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On the Density of Cyclic Quartic Fields

Zhiming M. Ou and Kenneth S. Williams

Abstract. An asymptotic formula is obtained for the number of cyclic quartic fields over Q with dis-
criminant < x.

1 Introduction

Let h(n) denote the number of cyclic quartic fields over the rational number field Q
with discriminant n. We consider

N(x) =Y h(n).

n<x

In [1, Theorem 9] Baily proved

D ] 2N e
(1.1) N(x) F2{24 H )(1+(p+1)\/17> l}x ,

p=1(mod 4

where p runs through primes p = 1 (mod 4). Unfortunately Baily’s generating
function f(s) = > 2, @ is given incorrectly, and so the constant in (1.1) is wrong.
In giving the Euler product for f(s), Baily [1, p. 209] overlooks that the discriminant
is 3 f f7 in one case rather than f7 f7 and so his term 4 - 167 = 4 - 27! should be
replaced by 4 - 27115,

In this paper, using the representation of a cyclic quartic field given by Hardy,
Hudson, Richman, Williams and Holtz [2], see also [3], and an elementary method,

we correct Baily’s result and at the same time give an estimate for the error term. We

prove
Theorem
(1.2)
N(x):iz{M H (1-4-#) —1}x1/2+O(x1/310g3x).
™ 24 P (mod 4 (p+1)+/p
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2 Representation of a Cyclic Quartic Field

In [2] the authors show that a cyclic quartic extension K of the rational number field
Q can be expressed uniquely in the form

(2.1) K =Q(\/A(D+BvVD)),
where A, B, D are integers such that

A is squarefree and odd,
B>1,D>2,

D is squarefree and D — B? is a square,
(A,D) =1,

(2.2)

where (A, D) denotes the gcd of A and D. The discriminant d(K) of K is given by

28A2D3, if D = 0 (mod 2),

2°A?D%, if D=1(mod2), B=1(mod2),

2%A’D3, ifD=1(mod2), B=0(mod2), A+B=3(mod4),
AD? if D=1(mod2), B=0(mod2), A+ B=1(mod4).

(2.3) d(K) =

3 Proof of the Theorem

Let K be a cyclic quartic extension of Q. From (2.1)—(2.3) we see that the discriminant
d(K) of K is of the form

3.1) d(K) =2%(pr -+~ pm)*(q1 - - q,)°,

where « = 0,4,6 or 11 and p1,..., pm, 41, - - -, 4 are distinct odd primes with m >
0,r>1ifa=0,4,6,r>0ifa=1l,andg; =1 (mod 4), j = 1,...,r. We set

(32) A:PIPm, D:(h%
We note that A and D defined in (3.2) are slightly different from the A and D in
Section 2.

Ifa = 0thenn = d(K) = A’D?* and K = Q( v eA(D + B\/E)) forsomee = +1

and some positive integer B such that

B=0 (mod2), B=1—¢€p;---pn (mod4), DfBZ:square.
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Moreover distinct pairs (e, B) give different fields K. Thus

hn) = > 1= Y 1

e=—1,+1 B>0,2|B B>0,2|B
B=1—¢cpy---pm (mod 4) D—B=[
D—B*=[]
1 1
SRR o
C>0,2{C B>0 B<0
D—Cl=[ D—B*=[ D—B=0
1 1 1 1
= - = - 1=- 1= —-nr(D
T2 T3 2 1= 2 =D
B#0 B B,C
D—B=0] D-B'=0 D=B*+C?
1

1
— §2r+2 — 2771 — Ed(D)7

where r,(k) denotes the number of representations of the positive integer k as the
sum of two squares and d(k) denotes the number of positive divisors of k.

Ifa = 4thenn = d(K) = 2*A’D? and K = Q(\/ 5A(D+B\/5)) for some
€ = =£1 and some positive integer B such that

B=0 (mod2), B=3—¢€p1 - pm (mod 4),D — B> = square.

Moreover distinct pairs (g, B) give different fields K. Thus

o= 30 > = lzéd(D).

e=—1,+1 B>0,2|B B>0,2|B
B=3—¢epy-pm (mod 4) D—B*=0
D—B*=0

Ifa = 6thenn = d(K) = 2°4’°D® and K = Q(/cA(D + Bv/D)) for some

¢ = %1 and some positive integer B such that
B=1 (mod?2), D - B?=square.

Moreover distinct pairs (e, B) give different fields K. Thus

h(n) =2 Z 1=2 Z 1 =2"=d(D).

B>0,24B C>0.2|C
D—B=0 D—C*=0

Ifo = 11 thenn = d(K) = 2""A’D? and K = Q( v\ eA(2D +B\/2D)) for some

€ = %1 and some positive integer B such that

2D — B* = square.
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Moreover distinct pairs (e, B) give different fields K. Thus

h(n) =2 Z 1=2 Z 1= Z 1

B>0 B<0 B#0
2D—pB*=0 2D—B*=0 2D—B*=[]
1 1 1 r+2 r+1
B B,C
20-B=0 2D=B+C?

Summarizing we have

2d(D), ifn=21A%D?,
(3.3) h(n) = < d(D), ifn=2°A%D?,
2d(D), ifn=2%A’D? or A’D°.

Recalling that D = 1 can only occur when n = 2''A2D?, we have

Zh(n):Z Z 1+2 Z d(D) + Z d(D)

n<x 2MA2Z<Lx 2UAZD3<x 20A2D3<x

+% > d(D)+% > dD),

24A2D3<x A2D3<x

so that

(3.4) Zh(n) =2 Z 142527 M%) + S(27%) + %5(2*%) + %S(x),

n<x A<(x/2“)1/2
quuarefree
Aodd
where
(3.5) Sx)= > d(D)

AD3<x
and the sum is over all positive integers A and D such that
(3.6) A=pi-pm (m=20),D=q---q (r=1),

where pi,...,pm,q1,...,q, are distinct odd primes with g; = 1 (mod4) (j =
1,...,7). Weset

37) P={D|D=q,---q,(r>1),qi,...,q are distinct primes = 1 (mod 4)},

so that
(3.8) Sx)= > dD) > L
D<x'/? 1<A<+/xD—3
De?P A squarefree
(A,2D)=1
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Note that 1 ¢ P.
We first estimate > 4<, 1, where y = (x/2'")"/2. We have

A squarefree
Aodd

D 1= ) ud)

A<y A<y d*|A
A squarefree Aodd
Aodd

=D ud Y 1

<y’ aly/d
dodd aodd
_ A
= > ud)( 55 +om)
dgy'/z
dodd
(d)
_ Z Z .Lbdz +O( 1/2)
d<y'’?
dodd
_) = p(d) 1/2
=3 d2 +0(y'/?)
d=1
dodd
y 1
=2 11(1-3) +ou™

4
= Sy + 00"

172
S +O(x4).

We now turn to the estimation of S(x). The inner sum in (3.8) is

oo D= > wd D> 1

A<~/xD—3 a*|A d<(xD™ )4 a<d=2V/xD—3
(A,2D)=1 (d,2D)=1 (a,2D)=1
DI SIS S
d<(xD*)V* el2D b<e—'d—2+/xD—3
(d,2D)=1
vxD—3
= e Y u(d)[dze}
e|l2D dS(xD_3)1/4
(d,2D)=1
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_ WZ@ 3 % +O<d(2D)(l%) 1/4)

e[2D d<(xD~)V4
(d,2D)=1

N % +O<d(D)(l%) 1/4)

e
e|2D (d,2D)=1

(525 )

e|2D
:mﬁ?g(g(l_ %)‘1) +o(d<p>(§) /)
since
> = (5 =0 -5) / T(0-5)
(d, 2D)1 1 (p2D) b pi2b
1 6 1\ !
amII( E) wpafl‘pﬁ

and Euler’s phi function p(n) =n}_,, “Td). Thus

S(x) = —xl/2 > dD)pmD ] (1 - %) -

D<x1/% P‘ZD p
DeP
+O<x1/4 > dZ(D)D3/4)
D§x1/3
DeP
- %xl/z > dw)p)p~ ] (1~ #) -
bed piD
+o<x1/2 3 d(D)<p(D)D‘5/2> +o(x1/4 3 dz(D)D_3/4),
D>x'/? D§x1/3
De? De®
° 1\ ! w2 1 2
[I(-5) =5I0-5) <%
pID ptD
Clearly
_ 1y 1 2
Zd(D)S"(D)D 5/2PHD( F) :pzll(;[od4)<” (p+1)\/1_>) -

DEfP
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It remains to estimate R; = Y _ 15 d2(D)D~**and R, = Y, s d(D)p(D)D~>/2.

De® De?P
Firstly
Y &#D)=> dD)> 1= > dab)+2» d(D)
D<x D<x a|lD ab<x D<x
DEP DEP a,beP DEP
(a,b)=1
< Zd(a) Z d(b) +2 Z d(D)
a<x b<x/a D<x
aeP be®P De?
Zd(D) = Z Zl < Z(2+ Z 1) < xlogx,
D<x D<x a|D a<x b<x/a
De® De® acP beP
SO

#(D) < x1 (@) log™
Z ( )<<xogx+2 (a)a oga

D<x a<x
De? ac®P
d(a)
logx + x1 —
L xlogx +x ogx; 4
a€?P
< xlog’ x.
By partial summation we have
MYE
Ri=xt Y dD) - / (> o) a4
D<x'P ! D<y
De? De?P

= O(x'/3~1/4 log3 x) = O(x!/1? log3 x)

and
Ry< Y dD)D = - / (D dw) dy=) = 0t~/ logx).
D>x'/? o D<y
De? De?
Therefore
S(x) = 4—?9:1/2 + O(xl/3 log3 x),
T
where

2
= H <1+7(p+1)\/1_)> —1,

p=1(mod 4)
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and
> h(n) = 25/2 =+ O(x'*)
n<x
4CO —11/2 | H— 2, 1\ 1 1/310g°
o~ (2 2 42734+ 2 2 2)x + O(x'/” log’ x)
(24 + \[) V2 1/2 1/3 1463
:< = +ﬁ X% + O(x' log’® x)
24 2 2 24
<8+;/— H <1+1> 82>x1/2+0(x1/3log3x)
m p=1 (mod 4) (P + )\/ﬁ g
3 (24 2 2
:2{;—4\/_ H (1-1—1) —1}x1/2+O(x1/310g3x).
T p=1(mod 4) (P + )\/ﬁ
This completes the proof of (1.2).
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