphisms I" — A/]. Since G, G have trivial centres,
7, v are monomorphisms. Hence, by lemma 4.3.3, we may suppose 7 = 7.
Then é(z, y) = c(z, y)d(x, y) where d(z, y) € Z(P) = P,_;.

Now c¢(z, y)P,, d(z, y) are 2-cocycles for the I-modules P/P;, P, ,.
By lemma 4.2.2, the former is not a coboundary. Since

HY([3]) = Hom([j)jz], [31) ~C,,

8 The lemma is in fact true for p = 3 but false for p = 7.
® The lemma is in fact true for both p = 3 and p = 7. The proof in the latter case is
somewhat complicated because one has to prove that a certain 3-cocycle is not a coboundary.
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we may suppose that d(z, y) = c(z, y)**"" for some integer A. Thus &(z, y) =
¢(z, y)*, where w is the automorphism #—>ul ' of P. Since w e & (4),
the mapping (z, y) — (¥, ¥*), G — @, is an isomorphism. This proves the
lemma.

4.3.5. COROLLARY. I} G is not a split group and p = 5, G ~ G.

Proor. Choosing H < G, H < G so that H/P ~ H/P ~ 4, and
applying lemma 4.3.1 to H, H, we deduce that P ~ P. Thus G, G are both
extensions of P by I' and so, by the lemma, G ~ G.

This corollary and Propositions 4.3.1 and 4.3.2 show that @ ~ G in all
cases. Thus, the final step in the proof of Theorem 3 is complete.
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