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A REMARK ON COHERENT OVERRINGS

BY
IRA J. PAPICK

1. Introduction. Throughout this note, let R be a (commutative integral)
domain with quotient field K. A domain S satisfying R< S< K is called an
overring of R, and by dimension of a ring we mean Krull dimension. Recall [1]
that a commutative ring is said to be coherent if each finitely generated ideal is
finitely presented.

In [2], as a corollary of a more general theorem, Davis showed that if each
overring of a domain R is Noetherian, then the dimension of R is at most 1.
(This corollary is the converse of a version of the Krull-Akizuki Theorem [5,
Theorem 93], and can also be proved directly by using the existence of
valuation rings dominating finite chains of prime ideals [4, Corollary 16.6].) It
is our purpose to prove that if R is Noetherian and each overring of R is
coherent, then the dimension of R is at most 1. We shall also indicate some
related questions and examples.

Any unexplained terminology is standard as in [4] and [5].

2. TueoreM 1. If R is Noetherian and each overring of R is coherent, then the
dimension of R is at most 1.

Proof. Assume the dimension of R is greater than 1. By localizing at a
height two prime and then passing to the integral closure, we may assume R is
a 2-dimensional integrally closed Noetherian domain [7,33.12]. Hence, by
localizing again, we may assume R is a local 2-dimensional Macaulay ring [5,
Ex. 25, p. 104] with maximal ideal M. Let x, y be an R-sequence of length two
in M and note that y, x is also an R-sequence, since R is a domain.

Let J={x"/y"':n=2,n an integer} and consider the overring S = R[J] of
R. Observe that any element fe S can be written

(1) f=ro+rx™/ym 4+ +rx™y

where r,eR, e R\Ry for i=1 and 2=n,<:--<n,. (In simplifying an
expression of the type v,+v,;x%/y* + - - - +vx%/y", v, € R, 1 <b, < g, for each
i, we use the convention of first reducing the fractions appearing in that
expression to the form vx™/y™~!, where ve R\ Ry, m =2 or to elements of R;
then we combine like terms and repeat the process if necessary until reaching
an element of the form (1).) We claim that S is not coherent. To substantiate
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this claim, it is sufficient by [1, Theorem 2.2] to prove that (x*/y : x>/y*)=1Tis a

N
non-finitely generated ideal of S. To help achieve this end we show that
I=(x,y)S+JS. It is easily shown that the right hand side is contained in the
left, so we focus on the reverse inclusion. Let fe I. Then for some

g=rotrxm/ynT i+ +rx™/y*t, where ryeR,
r.e R\Ry for i=1, and 2=n,<---<n, we have
f=g(ylx) = roylx +(ylx)(ryx™/y™~ + - - +rx"fyY).
Hence, roy/x€ S; and so,
Fo=VoX/y + 0 x™[y™ 4 - o fox™/y™T

where v,€ R, v;€ R\ Ry for i=1 and 3=m,<- - - <m, Multiplication of this
equation by y™ ! shows that y™ 'rye xR, and thus ro€ xR. Therefore fe
(x, y)S+JS, and the desired equality is attained.

To complete the proof we show that I is not finitely generated. If I were
finitely  generated there would exist a finite subset W=
{xeafy>=t o, x*[y>"1} of J with 2=a;<---<a, so that I=(x, y)S+ WS.
Thus, for some f; €S,

(2) X5y = x4 fyy + F(x ys ) 4 - f (xS ).
By expanding and then simplifying in accordance to our convention, we have
3) xyow =g+ x™ ymT ™y

where roe R, ;e R\ Ry for i=1, and 2=n,<---<n,

Case 1. n,=ay+1. Under this assumption, it is not hard to see from
equations (2) and (3) that r, € Rx. Multiplication of equation (3) by y™~! shows
that

xaw+1(y(n,—l)—aw__ rtxnl—(aw—ﬁ—l)) c Ry.

But this implies that y" @ *D—rx"~@*De Ry If n,>a,+1, then r,e Ry,
which is a contradiction; and if n, = a,, + 1, then 1€ M, again a contradiction.

Caste 2. n,<a, +1. Multiplication of (3) by y* shows that x*~*'e Ry, a
contradiction.

Hence, I is not finitely generated, and so S is not coherent, a contradiction
to our original assumption.

Remark 1. The proof of Theorem 1 provides a constructive means of finding
a non-coherent overring S for a Noetherian domain of dimension greater than
or equal to 2. A bit more can be said about such an S after one recalls the
following definition. A domain R is said to be finite-conductor (2-coherent) if
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(a : b) is a finitely generated ideal of R for each a, b € R (equivalently, if each
R

2-generated ideal of R is finitely presented). Finite-conductor domains have
figured recently in [6] and [3]. It is apparent that any coherent domain is
finite-conductor, while it is well known that the converse is not generally true.
By examining the proof of Theorem 1, it is evident that the above mentioned S
is not finite-conductor.

ReEMARK 2. A natural question to consider is the following:
(a) If each overring of R is coherent, is R treed? (R is said to be treed if
Spec (R), as a poset under <, is a tree.)
One could not expect the dimension of such an R to be at most 1, since any
Priifer domain satisfies the required hypothesis. Examples given by Dobbs and
this author [3] provide a class of (non-Noetherian, non-Priifer) treed domains
satisfying the hypothesis of (a). An affirmative answer to question (a) would
generalize Theorem 1.

Finally we raise the question of whether the converse of (a) is true. More
precisely: if R is a treed coherent domain, is each overring of R coherent?
With the additional assumption of R being integrally closed, the converse of (a)
is true, and follows directly from [6, Theorem 1].
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